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PRODUCT OF DERIVATIONS ON TRIANGULAR
BANACH ALGEBRAS

MOHAMMAD HOSSEIN SATTARI* AND HAMID SHAFIEASL

ABSTRACT. In this paper, we give a necessary and sufficient con-
dition for the product of two derivations on the triangular Banach
algebra to be a derivation. We also study the case where the prod-

uct of derivations is commutative.
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1. INTRODUCTION AND PRELIMINARIES
Let 2 be an algebra and D : 2l — 2 be a linear map such that
D(ab) = aD(b) + D(a)b, (a,b e ),

in this case, D is called derivation. For every Banach algebra 2, let
Der(A) denote the linear space of all continuous derivations on 2(. Con-

sider the following Lie bracket

[,] : Der(A) x Der(A) — Der(A)
[D,C]=DC—-CD
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In the theory of derivations, product of derivations has an important role
that is investigated by several authors. One of the thing we want to find
some condition under that product of two derivations can commutes.

For example, if we set
ZA)={acA:ab=ba, becA}

and D € Der(A) such that D(2A) C Z(A), then for all derivations ad, :
2 — 2 (adz(a) = ax — wa) with z € A, we have [D,ad,] = adp(y) = 0;
or, [adg,ady] = 0, for z,y € A if and only if zy — yz € Z(A).

Set A = C @ C, which is a Banach algebra with multiplication

(a1,b1)(az2, b2) = (a1a2,a1b2), (a1, a2,b1,be € C),

and norm ||(a,b)|| = |a| + |b]. Obviously Z(2) = {(0,0)}, and conse-
quently [ad,,ad,] = 0 for z,y € A if and only if zy = yz.
In [5], Kamowitz and Scheinberg proved that product of two deriva-
tions D1(f) = xf * p1, Da(f) = xf * po, on L'(0,1) commutes (or,
[D1, D3] = 0) if u1 = cpg on [0,1 —b), where ¢ is a constant and b is the
largest number such that |u2|[0,0) =0

The section 2, deals with characterizing those derivations D, C of T
for which [D,C] = 0, where T is a triangular Banach algebra.

Considering derivations, we would like to find whether DC' € Der(2l)
for D,C € Der(2) is the case, under some appropriate conditions? For
instance Creedon in [l| proved that if the product of two derivations
on a semiprime algebra is derivation, then the product is zero. In the
section 3, we obtain a condition for which product of two derivations on

T is a derivation, where ¥ is a triangular Banach algebra.

Definition 1.1. Let 2 and 8 be two Banach algebras and 9t be a
Banach 20-B-bimodule. Define

AN (e m) e beBmem’.
0 B 0 b
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and we shall simplify the notation throughout this paper by writing ¥
A M

for . The linear space ¥ with the standard product of matrices

0 B
is an algebra. In addition, let

H(O 7’;)” —Jall + mll + ol (@ € 2b € B,m € M)

which turns ¥ into a Banach algebra and it is called triangular Banach

algebra.

Proposition 1.2. Let 2 be a unital Banach algebra and let 5 be a
Banch algebra with bounded approximate identity {eq}acn- Let M be an
essential Banach A-B-bimodule (that is, AM = MDB = M) and T be as
Definition 1.1 and D : ¥ — T be a continuous derivation. Then, there
exist mp € M, continuous derivations D1 : A — A, Dy : B — B and a
continuous linear map Mp : M — M and a net {zq}acr C B such that
for each a € A, b € B, m € M we have

(1) liglzab: liénbza =0,
IQ[ 0 0 mp

<2>D<<O 0)) ( O>,

(3) DY a 0>) ( 1(a) amp

0 O —mpeq
0 ey

0 0 —mpb
o o, b)> (o M)
0 m - 0 Mp(m)
o/ \o o )

(7) Mp(a-m) = Di(a)-m-+a-Mp(m),
(m-b) = Mp(m)-b+m - Ds(b).

Proof. See Propositions 2.1 and 2.2 of [3]. O
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Remark 1.3. Throughout this paper, we use the assumptions and nota-

tions of Proposition 1.2, unless stated otherwise.

