Journal of Hyperstructures 10 (2) (2021), 150-171.
ISSN: 2822-1666 print/2251-8436 online

NEW FIXED POINT RESULTS IN FUZZY METRIC
SPACE
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ABSTRACT. In this paper, we introduce certain new classes of con-
traction mapping and establish fixed point theorems for such kind
of mapping in triangular fuzzy metric spaces.
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1. INTRODUCTION

Banach contraction principle is a popular tool in solving existence
problems in many branches of mathematics. This result has been ex-
tended in many directions. In 2008, in order to characterize the com-
pleteness of underlying metric spaces, Suzuki [9] introduced a weaker
notion of contraction. Recently, Wardowski[10] introduced a new con-
traction called F-contraction and proved a fixed point result as a gen-
eralization of the Banach contraction principle. Abbas et al.[l] further
generalized the concept of F-contraction and proved certain fixed and
common fixed point results. In this paper, we introduce a fuzzy a-n-
GF-contraction with respect to a more general family of functions G and
obtain fixed point results in fuzzy metric space. As an application of our
results we deduce Suzuki type results for GF-Contractions. In the last
section, we introduce the new type of contractive maps and established
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a new fixed point theorem for such maps on the setting of generalized
fuzzy metric spaces.

Definition 1.1. A 3-tuple (X, M, %) is said to be an intuitionistic fuzzy
metric space if X is an arbitrary set, * is a continuous t-norm and M
are fuzzy sets on X2 x (0, 00) satisfying the following conditions, for all
x,y,z € X and t,s > 0:

(il) M(z,y,t) > 0;

(iii) M(z,y,,t) =1 for all ¢t > 0 if and only if z = y;

(v) M(z.y1) = M(y,, 1)

(v) M2,y 1) % My, 2,5) < M(z, 2t + s);

(vi) M(z,y,-): (0,00) — [0,1] is left continuous;

(vii)  limyyoo M(z,y,t) = 1,

Definition 1.2. Let T be a self-mapping on X and a : X x X — [0, +00)
be a function. We say that T' is an a-admissible mapping if

z,y € X, a(z,y) >1 — a(Tz, Ty) > 1.

Definition 1.3. Let T be a self-mapping on X and a,n : X x X —
[0,4+00) be two functions. We say that T is an a-admissible mapping
with respect to n if

z,y € X, a(z,y) > n(x,y) == Tz, Ty) > n(Txz,Ty).

Note that if we take n(x,y) = 1 then this definition reduces to Definition
1.2. Also, if we take, a(x,y) = 1 then we say that T is an n-subadmissible

mapping.

Definition 1.4. Let (X, M, ) be an fuzzy metric space. Let «,n :
X xX — [0,400) and T : X — X be functions. We say T' is an a-n-
continuous mapping on (X, M, x), if, for given x € X and sequence {z,}
with z,, > = as n — oo,

(T, Tnt1) > N(xn, Tpyr) for alln € N — Ta, — Ta.

Definition 1.5. Let (X, M, ) be an intuitionistic fuzzy metric space.
The fuzzy metric (X, M, *) is called triangular whenever
1< 1+ !
M(z,y,t) — — Mz, z1) M(z,y,t)
for all x,y,z € X and all t > 0.
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Definition 1.6. Let X be a nonempty set and let p : X x X x (0,00) —
[0,00) be a function. We say p is a parametric metric on X if
(i) p(x,y,t) =0 for all t > 0 if and only if x = y;
(ii) p(z,y,t) = p(y,x,t) for all t > 0;
(iii) p(z,y,t) < p(zx, z,t) + p(z,y,t) for all z,y,z € X and all ¢t > 0
and one says the pair (X, p) is parametric metric space.
Let (X, M, ) be an triangular intuitionistic fuzzy metric space. We
consider the mapping p : X x X x (0, 00) — [0, 00) defined by p(z,y,t) :=
1

Magh) 1 for all z,y € X and all £ > 0. Then p is a parametric metric

on X and hence (X, p) is a parametric metric space.

