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FUNDAMENTAL PSEUDO BCK-ALGEBRAS
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ABSTRACT. In this paper, we define the relations 3 and 8 on hyper
pseudo BC K-algebras and investigate some related properties. We
give a necessary and sufficient condition for 5* to be regular. By us-
ing 8%, we make the quotient hyper pseudo BC K-algebra. Finally,
by applying the concept of fundamental on pseudo BC K-algebra,
we prove that any pseudo BC K-algebra is fundamental.
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1. INTRODUCTION

The study of BCK-Algebras was initiated by Y. Imai and K. Iséki
[9] in (1966) as a generalization of the concept of set theoretic difference
and propositional calculi. Pseudo BC K-algebras were introduced by G.
Georgescu and A. Iorgulescu [5] as a generalization of BC K-algebras in
order to give a structure corresponding to pseudo MV -algebras, since
the bounded commutative BC' K-algebras correspond to MV -algebras.
Hyperstructures (also called multi algebras) were introduced in 1934
by F. Marty [!1] at the 8th congress of Scandinavian Mathematicians.
Since then many researchers have worked on algebraic hyperstructures
and developed it. Hyperstructures have many applications to several
sectors of both pure and applied sciences. For example, a recent book
[2] contains a wealth of applications. In this book, Corsini and Leoreanu

Received: 22 March 2016, Accepted: 3 August 2016. Communicated by Yuming Feng;
xAddress correspondence to H. Harizavi; E-mail: harizavi@scu.ac.ir
(© 2016 University of Mohaghegh Ardabili.
93



94 H. Harizavi, R.A. Borzooei and T. Koochakpoor

presented some of the numerous applications of algebraic hyperstruc-
ture, especially those from last fifteen years, to the following subjects:
geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras, relation algebras,
artificial intelligence and probabilities. In [1, 10] R.A. Borzooei et al.
applied the hyperstructures to (pseudo) BC K-algebra, and investigated
some related properties. In this paper, we define the relations g and g*
on hyper pseudo BC K-algebras and investigate some related properties.
Then we obtain a necessary and sufficient condition for the relation g*
to be regular. By applying 8* on hyper pseudo BC K-algebra, we make
the quotient of hyper pseudo BC K-algebra. Finally, by considering the
concept of fundamental on pseudo BCK-algebra, we define the funda-
mental pseudo BC' K-algebra and show that any pseudo BC' K-algebra
is fundamental.

2. PRELIMINARY

Definition 2.1. [5] A pseudo BCK -algebra is a structure (X;x,¢,0),
where x and ¢ are binary operations on X and 0 is a constant element
of X that satisfies the following:
(al) (zxy)o(z*xz2)Szxy, (zoy)x(roz) Jz0y,
(a2) xx(voy) 2y, vo(v*y) 2y,
(a3) = = x,
(ad) 0 <z,
(ab) = Ry, y = x implies x =y,
(a6) r sy rzxy=0 a0y =0,
forall x,y,z € X.
Definition 2.2. [I] A hyper pseudo BCK -algebra is a structure (H; o, ,0)

where o and * are hyper operations on H and 0 is a constant element
that satisfies the following axioms:

(PHK1) (zoz)o(yoz) < woy, (x*2)*x(y*2) <<x*y,
(PHK2) (zoy)*xz= (z*2z)oy,
(PHK3) zoy < x, rxy L,

(PHK/]) = <y andy < = imply © =y,
forallz,y,z € H, wherex < y<= 0€xoy < 0¢€ xxy and for every
A,BC H, A< B isdefined by Va € A,3b € B such that a < b.

Proposition 2.3. [1] In any hyper pseudo BCK -algebra H, the follow-
ing hold:
(i) 000=0, 0x0=0 zo0==z, zx0=ux,
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() 0Lz, sz, AKA,

(iii) 0oz =0, 0xz=0, 0OoA= 0, 0xA=0,
(iv) A C B implies A < B,

(v) A <0 implies A= {0},

(vi) (Aoc)o(Boc)< AoB, (Axc)x(Bxc)<< AxB,
forall x,y,z,c€ H and A,B C H.

