Journal of Hyperstructures 5 (1) (2016), 17-25.
ISSN: 2322-1666 print/2251-8436 online

SOME RESULTS ON PIT AND GPIT THEOREMS

M. EBRAHIMPOUR

ABSTRACT. In this paper we generalize the PIT and the GPIT
that can be used to study the heights of prime ideals in a general
commutative Noetherian ring R and the dimension theory of such a
ring and we use these generalizations to prove some useful results.
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1. INTRODUCTION

We assume throughout that R is a commutative Noetherian ring and
M is a non-zero finitely generated R-module.

In this paper, we are going to generalize heights of prime ideals in R,
and the dimension theory of such a ring. The start point will be Krull’s
Principal Ideal Theorem (PIT): this states that, if « € R is a non-unit
of R and P € Spec(R) is a minimal prime ideal of the principal ideal
(a), then htP < 1. From this, we are able to go on to prove Generalized
Principal Ideal Theorem GPIT, which shows that, if I be a proper ideal
of R which can be generated by n elements, then htP < n , for every
minimal prime ideal P of I. A consequence is that each @ € Spec(R)
has finite height, because @) is a minimal prime ideal of itself and every
ideal of R is finitely generated.

There are consequences for local rings. If (R, J) is a local ring, ?then
dimR = htJ, 7and so R has finite dimension. In fact, we know that
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18 M. Ebrahimpour

dimR is the least integer n for which there exists an J—primary ideal
that can be generated by n elements.

In Theorem 2.4 and Corollary 2.5 we generalize the GPIT and the
PIT and in Theorem 2.9, we prove the promised converse of Theorem
2.4.

Let I be an ideal of R. We recall that

htI = min{htP|P € Spec(R),I C P}.

Let ay,...,a, € R. We know by [1,16.1], that a4, ..., a, form an
M —sequence of elements of R precisely when

(i) M # (a1, ...,an)M, and

(i) For each i = 1,...,n, the element a; is a non-zerodivisor on the
R—module (a#

1yees@i—1) M

For P € Supp(M), we know by [4, Ex.17.15], that the M —height of
P, denoted hty P, is defined by dimp, Mp = dim(m). Let
I be an ideal of R such that M # IM. We know by [4, Ex.9.23] that
there exists a prime ideal P € Supp(M) such that I C P and we know
by [4, Ex.17.15], that the M —height of I, denoted hty/I, is defined by

hty I = min{hty P|P € Supp(M),I C P}.

If (R, J) is a local ring, then we show the htysJ by dimM.
We will denote the set of all prime ideals of R by Spec(R) and the set
of all maximal ideals of R by Maz(R).

2. MAIN RESULTS

Remark 2.1. Let R be a commutative Noetherian ring, M be a non-
zero finitely generated R-module and I be an ideal of R such that M #
IM. The M-sequence (a;)!; is a maximal M-sequence in [ if it is
impassible to fined an element a,y1 € I such that ay,...,a,4+1 form
an M-sequence of length n 4+ 1. This is equivalent to the statement

that I C ZdvR(m). Because, for every b € I, we have M #

(a1, ...,an,b)M. There exists an M-sequence contained in I, for the
empty M-sequence is one such. We know by [4, Thm. 16.13], that every
two maximal M —sequence in I have the same length. The common
length of all maximal M —sequences in I denoted by gradeyI. If M = R,
then we show graderl by gradel. Also, every M-sequence in I can be
extended to a maximal M-sequence in I and we have grade;(I) < oo,
by [4, Prop. 16.10].
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Theorem 2.2. Let R be a commutative Noetherian ring, M be a non-
zero finitely generated R-module and I be an ideal of R such that M #
IM. Let gradep(I) =n and I generate by n elements. Then I can be
generate by the elements of an M -sequence of length n.

Proof. If n = 0, then there is nothing to prove. So we assume that
n > 0. Suppose that I = (aq,...,a,). We show that there exists an
M-sequence (b;)"_; in I such that b, = a, and for suitable elements
rj€R(1<i<n—-landi+1<j<n)b :ai—i—Z?:iHmjaj. We
have I = (ay,...,a,) = (b1, ...,b,) and so the theorem will be proved.
Now, we construct by, ..., b, by an inductive process. We assume that
j € Nwith 1 < j <n, and that we have constructed elements b; of R for
1 <4 < j with the required properties. This is certainly the case when
j=1. 8Set J = (b1,...,bj—1). (for j =1, set J = (0) and other, similar,
simplifications should be made in that case). Since (b;)!—]' is an M-
sequence in I and gradeps(I) =n > j—1, we have I ¢ ZdvR(JMM). Now,
we show that (aj,a;q1,...,an) € ZdvR(%). Suppose on the contrary,
that (aj,...,an) C ZdvR(JMM).
Let ¢ € I. We have ¢ = sja; + ... + spay,, where s; € R, (1 < i <mn).
We have
a1y = by — Xy _oripak
ag = bg — Zzzgrzkak