2. FIXED POINT RESULT FOR FUZZY a-1-GF-CONTRACTIONS

Consistent with Wordoresky we denote by A the set of all function
F :RT — R satisfying following conditions:
(F1) F is strictly increasing,
(Fy) for all sequence {a,} C R, lim,, o v, = 0 if only if

lim F(a,) = —o0.
n—oo

(F3) tere exists 0 < k < 1 such that lim,,_,o+ o*F(a) = 0.

Now, we introduce te following family of new function.

Let Ag denote the set of all functions G : R™* — R satisfying:
(G) for all ty,t9,t3,t4 € RT with t1tatsty = O there exists 7 > 0 such
that G(t1,t2,t3,t4) = T.

Definition 2.1. Let (X, M, *) be a triangular fuzzy metric space, and
T be a self-mapping on X. Also suppose that a,n: X x X — [0, +00)
be two functions. We say T is a fuzzy a-n-GF-contraction if for z,y € X
with n(z, Tx) < a(z,y) and (m — 1) > 0 we have,
(2.1)

G(l - M(qufL‘at)’ 1- M(y7Ty7t)v 1- M(CC,Ty,t), 1- M(y,T.’E,t))

1 1

S S— P ] (. —
M(Tz,Ty,t) )< (M(:L“,y,t)
where G € Ag and F' € Ap

+ F( - 1).

Now we state and prove our main result of this section.

Theorem 2.2. Let (X, M, *) be a triangular intuitionstic fuzzy metric
space. Let T : X — X be a self-mapping satisfying the following asser-
tions:
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(i) T is an a-admissible mapping with respect to n;

(ii) T is a fuzzy a-n-GF-contraction;

(iii) there exists xg € X such that a(xg, Tzo) > n(xg, Txo);

(iv) T is a fuzzy a-n-continuous.

Then T has a fized point. Moreover, T has a unique fized point when
a(z,y) > n(x,x) for all x,y € Fix(T).

Proof. Let g € X such that a(xg, T'zg) > n(xo, Tzp). For zp € X, we
define the sequence {x,} by z, = T"x¢ = Tz,,. Now since, T is a fuzzy
a-admissible mapping with respect to n then, a(zg, z1) = a(xg, T'zo) >
n(zo, Txo) = n(xo,x1). By continuing this process we have,

n(xn—l’Txn—l) = n(xn—laxn) < O5(9571—1a !Tn)’

for all n € N. Also, let there exists ng € N such that, z,, = x,,+1. Then
T, is fixed point of T and we have nothing to prove. Hence, we assume,
Ty # Tpip OF (m —1) > 0 for all n € NU{0}. Since, T is a
fuzzy a-n-GE-contraction, so we derive,

G(1—M(zp—1,Txn-1,t),1 — M(xp, Txp,t),1 — M(xp_1,T TN, 1),
1

1—M(zp, Txp_1,t)) + F(M(T:L‘ _1,Txp,t) -b

1

= F(M(xn,l,xn,t) -1,
which implies,
(2.2)
G(1—M(zp—1,2n,t),1 — M(xp, xp+1,t),1 — M(2p_1,Tpyi1,t),0)
Ny N ).

M(wn,mn+1,t) M(xn—laxnat)

Now since, (1—M (zp—1, T, t). 1—M (xp, Xpi1,t). 1 =M (xp—1, Tpy1,t).0 =
0, so from (G) there exists 7 > 0 such that,

G(l - M(xn—la xnvt)a 1-— M(xnawn-I—ht)v 1-—- M(.’En_l,l'n+1,t), O) =T.

From (2.2) we deduce that,
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Therefore:
(2.3)
Y y<p— Lty
— -1 -7
M(xnaxn-i-l:t) - M(xn—laxnat)
1 1
< F( —1)—2r<--- < F( —1) —nr.

M(a:n_g,xn_l,t) M(xg,xl,t)
Bytﬁdnghmﬁasn—%cmin(23)Wehmm,anﬁwlﬁﬁﬁEj%:TE—l):
—00, and since, F' € Ap we obtain,
1
24 lim (————1)=0.
( ) ni)ngo(M(xn7xn+17t) )

Now from (F'3), there exists 0 < k < 1 such that,

1 1
2. lim [~ A F(—— — 1) = 0.
(2:5) nlanolo[M(xn,xn+1,t) ] (M(xn,$n+1,t) )=0
By (2.3) we have,
1 1

lim [ 1 (———— —1

nl—{I;O[M(xTLVITH*lat) ] (M('In7xn+1’t) )
(2.6) ] 1

— F( —nT| ¥ <o.