Definition 2.4. [1, 7] Let H be a hyper pseudo BCK -algebra. For any
subset I of H and any element y € H, we denote,

(1) *(y, )S ={z € Hlzxy <1}, (2)o(y, 1) ={z € Hlzxy < I},
(3) %(y, )" = {z € HlzxyNI # 0}, (4) o(y, )" = {z € H|zoyNI # 0},
(5) x(y, S = {x € Hlz*xy C I}, (6) o(y,)S = {x € Hlzxy C I}.

Definition 2.5. [1] Let H be a hyper pseudo BCK -algebra, I C H and
0 €1, then I is called a pseudo BC K -ideal of type 1 of H if

(Vyel) *(y,[)S C I and o(y, )< C I.

Definition 2.6. [7] Let H be a hyper pseudo BCK -algebra, I C H and
0 €1, then I is called a strong hyper pseudo BCK -ideal of H if

(Vyel) *(y, D" C I ando (y, )" C I.

Theorem 2.7. [7] Let H be a hyper pseudo BCK -algebra and I C H,
then I is a strong hyper pseudo BCK-ideal of H if and only if the
following hold:

(i) 0el,

(ii) for anyy € I, *(y, )" C I or for anyy € I, o(y,I)" C I.

Definition 2.8. [7] Let H be a hyper pseudo BCK -algebra and I be a
subset of H, then I is called reflexive if x xx C I and x ox C I for all
r € H.

Definition 2.9. [7] Let H be a hyper pseudo BCK -algebra, p be a binary
relation on H and A, B C H, then

(i) ApB means that there exist a € A and b € B such that apb;

(ii) ApB means that for any a € A there exists b € B such that apb,
and for any b € B there exists a € A such that apb;

(iii) p is called a right x- congruence ( right o-congruence) relation on
H if apb implies (axu)p(b*u) ((aou)p(bow)) for allu € H;

(iv) p is called a left x- congruence ( left o-congruence) on H if apb
implies (ux a)p(uxb) (uoapuob) for allu € H;

(v) p is called a *-congruence (o-congruence) on H if it is a right and
left x-congruence (a right and left o-congruence);
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(vi) p is called a left congruence on H if it is a left x-congruence and a
left o-congruence on H;

(vii) p is called a right congruence on H if it is a right *-congruence and
a right o-congruence on H;

(viii) p is called a congruence on H if it is a x-congruence and a o-
congruence on H.

From now on, H stands for a hyper pseudo BC K-algebra unless oth-
erwise state.
Definition 2.10. [3] Let p be a congruence on H and % ={[z], |z €

H}. We define the hyperoperations x and o and the relation < on % as
follows:

[zl * [ylp = {[2lplz € xy}, [z]p 0 [yl, = {[2]lz € T oy},
(2], < [ylp < [0]p € [z]p 0 [y], < [0], € [z]p* [y],-
Theorem 2.11. [8] Let p be a congruence on H, then the following are

equivalent:

(i) (x*y)p0 and (y * x)p0 = zpy,
(ir) (x o y)p0 and (y o x)p0 = py,
(iii) (%; *,0,[0],) is a hyper pseudo BCK -algebra.

Definition 2.12. [3] Let p be an equivalence relation on H, then p is

called regular on H if it satisfies one of the conditions of Theorem 2.11.

Theorem 2.13. [8] If p is a regular congruence on H, then [0], is a
hyper pseudo BCK -ideal of type 1.
Theorem 2.14. [3] Let p be a reqular congruence on H, then

0], is a reflexive hyper pseudo BCK -ideal of type 1
H
& —is a pseudo BCK -algebra.
P

Theorem 2.15. [3] Let (Hy;*1,01,01) and (Ha;*g,09,02) be two hyper
pseudo BC K -algebras and H = Hy x Hy. We define the hyperoperations
x and o and the relation < on H as follows:

(a1,az2)o(by,by) = (a101b1,a202b2) = {(z,y)|x € a10by and y € agobs},

(

(a1,a2)x(b1,b2) = (a1*1b1,a2%2b2) = {(z,y)|x € a1xby and y € agxby},
(a1,a2) < (b1,b2) if and only if a1 K by and ay < ba,

for all (a1, asz), (b1,bs) € H, then (H;o0,%,(0,0)) is a hyper pseudo BCK -
algebra, which is called hyper product of Hy and Hs.
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3. RELATIONS 8 AND *

The relations § and * have been defined on hyperstructure [3, 15].
In this section, we apply these kind of relations to hyper pseudo BCK-
algebra and investigate some related properties.