Ezample 1.4. Let 2 be a commutative unital Banach algebra, 8 = 2,
M be an essential Banach 2A-bimodule and ¥ be as Definition 1.1. In
[6] Singer and Wermer showed that the range of a continuous derivation
on a commutative Banach algebra is contained in the radical, in partic-
ular, that if the algebra is semisimple, there are no non-zero continuous

derivations. Hence, if D : ¥ — ¥ is a derivation, then D; = Dy = 0 and
Mp(a-m)=a-Mp(m), Mp(a-m)=Mp(m)-a,

for all @ € A, m € M. Moreover, if I = A then by setting ag = Mp(1y)
we have

Mp(a) =aap  (a €A).

2. COMMUTING OF DERIVATIONS

First we show that the product of derivations is not commutative

necessarily through the following example.

Ezxample 2.1. Suppose that 2l and B are two unital Banach algebras, 91
is a essential Banach -8B-bimodule, A,y € C, v,u € 9 and

vV — lgg v U= lgg w .
0 ALB 0 71%

For all a € A, m € 9, b € B, we have

a m a av—+Am a m-+vb
ady ( ) = -
0 b 0 b 0 b
{0 av—vb+(A—1)m
o 0 ’

and consequently

adU(adV(<g m))) — (8 (v = 1(av - z(J)b+ (A— 1)m)> ‘
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Suppose that [ady,ady] = 0. Then
(v—=1)(av —vb+ (A —=1)m) = (A= 1)(au —ub+ (y — 1)m).

We now deal with the following cases:

case 1: If A =1, then ady ady = 0 = ady ady.

case 2: If v =1, then again we have ady ady = 0 = ady ady.

case 3: If A\ # 1,y # 1, then one can find ¢ € C such that v = cu.

The condition v = cu, in case 3 inspires us to construct an example of
derivations where commuting of product is not the case.

For instance, consider To®M, and set
(2 0) <1 2) (2 0) (0 2>
0 2 00 0 2 01
U: y V:
10 10
0 0

1 2 0 2
As (O 0) is not aligned with <0 1), we obtain [ady,ady] # 0 .

The components obtained in Proposition 1.2 leads us to study deriva-

tions over triangular Banach algebras in terms of commuting.

Theorem 2.2. Let D,C : ¥ — T be two continuous derivations. Then
DC = CD if and only if DICI = ClDl, DQCQ = CQDQ, MDMC =
McMD and MD(mc) = Mc(mD).

Proof. By using Proposition 1.2, we have the following statements

pei(s )= (P9 L)
2C2 (D)

CD(<g 21)):(01121@) C’Dt )
2D2(b)

s=Cy(a) -mp —mp - Ca2(b) + Mp(a-mec —me - b) + MpMc(m),

where



Product of derivations 33
and
t = Di(a) - mg — me - Da(b) + Mc(a-mp —mp - b) + McMp(m).
Now if DC = CD, then we must have
(240a) - mp —mp - C2(b) + Mp(a - mc —me - b) + MpMa(m) =
Di(a) - m¢c —me - Da(b) + Mc(a-mp —mp - b) + McMp(m).
Bearing part 7 and 8 of Proposition 1.2 in mind, we have

Mp(a-mec—me - b)
= Dj(a) -mc —me - D2(b) +a- Mp(me) — Mp(me) - b,
Mec(a-mp —mp - b)
=Ci(a)-mp —mp -Ca(b) +a- Mc(mp) — Mc(mp) - b.

It follows from 2.1

a-Mp(mc) — Mp(mc) - b+ MpMc(m)
=a-Mc(mp) — Mc(mp) - b+ McMp(m).

Setting a = 1y, and b = e,, for an arbitrary o € A, we get

Mp(me) — Mp(me) - eq + MpMea(m)
= Mc(mp) — Mc(mp) - eq + McMp(m).

Taking limit over a implies that
MpMc(m) = McMp(m),
for all m € M, and hence MpMc = McMp. Also obviously

chl = ClDl, DQCQ = CQDQ.

1 1
On the other hand, CD(( 5‘ 8)) = DC(( g‘ 8) ), yeild Mp(me) =

Mec(mp).
The converse of theorem is straightforward. O
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Remark 2.3. Let 2 be a Banach algera and %6 = 9t = 2 and ¥ be
as definition 1.1. Suppose that T denotes the algebra of 2 x 2 upper
triangular matrices. Then, T = Tr®2.