- < - - @@ _
M(x(bxlvt) ) a M(xna$n+17t) -

By taking limit as n — oo in (2.6) and applying (2.4) and (2.5) we have,

1

2.7 li —_
( ) nl_golon[M(:Unyxn—s—lat)
It follows from (2.7) that there exists, n; € N such that,
1

—1*=o0.

n——mm— -1k <1,
[M(xn,l'n+1,t) ] o
for all n > n;. This implies,
1 1
- - )< =
(M($N7xn+17t) ) N n%

for all n > n1. Now for m > n > ny; we have,

1 1 1
E—— N 3l (———— D N (/i
(M(:z:n,a:m,t) )< T (M($i7xi+1;t) )< i i
. 1 1
Since, 0 < k < 1, then Z;ﬁl% converges. Therefore, (m -1)—

(2
0 as m,n — oo. Thus we proved that {z,} is a Cauchy sequence.
Completeness of X ensures that there exist * € X such that, x, — «*
as n — oo. Now since, T is a fuzzy a-n-continuous and n(x,—1,Z,) <
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a(rp—1,y) then, 41 = Ta, — Tx* as n — oco. That is, x* = Tz*.
Thus T has a fixed point.
Let z,y € Fiz(T) where x # y. then from

G(l - M(CC,T{,U,t), 1- M(y7Ty7t)v 1- M(.T,Ty,t), 1- M(y,T$,t))

1
F——n—— 1) < F(———- -1
i (M(T%Tyvt) )< (M(w,y,t) )
we get,
1
F——m 1) < F(——m -1
Tt (M(fc,y,t) )= (M(ﬂf,y,t) )
which is a contraction. Hence, x = y. Therefore, T" has a unique fixed
point. O

Theorem 2.3. Let (X, M, x) be a complete intuitionstic fuzzy metric
space. Let T : X — X be a self-mapping satisfying the following aser-
tions:
(i) T is a a-admissible mapping with respect to n;
(ii) T is a fuzzy o — n — GF—contraction;
(iii) there exists xg € X such that a(xg, Tzg) > n(xo, Txo);
() if {xn} is a sequence in X such that a(zy, Tni1) > N(Tn, Tniy1) with
Tp — T asn — oo, then either

N(Txn, T?xn) < (Tn, ) or n(T%z,, T32,) < (T, ),

holds for all n € N.
Then T has a fized point. Furthermore, T has a unique fized point
whenever a(x,y) > n(x,z) for all x,y € Fix(T).

Proof. Let xy € X such that a(xg, Tzg) > n(xe, Txo). As in proof of
Theorem 2.2 we can conclude that

a(Tpy Tpt1) > N(Tn, Tny1) and T, — 5 as n — 00,
where, z,11 = T'z,. So from (iv), either
Tz, T?x) < a(Tn, z*) or n(T%z,, T32,) < o(T%z,, %),
holds for all n € N. This implies,
N(@nt1, Tnt2) < &(@ny1, @) o7 N(@Tnt2, Tngs) < a(@ny2, @),

holds for all n € N. Equivalently, there exists a subsequence {z,, } of
{zy,} such that

n(xnkaTxnk) = Tl(xnkyxnk—f—l < a(a:nk, SZZ*),
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and so from (2.1) we deduce that,
G(1— M(xp,, Tzp,,t),1 — M(z*, Tx*,t),
1 — M(xy,,Tz",t),1 — M(z*,Tx,,,t))
1

F - <F(—/——m—1
+ (M(Txnk,Tx*,t) )= (M(xnk,x*,t) )
which implies,
1 1
F 1)< F(————1).
(M(Ta:nk,Tx*,t) )= (M(a:nk,x*,t) )

From (F1) we have,

1 1
-1) < (=7 -—-1).
(M(xnk+1,Ta:*,t) ) <M(xnk,x*,t) )
By taking limit as & — oo in the above inequality we get, (W —
1) = 1. ie., x* = Tz*. Uniqueness follows similarly as in Theorem
2.2. O

Merging Theorem 2.3 and Theorem 2.2 we deduce following corollary.