Definition 3.1. Let H be a hyper pseudo BCK -algebra and U be the
set of all finite combinations of elements of H with operation ® where
® stands for o or x. We define the relations 8 and B* as follows:
(i) zBy < {z,y} Cu for someu € U;
(ii) xB*y if and only if there exist z1,za,...,2nr1 € H, where z1 =
Ty zne1 =y and u; € U, 1 < i < n, such that {z;, zit+1} C u; and
xr = 21822B23...02nB82n+1 = .

The following example shows that the relation § is not necessarily
transitive, in general.

Ezample 3.1. Let H = {0,a,b,c,d}. Hyperoperations o and * on H
given by the following tables:

0 a b c d
{0} | {0} [{o}[{o}|{0}
{a} [{0,a} | {a} | {a} | {0}

0 a b c d
{0} | {0} [{o}[{o}] {0}
{a} | {0,a} [ {a} [{a} | {0}
{ot | {b} [{0} {6} {0} {or | {o} [{o} {6} ] {0}
{ct | {0} [{o} {0} ]{0} {ct | {0} [{0} {0} {0}
d{{d} | {d} [{a} |[{d} {0} ][ d][{d}| {b} |{d}|{d}|{0,d}

Then (H; %, o, 0) is a hyper pseudo BC' K-algebra. Since {0,a} C a * a,
it follows that a80. Similarly, we have 08d. But (a,d) & 3 because there
is not a combination of elements of H containing a and d.

||| 0
0| O] *

Theorem 3.2. 3* is the smallest equivalence relation on H containing
S.

Proof. It is clear that 8* is reflexive and symmetric. In order to show
that g* is transitive, assume that a8*b and bB*c. Thus there exist

L1y L2y eees Tn41,
Y1, Yms1 € H and u;, v; € U,1 <0 <n+1,1<j <m+ 1 such that

{@i,ziv1} € i {yy,yj+1} € vj and
a = x,fx2823...02,8Tn11 = b = y18Yy28Y3...8YmBYm+1 = c.

Hence afS*c. Therefore 5* is transitive and so 5* is an equivalence rela-
tion on H. Clearly, by Definition 3.1, 8 C *. Now let p be any other
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equivalence relation on H such that 5 C p. Assume that a3*b for some
a,b € H. Thus using Definition 3.1 and the transitivity of p, we get apb.
Therefore f* C p, which completes the proof. U

Definition 3.3. Let p be an equivalence relation on H. If A and B are
non-empty subsets of H, then

(i) ApB means that for all a € A,b € B, we have apb;

(ii) p is called a strongly right x-congruence (strongly left x-congruence)
if for all x € H, apb implies that (ax x)p(b* z)((z * a)p(x x b));

(iii)p is called a strongly right o-congruence (strongly left o-congruence)
if for all x € H, apb implies that (aox)p(boz)((z oa)p(xob));

(iv)p is called a strongly x-congruence (strongly o-congruence) if it is left
and right strongly x-congruence (strongly o-congruence);

(v) p is called a strongly congruence if it is strongly x-congruence and

strongly o-congruence.
Theorem 3.4. 3* is a strongly congruence on H.