aj—1 = bj*l Zk:jrjk’ak

So there exist t1, ..., t, € Rwith ¢ = t1b1+..., tj_lbj_l—i—tjaj—i—...—i—tnan.
Our supposition that (aj,...,an) C ZdvR(JMM) means that tja; + ... +

tnan € Zdvr(2L). Thus ¢ — t1by — ... — tj_1bj_1 € Zdvg € (34). So
there exists z + JM € JMM with z € JM such that ¢ — t1b; — ...

tj—1bj_1(z + JM) = JM. So c(z + JM) = JM and so ¢ € Zdvr(F4;)-
Hence I C Zd’UR(%), which is a contradiction. Therefore, (aj, ..., an) €
ZdUR(JMM)
My _ . .
We have Zdvgr(537) UPGASS(%)P7 by [4, Corollary 9.36]. Since R is

Noetherian and 4; is finitely generated we have |Ass(;)| < oo, by [2,
Page72, Cor. 2. Let Ass(2L) = {P,..., P,}. So Zdvg($L) = Ul P,.
Thus (aj,...a,) € Ut_, P; and so (a;) + (ajt1, ..., an) € Ui_; Pi. So there
exists b; € (aj11,...,an) with a; + 0} ¢ Zdvg(34;), by [4,Theorem 3.64
|. There exist 741, ...,7jn € R such that b; = Tjj410j41 + ... + Tjnay.
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Thus a;+ 75410541+ ... +Tjnap Q ZdUR(%). Set bj =a;+7j+10+1+
oo T jn . ]

Remark 2.3. Let R be a commutative Noetherian ring, M be a non-zero
finitely generated R—module and I be an ideal of R with IM # M. We
know that P € Supp(#5) if and only if I+ Ann(M) C P, by [1, Page46,
Ex19(vii)].

In Theorem 2.4, we generalize the GPIT.

Theorem 2.4. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let aq, ...,a, € R with
(a1, ...;an)M # M. Then htyyP < n, for every minimal ideal P in

Supp( i amyar)-

Proof. Set I = AnnM and S = % So S is a commutative Noetherian
ring and M is a non-zero finitely generated S-module. Also, (a1 +
I,...an+ )M = (a1, ...,an)M # M.

Let P be a minimal ideal in Supp(m). We show that ? is a

minimal ideal in Supp(( . Since (ay,...,an) € P we have

(a14+1,...;an+1) C % Also AnngM = 0. So ? € Supp(m),
by Remark 2.3. Let % € Supp(m) and % - % So (a1 +
I,....;a,+1)C %, by Remark 2.3. Since I + (a1, ...,a,) C @ we have

Q € Supp(ﬁ), by Remark 2.3. Since P is a minimal ideal in
Supp(m) and Q C P we have P = (). Therefore, P is a minimal

ideal in Supp(m).

Now, we show that hty/P = htM% Let htp; P = t. So there exists a
chain of prime ideals Py C P, C ... C P, = P such that P; € Supp(M).
SolI C P, forallie{l,..t} by Remark 2.3. So % C..C % =
is a chain of prime ideals in Supps(M). So hty (%) > htyP. If %
. C % = % be a chain in Suppg(M), then I C P;, for all i € {1,...,k}
and Py C ... C P, = P is a chain in Suppr(M) and so hty P > htM%
Therefore, hty P = ht M?.

So we can assume that AnnM = 0.

Also, we know that htM? = ht5§ and % is a minimal ideal in

fid
T
C

Supp(m) if and only if % is a minimal prime ideal over
(a1+1,...;an+1), because AnngM = 0. So without loss of generality we
can assume that R is a commutative Noetherian ring and M is a non-zero
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finitely generated R-module and a4, ...,a, € R with (ay,...ap)M # M
and P is a minimal prime ideal over (aq,...,a,). We must show that
htP < n. Since (a1, ...an)M # M we have (a1, ...,ay) is a proper ideal
of R. so htP < n, by GPIT. O

Now, we have a generalization for the PIT in Corollary 2.5.

Corollary 2.5. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let a € R with (a)M # M.
Then htp P < 1, for every minimal ideal P in Supp(%).