Corollary 2.4. Let (X, M,*) be a complete triangular intuitionistic
fuzzy metric space. Let T : X — X be a self-mapping satisfying the
following assertions:

(i) T is a a-admissible mapping with respect to n;

(i) If for x,y € X with n(z,Tz) < a(z,y) and m —1>0 we
have,
1
Fl——— 1) < F(————~ -1
T (M(T%Ty,t) )< (M(m,y,t) )

where 7 >0 and F € Ap.

(iii) There exists xog € X such that a(xg, Txo) > n(xo, Txo);

(i) If {z,} be a sequence in X such that a(zy, Tnt1) > N(Tn, Tpy1) with
Tp — T asn — 0o, then either

n(Txy, T2xn) < a(Tzp,x) or n(Tan,Tan) < a(TZJ:n, x),

holds for all n € N.
Then T has a fixed point. Furthermore, T has a unique fized point
when a(xz,y) > n(x,x) for all x,y € Fix(T).

If in Corollary 2.4 we take a(x,y) = n(z,y) =1 for all z,y € X, then
we deduce the following Corollary.
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Corollary 2.5. Let (X, M,*) be a complete triangular intuitionistic

fuzzy metric space and T : X — X be a self-mapping. If for x,y € X

with (m —1) > 0 we have,

1 1
— ) < F(————
M(Tx,Ty,t) )= (M(x, y,t)
where 7 >0 and F € Ap. Then T has a fized point.

T+ F( -1,

Recall that a self-mapping T is said to have the property P if
Fix(T™) = F(T) for every n € N.

Theorem 2.6. Let (X, M,x) be a complete triangular intuitionistic
fuzzy metric space and T : X — X be an a-continuous self-mapping.
Assume that there exists T > 0 such that

1 1

- N <F(———m -1
M(Tz,T?x,t) )< (M(:U,T:E,t) )
holds for all x € X with (m —1) >0 where F € Ap. If T is an
a-admissible mapping and there exists xog € X such that, a(xg, T'zg) > 1,
then T has the property P.

(2.8) T+ F(

Proof. Let xy € X such that a(zg, Tz¢) > 1. For zy € X, we define the
sequence {x,} by z, = T"xy = Tx,. Now since, T is an a-admissible
mapping, so a(z1,x2) = a(Tzg,Tx1) > 1. By continuing this process
we have,
Ck(xn_l,xn) Z 17

for all n € N. If there exists ng € N such that, z,, = xpy+1 = TTp,.
Then z,,, is fixed point of 7" and we have nothing to prove. Hence, we
assume, T # Tpy1 OF (M(Tzn,l,lTan,l,t)) —1) > 0 for all n € NU {0}.
From (2.8) we have,

1 1

F - 1) <F
T (M(T$n_1,T2xn_1,t) ) a (M(xn—luTxn—lat)

- 1),

which implies,

! —1) < F( !

F - -
T (M(l’n,flfn+1,t) — "M(zp_1,zn,t)

~1)

and so,
1 1

Fl—r—m—— 1) < F(———
(M(Scnyxn—i—l)t) )_ (M(:cn_l,a:n,t)

-1) -
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Therefore,
[ S PV S
— —1)—7
M($n7$n+1,t> o M(xn—lvxn7t)
1
2.9 <F —1)—27
( ) o (M($n_2,$n_1,t) )
1
<...<Fl———1) —nrT.
B - (M(SUo,xl,t) ) nr

By taking limit as n — oo in (2.9) we have, lim,_o F(m—l) =
—o00, and since, F' € Ap we obtain,
1
2.10 lim (~—————— — 1) = 0.
( ) nl—>ngo(M((En7$n+17t) )
Now from (F3), there exists 0 < k < 1 such that,

1 1

el I GG g D=0
By (2.9) we have,
im ; _ k ; o
(2.12) "LW[(M(%%HJ) V) [F(M(xmxnﬂ,t) D
F(; -1 < —”T[(W —-1)F<o.