Proof. We first show that § is a strongly congruence on H. For this, let
xzfy and a € H, then there exists u € U such that {z,y} C u. Hence
(axz) C(axu) =vand (axy) C (a*u) = v for some v € U and so
(axz)U(a*y) C (a*u) =v. Therefore tt’ for all t € (a*x) and ¢’ €
(axy), that is, (axx)B(axy). Therefore 3 is a right strongly *-congruence
on H. Similarly, we can show that g is a strongly left x-congruence
on H. Also, by the same argument we can show that 3 is a left and
right strongly o-congruence on H. Hence 3 is a strongly congruence on
H. Now let af*b. Therefore there exist 21, 22, ..., 2n+1 € H such that
{zi2i01} Cus € U, 1 <i <n+1and a = 2182823...02,62n41 = b.

Since 3 is a strongly congruence on H, we obtain a * z = (21 * x) (22 *

x)P(z3*x)...0(2n %) B(2n+1 *x) = bxx and so (axz)5(bxx). Hence B*
is a right strongly *-congruence on H. Similarly, we can show that g*
is a strongly left x-congruence and strongly left and right o-congruence
on H. Therefore 8* is a strongly congruence on H. O

In the sequel, for any element a € H, we denote the congruence class
of a under §* by f*(a) .

In the following, we give an example of a hyper pseudo BC K-algebra
in which §* is regular.

Ezample 3.2. Let H = {0,a, b, c}. Hyperoperations o and * on H given
by the following tables:
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0 a b c
{0}y | {0} | {0} | {0}

{a} [ {0,a} | {0,a} | {0,a}
{6} | {o} [{0,a}| {0} {o} | {o} [ {0} {0}
teb | {cet | {c} | {0} {c} | {ct [{c} {0}

Then (H;*, o, 0) is a hyper pseudo BC K-algebra. We can check that
B*(0) = {0,a}. Since there is not x,y € H such that both (z o y)3*0
and (y o x)B*0, it follows that §* is regular.

0 a b c
{0} | {0} [{o} {0}
{at | {0,a} | {0} | {0}

(SN R~ sN Nen]iNe]
OO *

We now give an example to show that 5* is not necessarily regular,
in general.

Ezample 3.3. Let H = {0,a,b,c,d} be a hyper pseudo BC K-algebra
as in Example 3.1. We can check that §*(0) = {0,a,d}. It follows
(cod)s*{0} and (doc)5*{0}. But 8*(d) = {0,a,d} # {c} = 5*(c). This

implies that 8* is not regular.

Proposition 3.5. For any hyper pseudo BC K -algebra H, the following
are equivalent:
(i) B* is regular;
(i1) For any z,y € H, if (x oy)B8*{0} and (y o )B8*{0} then there
exist v € x* (xoy) and v € yx* (yox) such that vB*v'.

Proof. (i) = (ii) Let (z o y)B*{0} and (y o x)B*{0}, then there exist
t € (roy) and t’ € (yox) such that ¢3*0 and #'4*0. Since 3* is a strongly
congruence on H, we get (z+t)3*{x} and (y*t')5*{y}. Therefore there
exist v € x x (zroy) and v/ € y x (y o x) such that v5*x and v/5*y. Since
B* is regular, it follows from (x o y)5*{0} and (y o x)5*{0} that xS*y
and so v*v'.

(1i) = (i) Let (z o y)B*{0} and (y o z)5*{0}. Since B* is a strongly
congruence on H, we get x % (z o y)3*{x} and y * (y o x)3*{y}. Now by
the hypothesis, there exist v € x * (z o y) and v € y * (y o ) such that
vf3*v’. Since B* is a strongly congruence on H, we obtain zS*v3*v' 3*y
and so by transitivity of 8* we have x3*y. Therefore 5* is regular. [

Proposition 3.6. [0]g« is a reflexive hyper pseudo BCK -ideal of type
1of H.

Proof. By Proposition 2.13, [0]g« is a hyper pseudo BCK ideal of type
1. Now let x € H and t € x *x. Since 0 € x x x, we get t50. Hence t5*0
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and so t € [0]g+. Therefore z x 2 C [0]g-. By the same argument, we
can show that z oz C [0]g for all x € H. Therefore [0]g+ is a reflexive
hyper pseudo BC K-ideal of type 1. O

Theorem 3.7. 3* is the smallest strongly congruence on H such that:
(3.1) p*(x) * 5*(y) and B*(x) o B*(y) are singleton for all z,y € H.