Corollary 2.6. Let R be a commutative Noetherian ring and M be
a non-zero finitely generated R—module. Then htyfP < oo, for every
P € Supp(M). So if (R,J) is a local ring, then dimM < co.

Proof. We show that PM # M. If PM = M, then Mp = PRpMp. So
Mp = 0, by Nakayama’s lemma, a contradiction. So PM # M.

Since P € Supp(M) we have AnnM C P, by Remark 2.3, and hence
Pe Supp(%). Let Q € Supp(%) and @ C P. So P+ Ann(M) C Q,
by Remark 2.3. So P = Q). Hence P is a minimal ideal in Supp(%).
Since R is Noetherian, P is finitely generated. So htp;P < oo, by
Theorem 2.4.

Let (R,J) be a local ring. Since M # 0 we have AnnM C J and so
J € SuppM, by Remark 2.3. So dimM = hitpJ < oo. O

Corollary 2.7. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module.

(i) Let P,Q € Supp(M) with P C Q. Then htyyP < htyQ, and
htypr P = hipQ if and only if P = Q.

(ii) The ring R satisfies descending chain condition on Supp(M).

Proof. (i) We know that htyfP < oo by Lemma 2.6. Let htyP = n
and Py C P, C ... C P, = P be a chain of prime ideals in Supp(M). If
P # @, then the chain Py C P, C ... C P, C Q in Supp(M) shows that
htpr@Q > n+ 1. All the claims follow quickly from this.

(ii) Let Py 2 P1 O ... be a descending chain in Supp(M). We have
htp Py < oo by Corollary 2.6. So there exists an n € N U {0} such that
P, = P, for every i > n. O

Lemma 2.8. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let I be an ideal of R and P €
Supp(M) with I C P. Suppose that htyfI = htyyP. Then P is a

minimal ideal in Supp(HL).
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Proof. Suppose that P is not a minimal ideal in Supp(%). Since I +
AnnM C P we have P € Supp(%), by Remark 2.3. So there exists a
minimal ideal ) in Supp(%) such that @) C P. Hence htp;Q < htp P,
by Corollary 2.7(i). Since htpyrI = min{hty P|P € Supp(%)}, we have
htypl < htpQ < hip P, which is a contradiction. O

We are now in a position to prove the promised converse of Theorem
2.4.

Theorem 2.9. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let P € Supp(M) with htp P =
n. Then there exists an ideal I of R which can be generated by n elements
such that I C P and htp I = n.

Proof. We use induction on n. When n = 0, we just take I = 0 to
fined an ideal with the stated properties. So suppose, inductively, that
n > 0 and the claim has been proved for smaller values of n. Now there
exists a chain Py C P, C ... C pp—1 C P, = P of Supp(M). Note that
htyPn—1 = n—1, because, htprP,—1 < htpr P, by Corrolary 2.7(i), while
htpPo—1 > n — 1, by virtue of the above chain. So we can apply the
inductive hypothesis to P,,_1.

The conclusion is that there exists a proper ideal J of R which can be
generated by n—1 elements, a1, ..., a,—1 and which is such that J C P,,_;
and htpyrJ =n — 1. So we have P is a minimal ideal in Supp(JMM), by
Lemma 2.8. We have Ass(%) is finite, by [2, Page72, Cor. 2] also
minnimal elements of Ass(-+4;) and minimal elements of Supp(+{;) are
the same, by [2, Page75, Cor. of Prop. 7]. So minimal elements in
Supp(JMM) are finite. Note also that, in view of the Theorem 2.4, and
the fact htpsJ = n — 1, htprQ = n — 1, for every minimal ideal @ in
Supp(F47)-

Let the other minimal ideals in Supp(%), in addition to P,_1, be
Q1,...,Q¢. (In fact, ¢t could be 0, but this does not affect the argument
significantly.) We now use the Prime Avoidance Theorem to see that
P & P,_1UQ1U...UQ;. If this were not the case, then either P C P,
or P C @y, for some ¢ with i € {1,...,t}, which are contradictions, by
Corollary 2.7(i). Because, htyfP = n and htpP,—1 = hiyQ1 = ... =
htyr@Qr = n — 1. Therefore, there exists a, € P\ (P,—1 UQ1 U ...U Q).