M(l‘o, T, t)
By taking limit as n — oo in (2.12) and applying (2.10) and (2.11) we
have,

1
2.13 li — ¥ =0
(2.13) Jim. n[(M(%an’t) )]
consequently, there exists, n; € N such that,
1

n[(——m —1)]F <1,
[(M(xnaxn-i-l)t) )] o
for all n > n;. This implies,
1 1
— )<,
Mmamd V= al

for all n > n1. Now for m > n > n; we have,

1 1 1
— <y )<yl
(M(xn,wm,t) )< B (M(xivxi+1ﬁt) )< B it
: 1 1
Since, 0 < k < 1, then Zfi”g converges. Therefore, (m—l) —0

as m,n — oo.
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Thus we proved that {x,} is a Cauchy sequence. Completeness of X
ensures that there exists * € X such that , z, — =* as n — co. Now
since, T is a-continuous and «(x,—1,x,) > 1 then, z,41 = Tz, — Tz*
as n — oo. That is, #* = Tz*. Thus T has a fixed point and F(T") =
F(T) for n = 1. Let n > 1. Assume contrarily that w € F(T™) and
w ¢ F(T). Then, (m —1) > 0. Now we have,

1 1

F(W - ]-) = F(M(T(Tnflw)),TQ(Tnflw)vt) — 1))
1
< PGty Ty
1
< F(M(Tn_zll}),T"_lw)?t) - 1)) —2r<...
1

— NnT.

—_ -1
(]\4(107 Tw,t) )
By taking limit as n — oo in the above inequality we have, F'( T

1
w,Tw,t)
1) = —oo. Hence, By (F2) we get, (m — 1) = 0 which is a

contradictions. Therefore, F(T™) = F(T') for all n € N. O

Let (X, M, x, <) be a partially ordered fuzzy metric space. It should
be considered that T : X — X is nondecreasing if Vx,y € X,z <y =
T(x) < T(y). Fixed point theorems for monotone operators in ordered
fuzzy metric spaces are widely investigated and have found various ap-
plications in differential and integral equations. From Theorems 2.2-2.6,
we derive following new result in partially ordered fuzzy metric spaces.

Theorem 2.7. Let (X, M,*,=) be a complete partially ordered fuzzy
metric space. Assume that the following assertions hold true:

(i) T is nondecreasing and ordered GF-contraction;

(ii) there exists xg € X such that zo < Txq;

(iii) eighter for a given v € X and sequence {xn} T, — = as n — o0
and x, X Tp41 for alln € N we have Txy, — Tz orif {z,} is a sequence
such that x, = xpy1 with T, — x as n — oo, then either

Tx, = x, orT?x,, < x,

holds for all n € N.
Then T has a fixed point.

Theorem 2.8. Let (X, M,*,=) be a complete partially ordered fuzzy
metric space. Assume that the following assertions hold true:
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(i) T is nondecreasing and satisfies (2.8) for allx € X with (m—

1) > 0 where F € Ap and 7 > 0;
(ii) there exists xy € X such that xo < Txo;
(iii) for a given x € X and sequence {x,}

Tp = T asn — oo and T, = Tpy1 for alln € N we have Tx, — Tx.
Then T has a property P.

In this section, as an application of our results proved above, we
deduce certain Suzuki-Wardowski type fixed point theorems.

Theorem 2.9. Let (X, M, ) be a complete fuzzy metric space and T be
a continuous self-mapping on X. If for x,y € X with (WM -1)<

(m —1) and (m —1) > 0 we have,

(2.14)
Gl—-M(x,Tz,t),1 — M(y,Ty,t),1 — M(z,Ty,t),1 — M(y,Tx))
1 1
+F(M(Tx,Ty, ) = F(M(x,y, ) 2

where G € Ag and F € Ap. Then T has a unique fized point.