Proof. By Theorem 3.4, 8* is a strongly congruence on H. Now let
B*(z), B*(2') € B*(a) * 5*(b), then by Definition 2.10, there exist w,w’ €
a * b such that g*(w) = f*(z) and g*(w') = 5*(2’). Since w,w’ € a x b,
we get wf*w' and so [*(z) = f*(w) = *(w') = B*(2'). Therefore
B*(a) * B*(b) is singleton for all a,b € H. Similarly, we can show that
B*(a) o 5*(b) is also singleton for all a,b € H. Now assume that p is
a strongly congruence on H satisfying the condition (3.1) and prove
that 8 C p. Consider the natural homomorphism 7 : H — % with
mw(x) = p(x) for all z € H. Assume that xSy for some z,y € H. Then
there exists u € U such that {z,y} C u. It follows that {=x(z),7(y)} C
m(u) = p(u). Since [p(u)| = 1, we get 7(x) = 7(y), that is, p(x) = p(y).
Hence zpy and so 8 C p. Thus it follows from Theorem 3.2 that g* C p,
which completes the proof. O
Corollary 3.8. If 5* is reqular on H, then 5—1{( is a pseudo BC' K -algebra.
Proof. It follows from Theorems 2.14 and 3.6. O

Theorem 3.9. Let p be an equivalence relation on H, then the following
are equivalent.

(1) p is a reqular strongly congruence on H.

(2) % is a pseudo BCK -algebra.

Proof. (1) = (2) It suffices to show that p(z) x p(y) and p(z) o p(y) are
singleton for all z,y € H. Since zpx and p is a strongly congruence on
H, we get (x*y)p(z *y) and (z oy)p(x oy). This implies that upu’ for
all u,u’ € z*y(u,u’ € xoy). Therefore p(x) x p(y) and p(x) o p(y) are
singleton for all z,y € H and so the result holds.

(2)=(1) Let % be a pseudo BC K-algebra and xpy, then p(z)*p(t) =
p(y) * p(t) is singleton for all t € H. Hence for any a € x*t and b € yxt,
p(a) = p(b). Tt follows that (x*t)p(y=t). Similarly, we have (txx)p(t*y).
Thus p is a strongly *-congruence. By the similar argument, we can show
that p is a strongly o-congruence. Thus p is strongly congruence on H.

The regularity of p follows from Theorem 2.11 and Definition 2.12. [
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Note that in the proof of above theorem part (1) = (2), we used only
the condition strongly congruence of p. So we have the following result:

Corollary 3.10. For every strongly congruence p on H, p(x)*p(y) and
p(x) o p(y) are singleton for all x,y € H.

Corollary 3.11. For every reqular strongly congruence p on H, (0], is
a reflexive hyper pseudo BCK -ideal of type 1.

Proof. It follows from Theorems 2.14 and 3.9. O

Note that if # and p are two relations on H; and Hs, respectively,
then the relation 6 x p on Hy x Hs is defined by

(V(a,b),(c,d) € Hy x H3) (a,b)8 x p(c,d) < abc and bpd.

It is well known that 6 x p is (reflexive, symmetric) transitive if and only
if # and p are both (reflexive, symmetric) transitive.

Lemma 3.12. Let Hy, Hy be two hyper pseudo BC K -algebras, then

(1) 5H1><H2 - 6H1 X /BHQ;
(ll) B;IIXHQ = 6;[1 x B;IQ
Proof. (i) Let Uy , Uy and U be the all finite combinations of elements of
Hi, Hy and H; x Hs respectively, then, by the composition of elements
of Hy x Hy, we get U = Uy x Uy. Hence we have (a,b)Bm, xm,(c,d) <
{(a,b),(c,d)} € u for some v € U & {a,c} C uy and {b,d} C uy for
some u; € Uy and us € Uy < afic and bBad. This completes the proof
of (7).
(13) By (i), we have (a,b)BH,xH,(¢,d) < afic and bfad. Then using
Definition 3.1, the proof is straightforward.
O

Lemma 3.13. Let Hi, Hy be two hyper pseudo BCK-algebras, then
B, xn, 8 regular if and only if By, and By, are regular.