Ezample 2.4. Let RT = [0,400), w : RT — (0,+00) be a continuous
function such that w(s+1t) < w(s)w(t), for every s,t € RT and w(0) = 1.
Suppose that

f

Co(R+,w) = {f Rt - C: ; S Co(R+)},

which is a Banach algebra under pointwise mutiplication and norm:

171 = sup L,
ter+ w(t)

Denote by M(R™,w) the space of all complex regular Borel measures
p on RT such that ||| = 0+°o w(t)d|p|(t) < oco. The Banach space
M(R*,w) can be identified with the dual of Cop(R™,w) and with the
convolution product

+00 +oo  ptoo

@@ = [ [ serndueany). e ot w)
is a commutative Banach algebra. Consider Dirac measure 6, € M (RT, w),
at point # € RT. The algbera M (R',w) is unital with unit element dy.
If also

lim Inw(t) _

t—r+00 t ’

then M(R™,w) is not semisimple (it is radical algebra).
Suppose that T = Tuo@M (RT,w), D : T — T is a continuous derivaton
and Dy, Dy, Mp induced operators on M (R™,w) as Proposition 1.2. Us-
ing lemma 2.3 of [1] there are locally finite measures p1, 2 on R™ such
that

D;(64) = adq * i, (a € RTi=1,2).
For every a,b € R

MD((Sa *512) =0, *MD((Sb) + ad, * L] * Op
Mp(0p % 0g) = Mp(6p) * 8 + Op * adq * 2
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and setting b = 0 we get

MD(éa) = g * MD((;()) + ad, * u1
MD((Sa) = MD(50) * 6a + aéa * 2

which implies that pu; = pe. This implies Dy = Dy. Setting p =
Mp(dp) + p1 implies

MD(éa) = (5a * L.

3. PRODUCT OF DERIVATIONS

That the product of two derivations on a semiprime Banach algebra is
a derivation or not has been the subject of different papers in this area.
The interested reader is referred to [1, 4]. We would like to study the
case whether the product of derivations over triangular Banach algebras

(which is non-semiprime) is a derivation or not.

Definition 3.1. Let A, B be two Banach algebras and 91 be a Banach
2A-B-bimodule. Fix a € A and b € B and define the Rosenblum operator

{Ta7b:9ﬁ—>9ﬁ

Tap(m) =a-m—m-b.

Theorem 3.2. Let D,C : ¥ — T be two continuous derivations. Then,
DC' is a derivation if and only if D1C1, D2Cy are derivations and the
following holds for all a,u € A, b,u € B, m,n € M

Ci(a) - [Mp(n) = Tun(mp)] + Di(a) - [Mo(n) = Tun(me)]

B rasmp) + Mp(m)] - Co(o) + [ras(me) + Mo(m)] - Da(v)

Proof. Suppose that DC' is a derivation. Then for each a,u € 2, b,v €
B, m,n € M we have
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ver(5 36 1)
ool 1pG 1)< 2o )
<M i) (0 1) <o D0 i)

D101 a)u D101 (a) n+s-v aD1C1(u) a-t+m- DyCo(v)
DyCy(b)v 0 bDyCs(v) ’

where
s=Cy(a) -mp —mp - Ca2(b) + Mp(a-mec —me - b) + MpMc(m),
t=Ci(u)-mp —mp - Co(v) + Mp(u-me —me -v) + MpMe(n).

On the other hand, we have

o5 ) (5 Lpmoes )

[ D1Cy(au) r
B 0 Dy Co(bv)

where
r = Cy(au)-mp—mp-Co(bv)+Mp(au-mc—me-bv)+MpMec(a-n+m-v).
Hence, D1C1, D2C5 are derivations. Furthermore
DCi(a)-n+ Ci(a) -mp-v—mp-Co(b)v+ Mp(a-mc —me-b)-v
+MpMc(m)-v+aCi(u) -mp —a-mp - Ce(v) +a-Mp(u-me —me -v)
+a - MDMc(n) +m - DQCQ(U)

= Ci(au) -mp —mp - C2(bv) + Mp(auw - mg — me - bv)
+MpMc(a-n+m-v)