Proof. Define, a,n: X x X — [0,00) by
1 1

=(———— —1) and = (1
o) = (75— ) and o) = (G5~ -
for all z,y € X. Now, since, (m -1) < (m — 1) for all

z,y € X, so n(z,y) < a(x,y) for all x,y € X. That is, conditions
(i) and (iii) of Theorem 2.2 hold true. Since T is continuous, so T is

a — n -continuous. Let, n(z,Tz) < a(z,y) with (m —1) > 0.

then, from (2.14) we have,
G(l - M(.’L’,T{L’,t), 1- M(yaTyat)7 1- M(.’L’,Ty,t), 1- M(y,T.T))

1 1
F——nr——— - 1) < F(—————1).
i (M(Tx,Ty,t) )< (M(w,y,t) )
That is, T is a fuzzy a-n-GF-contraction mapping. Hence, all conditions
of Theorem 2.2 hold and 7T has a unique fixed point. O

Corollary 2.10. Let (X, M,x) be a complete fuzzy metric space and T
be a continuous self-mapping on X. If for x,y € x with (m -1)<
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(3ragn — V) and (grmrym —

1 1
. N <F(—e
M (T, Ty,t) )< (M(Tx,Ty,t) )

1) > 0 we have

T+ F(

where 7 >0 and F € Ap. Then T has a unique fized point.

Corollary 2.11. Let (X, M, *) be a complete fuzzy metric space and T

be a continuous self-mapping on X. If for x,y € X with (W 1)<
(m_ 1) and(m_ 1) > 0 we have,

: 1 1 1 1
eme( M(z,Tz,t) —1i( My, Ty.t) —1i( M(z,Ty,t) —1( M(y,Tz,t) -1)

1 1
1) <F(—m -1
M(Tz,Ty,t) )= (M(fv,y,t) )’
where 7 > 0,L. >0 and F € Ap. Then T has a unique fized point.

+ F(

Theorem 2.12. Let (X, M, x) be a complete fuzzy metric space and T
be a self-mapping on X. Assume that there exists T > 0 such that

1 1 1) < 1
21 +7) M(z,Tz,t)

(2.15) < (W - 1),

implies

1 1
- 1) < F(———
M(Tw Ty,t) )< (M(x,y,t)
for z,y € X with (3; 1) > 0 where F' € Ap. Then T has a
unique fixzed point.

T+ F( -1,

(Tm Tyt)

Proof. Define, a,n: X x X — [0,00) by
1 1 1

a(z,y) (M(ac,y,t) ) and n(x,y) 21+ 1) (M(x,y,t) )
for all z,y € X where 7 > 0. Now, since 2(1+r)(m_1) < (m_

1) for all z,y € X, so n(z,y) < a(z,y) for all z,y € X. That is to say,
condotions (i) and (iii) of Theorem 2.3 hold true. Let, {x,} be a sequence
with z,, = z as n — co. Assume that (m — 1) = 0 for some
n. Then Tx, = T?z,. That is Tz, is a fixed point of T' and we have
nothlng to prove Hence we assume Tx, # T%x, for all n € N. Since,

—-1)<( 1) for all n € N. Then from

2(l-i-T)(M(Tﬂvn T2xy,t) m
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(2.15) we get,
1 1
-1 < F
M(T?xy, T3y, t) s+ (M(szn,T?’:cn,t)
<( L
T "M(Txp, T?xy,t)
and so from (F1) we get,
1 1
1)< _
(M(T2£L'n, T3x,,t) )< (M(Txn,Tan,t)
Assume there exists ng € N such that,

(T zy,, szno) > a(Txp,,x) and n(TanO, Tano) > a(TanO, x),

F( -1

- 1),

(2.16)

then,
1 1 1
2(1 +T)(M(Twn0,T2a:no,t) )> (M(T:rno,:n,t) ),
and
1 1 1

2(1+7) (M(T%no, T3Zp,,1) M (T2, z,t)

so by (2.16) we have,

( ! 1) < (wrm D — 1)
M(Tzpy, T?xp,, t) T "M (Txp,,x,t) M(T?xp,, x,t)
1 1
< 1
2(1+T)(M(Txno,T2xno,t) )
1 1
9
Y sa ) M@ e Y
L ! 1)
204 7) M(Txpy, T?Tp,,t)
1 1
—1
P oaa ) T ey Y
S ! 1)
201+ 7) M (Txng, T?2ny, t)
1

- 1),

<
- (M(T:uno,T%no,t)
which is a contradiction. Hence, eighter

(T, szn) < o(Tzp,x) or n(Tan,Tgxn) < Oz(szn, x),
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holds for all n € N. That is condition (iv) of Theorem 2.3 holds. Let,

n(z,Tz) < a(x,y). So, 2(1%5—7)(M(sc,1T$,t) -1) < (m) Then from
(?7) we get, T+F(m -1)< (m —1). Hence, all conditions
of Theorem 2.3 hold and 7" has a unique fixed point. O