Proof. Let Bj;, and B, be regular and let (z1, y1)o(w2, y2) By, » 17, 1(0,0)}
and (72,y2) © (1,Y1) By, 11,1(0,0)}, then there exist (a,b) € (21,y1) o
(z2,y2) and (a',V') € (w2,y2) o (w1,y1) such that (a,b)B}; ., (0,0) and
(@', V') B, %11, (0,0). Now by Lemma 3.12, we have a3, 0, b330, a’B};, 0
and 0'f};,0. Tt follows that (xy o x2)87, {0}, (22 o 21)B5, {0}, (y1 0
Y2)B7,{0} and (y2 o y1)B5,{0}. Since By, and By, are regular, we get
1%, x2 and y1 B}, y2 and so by Lemma 3.12, we conclude (z1, yl)ﬁ}‘{1 w Ho
(z2,92). Therefore By , p, is regular.
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Conversely, let x,y € Hy such that z o y8% {0} and y o z85; {0}.
Therefore there exist a € zoy and b € yox such that afj;, 0 and 83 0
Hence (a,0)B%, «g7,(0,0) and (b,0)8%, 47, (0,0). Since (a,0) € (z,0) o
(4,0) and (b,0) € (3,0) o (,0), we get (z:0) o (4,008, . s, {(0,0)} and
(¥,0)o(z,0)B7r, 5 17,1(0,0) }. Thus by the regularity of 87, 7,, we obtain
(z,0)B8%, x 11, (¥, 0) and so by Lemma 3.12, we have x5} y. Therefore 57,
is regular. Similarly, we can show that Sy, is also regular. O

Theorem 3.14. Let (X;*,0,0) be a (hyper) pseudo BC K -algebra, then
for any set Y with |X| = |Y|, there are two (hyper) binary operations
on'Y, denoted by ¥ and o such that (Y;*/,o/,O/) is a (hyper) pseudo
BCK -algebra and (X;*,0,0) = (Y;%,0,0).

Proof. Let (X;*,0,0) be a pseudo BCK-algebra. The case that X
is a hyper pseudo BCK-algebra can be proved in a similar way. By
|X| = |Y|, there exists a bijection mapping f : X — Y. We define the
operations « and o on Y as follows:

(32) (Vg €Y) 2y =ff"a)f0)),
(3.3) g oy =f(f 7)o fT W)
(3.4) x<y©x*y—0l¢>xoy—0

Clearly, the operations * and o are well-defined. We take 0 = f(0).
By (3.2) and (3.3), it is easy to see that

(35) [ * ) = @) ) s T y) = T e T )
For any z ,y €Y, we have

xl j/ y/

& 2%y =0 by (34)
& f(f 1( Ve U y)) =0 by (3.2)
& Y@ * f7H(y) =0 by injectivity of f
& ) =YY by (3.4).
Consequently,
(3.6) Vg eV)a <y e @)= W)

Now we show that (Y x| o/,O,) satisfies the axioms of pseudo BCK-
algebra. For any 2,y ',z € Y, by axiom (al) of X, we have

)« A o [f M)+ fHED =2 N ED) ).
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Thus, by (3.5), we conclude

U@ xy)o (@ x 2) 27z * ),
and so by (3.6), we get (2’ % y')o (z' ¥ 2) < 2z ¥ y. Thus the axiom
(al) of Y holds. By the similar argument, we can prove the remainder

axioms of pseudo BC K-algebra of Y. Therefore (Y, %0, 0,) is a pseudo
BC K-algebra. O

/

Theorem 3.15. [0] Let (G;.,V,A,0,1) be a lattice ordered group (¢-
group) and GT = {g € G | g > 0} be its positive cone. If one defines
¥y = .y~ V0 and xoy = y~1-(xV0) (G is not necessarily commutative)
then (G;x,0,0) is a pseudo BCK -algebra.