Set I := X!  Ra; = J + Ra,. We show that I has all the desired
properties. It is clear from its definition that I can be generated by n
elements and that I = J 4+ Ra, C P,+1 + P = P. Now, we show that
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htyyl = n. Since J C I C P and htpyyJ = n—1 and Aty P = n, we
must have htp;I = n — 1 or htyy I = n. Suppose that hty; I = n — 1.
So there exists a minimal ideal P’ in Supp(£5) with hty P’ = n — 1.
Now, J C I C P' and htyyJ = n — 1. We have P’ is a minimal ideal
in Supp(JﬂM), by Lemma 2.8. So P’ = P, 1 or P’ = @Q;, for some
i €{1,...,t}. But, we have a,, € I C P’ and a,, € P,_1 and a,, € Q;, for
alli € {1,...,t}. So htp I = n. O

Corollary 2.10. With the same assumptions as in Theorem 2.9, we
have P is a minimal ideal in Supp(FL).

Proof. This is clear by Lemma 2.8 and Theorem 2.9. 0

Lemma 2.11. Let R be a commutative Noetherian ring, M be a non-
zero finitely generated R—module and I be an ideal of R with IM # M.
Then Annr 2L C rad(IH4nni)

I

Proof. Let r+1 € Ann%% and M = (z1,...,zy). So there exist a;; € I
,1 <4,7 <n, such that rx; = E;?Zlaija:j. Let

r—ai;  —a12 - —a1n
A —a1 T —a - —a2p
—an e T —apm
T 0 T 0
We have A : = :|. So A'A : = : |, where
Tn 0 Tn 0
T 0
At is the transposed of A. Thus (detA)I, : = | : | and so
Ty 0

detA € AnnM. So we have detA = r™ — «, for some o € I. Thus
r" —detAel Sor"+1¢ %. Therefore, r 4+ I € rad(%),
by [3, Chap. 8, Thm. 2.6]. O

Corollary 2.12. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let I be an ideal of R which can
be generated by n elements and P € Supp(M) be such that I C P. Then

P P
< htyP < htﬁ7 + n.

/i M

ht

&

I

=i
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Proof. Let ht o ? t. So there exists a chain & C P1 C..C % = ?
with 71 € Supp(IM), for all i € {1,...,t}. So Ann?(%) C %, by
Remark 2.3. But, it is easy to show that w - Ann%(%)

Thus, w C i and so Ann(M) C P, for all i € {1,....t}. So
P; € Supp(M), by Remark 4, and Py C P, C ... C P, = P is a chain of
Supp(M) and so htp P > t. Therefore, htp P > htM§.

IM

Let by,...,b, generate I and htM? = t. By Lemma 2.8 and The-
IM

orem 2.9, there exist aj,...,a; € R such that ? is a minimal ideal in

M
Supp( e )
I IM
Set J := (aq,...,at). We show that P is a minimal ideal in Supp(ﬁ)-
P

. J+I M P M P
First we have + AnnR i € 7. So Ann% 727 © T and we know that

AW}RM - AnnRI% So A"”M - ? and so AnnM C P. Also, we have

J+ICP. So(J+1I)+ AnnM C P. Therefore, P is a minimal ideal in
Supp(%), by Remark 2.3.
Let P € Supp(ﬁ) with P’ € P. So (J 4 I) + AnnM C P’. Thus,

H'A%M - E. So rad(w) _— P’ and so AnnRII — P , by Lemma 2.11.

Thus we have I+J + Anna IAA{I C PT/ and so &+ € Supp(wifM) by Remark
M

I IM
2.3.
Since £- g £ and £ is a minimal ideal in Supp(M) we have £- = £ and
IM

I T
so P = P. Therefore, P is a minimal ideal in Supp(( ]\g ). So htp P < t+n,
by Theorem 2.4. |

Proposition 2.13. Let R be a commutative Noetherian ring and M be a
non-zero finitely generated R—module. Let ay, ..., a, be an M —sequence
of elements of R and I = (a1, ...,ay). Then hty I = n.

Proof. Since (a;)!"_, is an M-sequence we have IM # M. So there exists
x € M\ IM. So ajxz € IM, for all i € {1,....,n}. Thus I C Zdvg(EL).
So (a;)_,; is a maximal M-sequence of elements of I, by Remark 2.1,
and so gradeprl = n.

We know that gradepy ! < dimp,Mp = hty P, for all P € Supp(M)
with I C P, by [4, 16.31]. So gradeyI < min{htyyP|I C P €
Supp(M)} = htpI. Thus, n = gradep I < htprI. We have
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htyl = min{hty P|I C P € Supp(M)}
= min{hty P|I + Ann(M) C P}

M
= min{hty P|P € Supp(+7)}

. ) M
= min{hty P|P € mm{Supp(W)}}
by Remark 2.3. Since IM # M we have hty P < n, for every minimal
ideal P in Supp(%), by Theorem 2.4. So hitprl < n. Therefore hty I =
n. g
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