Parts 7 and 8 of Proposition 1.2 imply



Product of derivations 37

D1Cqi(a) -n+Ci(a) -mp-v—mp-Co(b)v+a-Mp(me)-v
+D1(a) -me -v—mg - Da(b)v — Mp(me) - bv + MpMg(m) - v
+aCy(u) -mp —a-mp - C3(v) + aD1(u) - me + au - Mp(me)
—a-Mp(me)-v—a-mg-Da(v)+a- MpMc(n)+m - DyCs(v)
= Ci(a)u-mp + aCy(u) - mp —mp - bC2(v) —mp - Ca(b)v
+aD1(u) - me + Di(a)u - me + au - Mp(mec) — Mp(mc) - bv
—mg - Da(b)v — me - bDa(v) + D1C1(a) -n+ Cy(a) - Mp(n)
+Di(a) - Mc(n)+a-MpMc(n) + MpMc(m) -v

+Mc(m) - Da(v) + Mp(m) - Ca(v) +m - DaCa(v).

Hence
Ci(a) -mp-v+Di(a) -mc-v—a-mp-Ce(v) —a-me - Da(v)
= Ci(a)u-mp —mp - bCa(v) + D1(a)u - meg — me - bDa(v)
+Cl(a) . MD(n) + Dl(a) . Mc(’rl) + Mc(m) . DQ(U) + MD(m) . CQ(U),
and 3.1 is obtained.

The converse is given by the similar fashion. O

Ezample 3.3. Let 2 be a unital Banach algebra, 8 be a Banach algebra

with bounded approximate identity such that Der(8) = {0}, and con-

A
sider triangular Banach algebra ¥ = 0 B where C is an essential

left A-module with a-a = ¢(a)a for non-zero character ¢ of 2 and simi-
larly C is an essential right %-bimodule. Let D, C : € — ¥ be continuous
derivations, Mp # 0, Mo # 0,mp # 0,m¢c # 0, and DC = CD. For
every u € 2 and v € B, consider the Rosenblum operators 7, , : C — C.

Hence there are non-zero elements dy, ¢, g(u,v) € C such that
Mp(n) =ndy, Mc(n) =ncy, Tuu(n)=ng(u,v), (neC).
Hence Dy = 0,C5 = 0, and so from 3.1, we have

Ci(a)-[ndy—mpg(u,v))] = D1(a)-Imcg(u,v)—nco], (n € C,a,u e A,ve B).
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Choosing appropriate ug € 2, vy € B we get g(ug, v9) = 1 and by setting

n = 0, we obtain that

mp
Di(a) = —Ci(a),  (a€).
mc
Moreover, by choosing appropriate u; € A,v; € B we get g(ui,v1) =0
and so

Dy(a) = leol(a), (a €2,

Ifweset)\::‘i—g:m—g,thenforallaé?l,mé@,be%

a m\, [Aly O a m
o =0 )eds n)

According to [1], the product of two derivations in semiprime algebras
is zero for the case that the product is a derivation. This yeilds us the

following result:

Corollary 3.4. Let 2 and B be as Proposition 1.2 and suppose that
they are semiprime. Then, DC is a derivation if and only if D1Cy =
0, D2Cy = 0 and the following holds for all a,u € A, b,u € B, m,n € M

Ci(a) - [Mp(n) = Tup(mp)] + Di(a) - [Mc(n) = Tun(mc)]
= [Ta7b<mD) + MD(m)] . CQ('U) + [Tajb(mc) + Mc(m)] . DQ(?}).

Corollary 3.5. Let 2,8 be two unital semisimple commutative Banach
algebras, M be an essential Banach A-B-bimodule and ¥ be as Definition
1.1 and let D,C : ¥ — ¥ be two continuous derivations. Then, DC is a

derivation.

Ezample 3.6. The group algebra ¢!(G) of commutative group G is a
unital semisimple commutative Banach algebra and so ¢!(G) has the

assumptions of Corollary 3.5.
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Ezample 3.7. Suppose that n € N and

MO ... 0
o ...
D, = 0 A 0 NeCi=1,2...n
0 0 ... \

Set A =B = D,, and M = M,,, where M, is the Banach algebra of
matrices with elements in C. Suppose that D,C : ¥ — ¥ are two con-

tinuous derivations. Then, DC' is a derivation.
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