Ezample 3.4. [9] Let G = Z x Z x Z. We define binary operation + on
G as follows:

(my + k2, m2 + k1,n1 + ng) if ny is odd

(v, m1,m1)+(k2, ma, n2) = { (k1 + ka,m1 +ma,n1 + ng) if ng is even

0 =(0,0,0) is the neutral element, and

_ [ (-m,—k,—n) ifnisodd
(kym,n) = { (—k,—m,—n) if nis even ,

then G is a non abelian /-group with the positive cone GT = Z x Z x
ZUZ xZ x {0}.

Corollary 3.16. For any infinite countable set X, there exist the binary
operations x and o on X and a constant 0 € X such that (X;x,0,0) is
a pseudo BCK -algebra.

Proof. 1t follows from Theorem 3.15 and Example 3.4. O

4. FUNDAMENTAL PSEUDO BCK-ALGEBRA

In this section, applying the concept of fundamental algebra [12] on
pseudo BC K-algebra, we prove that any pseudo BC' K-algebra is fun-
damental.

Definition 4.1. A pseudo BCK-algebra H is called fundamental,
there exists a non-trivial hyper pseudo BCK -algebra K such that /35*
H.

R <
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Theorem 4.2. Let (Hy;*1,01,01) and (Ha; *x2,09,02) be two pseudo
BCK -algebras. Define the hyperoperations x and o on H = Hy X Hy as
follows:

(4.1) (1,91) * (x2,92) = {(x1 *1 22, y1), (T1 *1 T2, Y1 *2 ¥2) };

(z1,91) o (x2,92) = {(x1 01 T2,¥1), (¥1 01 T2, Y1 02 Y2) }.
Then H = (Hy X Ha;%,0,(0,0)) is a hyper pseudo BCK -algebra.

Proof. We show that the hyperoperations * and o defined on H satisfy
the axioms of hyper pseudo BC K-algebras. Applying (4.1) and the ax-
iom (PHK1) of H; and Hs, we have, for any (z1,y1), (x2,y2), (x3,y3) €
H,

(w1, y1) * (T2, y2)] * [(23,y3) * (72, y2)]=

{(@1 %1 22, y1), (21 %1 T2, 1 %2 Y2) } * {(23 %1 T2, ¥3), (T3 *1 T2, Y3 *2 Y2) }=
{(z1x122, 1) * (z3%1 22, y3) U{ (2151 T2, y1 ) % (23 %1 T2, Y3 *2y2) U{ (71 %1
T2, Y1 *2 Y2) * (T3 %1 T2,Y3) } U {(@1 %1 T, Y1 *2 ya) * (T3 %1 T2, Y3 *2 Y2) }=
{((z1 %1 22) *1 (23 %1 22),91), (71 %1 2) *1 (T3 *1 T2), Y1 *2 Y3),

(w1 *1 22) *1 (w3 %1 72),y1), (21 *1 22) *1 (T3 *1 T2), Y1 *2 (Y3 *2 ¥2)),
((z1 %1 22) %1 (w3 %1 72), Y1 *¥2 y2), ((T1 %1 T2) *1 (73 %1 72), (Y1 *1 Y2) *2¥3),
((z1%122) %1 (T3%1 72), Y1 *2Y2), ((T1 %1 72) *1 (T3%1 T2), (Y1 *2Y2) *2 (Y3 *2
y2))} < {(w1*x3,91), (w1 * 23,91 * ¥3)} = (21, 91) * (23,93).

Similarly, we have ((z1,y1) o (z2,¥2)) o ((3,y3) o (z2,¥2)) < (21,91) ©
(x3,y3). Hence (PHK1) on H holds. Similar to the proof of (PHK1),
we can show that the remainder axioms hold. Therefore H = (H; x
Hy;*,0,(0,0)) is a hyper pseudo BC K algebra. O

Lemma 4.3. If Hy x Hs is the hyper pseudo BCK -algebra as in The-
orem 4.2, then By .y, is regular.

Proof. We first show that (a,)5(0,0) implies a = 0 for any (a,b) €
Hy x Hy. By the assumption, there exists u = (z1,y1) ® (z2,92)... ®
(Tn—1,Yn-1) ® (xn,yn) € U such that {(a,b),(0,0)} C u. By the defini-
tion of hyperoperations * and o on H; x Hy as in Theorem 4.2, we have
u={(x1 @ z2... ® Tp_1 ® Ty, t) | t € T}, where

T ={yp}U{mi®@uyn |1 <il <npU{mi@uan®ua |1 <il<
i2 <npU..U{y ®..RQyy}. By setting 29 = 21 ® ... ® z,, it fol-
lows from {(a,b),(0,0)} C w that zo = 0 = a. For convenience, we
use * to denote the 87 , . Now let z o y3*(0,0) and y o z3*(0,0),
where = (x1,y1) and y = (22,y2). Hence there exist (a,b) € x o
y and (a/,b") € y oz such that (a,b)5*(0,0) and (a’,b")3*(0,0) and so
by the previous argument a = 0 = a/. Thus (0,b) € zoy = {(z;1 0
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x2,Y1), (1 0 x2,y1 0 y2)} and so z1 o x9 = 0, that is, 1 < x9. Simi-
larly, from (0,') € {(x2 0 x1,y2), (x2 01, y2 0y1)}, We get w9 < x1 and
so 1 = x9. Hence x = (z1,y1) and y = (x1,y2), which imply z oy =
{(0,91), (0,y10y2)} and yoz = {(0,y2), (0,y2091)}. Since (xoy)B*(0,0)
and (yox)B*(0,0), it follows that xo (zoy)B*x and yo (yoz)B*y. Now,
since

(z1,91) o ((z1,91) © (71,92)) = {(z1,¥1), (21,0), (1,91 0 (y1 0 Y2)) }

and

(z1,92) o ((z1,92) o (z1,11)) = {(z1,92), (z1,0), (x1, 2 0 (Y2 0 11)) },

we have (71,0) € (zo(zxoy))N(yo (yowx)). Hence (r1,0)3*r and
(z1,0)8*y and so x*y. Therefore * is regular. O

Theorem 4.4. FEvery pseudo BCK -algebra is fundamental.

Proof. Let H be a pseudo BC K-algebra and consider the hyper pseudo
BCK-algebra H x H as in Theorem 4.2. We show that §*((a,b)) =
{(a,z)|z € H} for all (a,b) € HxH. Let (¢,d)B(a,b), then {(a,b), (c,d)}
C u for some u € (21,91) @ ... @ (T, yn) € U in which (x;,1y;) € H x H,
1 < i < n. Thus similar to the proof of Lemma 4.3, it follows from
{(a,b),(c,d)} C u that a = ¢ = z9 and so f*((a,b)) C {(a,z) | z €
H}. On the other hand, since (a,z) * (0,2) = {(a,z), (a,0)}, we get
(a,x)B(a,0) for all x € H. Hence (a,z)3(a,0)3(a,b) and so (a, x)B*(a, b)
for all z € H. It follows that {(a,z)|z € H} C *(a,b) and so the equal-
ity holds. Now we define the function ¢ : [%XXI;II — H by ¢(8*(a,b)) =a
We note that *(a,b) = (*(c,d) if and only if a = ¢ if and only if
o(B*(a,b)) = ¢(B*(c,d)). Thus ¢ is well-defined and one to one. Clearly,
@ is onto. Since

B*(a,b) * 8" (c,d) = {B"(t,t') | (t,¥') € (a,) * (c,d)}
={B"(t,t) | (t,1') € {(axc,b), (a*c,bxd)}}
={f* ((axc,t))|t' =bort €bxd},
it follows that o(8*(a,b) * ﬂ*( )) =ax*xc= @(*(a,b))* p(B*(c,d)).

Similarly, we have ¢(8*(a,b) o 5*(c,d)) = ¢(8*(a,b)) o p(5*(c,d)). Thus

¢ is an isomorphism and é{ 1XHy ng*HQ >~ H. Therefore H is funda-
H1xHg

mental. O
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