Theorem 2.13. Let (X, M,x*) be a complete fuzzy metric space and
T: X — X be a self-mapping satisfying the following assertions:
(i) for x,y € O(w) with (m —1) > 0 we have,

G(l - M(l‘a T:L‘a t)7 1— M(ya Ty> t)a 1- M(:Ea Tya t)? 1- M(y, Tl’, t))
1
(—
M(Tx,Ty,t)

where G € Ag and F € Ap;
(i) T is an orbitally continuous function.

Then T has a fized point. Moreover, T has a unique fized point when
Fiz(T) C O(w).

+F -1)<F -1)

Sy

Proof. Define, a,n : X x X — [0,4+00) by

(z.7) 3, ifz,ye€Ow)
alz,y) = .
4 0, otherwise

where O(w) is an orbit of a point w € X and n(x,y) = 1. We know that
T is a fuzzy a-n-continuous mapping. Let, a(z,y) > n(z,y), then z,y €
O(w). So Tz, Ty € O(w). That is,a(Tx,Ty) > n(Tx,Ty). Therefore, T
is an a-admissible mapping with respect to 7. Since w, Tw € O(w), then
a(w, Tw) > n(w,Tw). Let, a(x,y) > n(x,Tx) and (m —1)>0.
Then z,y € O(w) and (m — 1) > 0. Therefore from (i) we have,

G(l - M(SL',TCE, t)? 1- M(y>Ty,t)a 1- M(CE,Ty,t), 1- M(y’Tx?t»

1
fl)v

-
+ (M(T:U,Ty,t)

- 1)< F(———

)= )
which implies, T is a fuzzy a-n-GF-contraction mapping. Hence, all
conditions of Theorem 2.2 hold true and T has a fixed point. If Fiz(T") C
O(w), then, a(x,y) > n(x,y) for all z,y € Fiz(T) and so from Theorem
2.2 T has a unique fixed point. O

Corollary 2.14. Let (X, M,x) be a complete fuzzy metric space and
T:X — X be a self-mapping satisfying the following assertions;
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(i) for x,y € O(w) with (m —1) > 0 we have,
T S U S
T M(Ta Ty ) T M(zyt)

where 7 >0 and F € Ap;
(ii) T is orbitally continuous.
Then T has a fized point. Furthermore, T has a unique fized point when

Fiz(T) C O(w).

Corollary 2.15. Let (X, M,x) be a complete fuzzy metric space and
T: X — X be a self-mapping satisfying the following assertions:
(i) for x,y € O(w) with (m — 1) we have,

1
G(l—M(x,Tm,t),1—M(y,TyJ),1—M(x7Ty,t),1—M(y,Tx7t)) F — 1
e ey Y
1
<F(——— -1
- (M(x,y,t) )

where 7 >0, L >0 and F € Ap;
(ii) T is orbitally continuous.
Then T has a fixed point. Moreover, T has a unique fized point when

Fiz(T) C O(w).

Theorem 2.16. Let (X, M, *) be a complete fuzzy metric space and
T: X — X be a self-mapping satisfying the following assertions:
(i) for x € X with (m — 1) > 0 we have,
1 1
. N <F(— 1
(M(Tx,sz,t) )< (M(;U,Tx,t) )
where 7 >0 and F € Ap;
(ii) T is an orbitally continuous function.
Then T has the property P.

T+ F

Proof. Define, o : X x X — [0, +00) by

alz,y) = {1, ifx € O(w)

0, otherwise

where w € X. Let, a(z,y) > 1, then z,y € O(w). So Tz, Ty € O(w).
That is, a(Txz,Ty) > 1. Therefore, T is a-admissible mapping. Since
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w,Tw € O(w), so a(w,Tw) > 1. We conclude that T is an a-continuous

mapping. If, z € X with (m — 1) > 0, then, from (i) we have,
iy 1) < F(— 1)
T —_ — — —1).
M(Tx,T?x,t) ~ "M(x,Tx,t)

Thus all conditions of Theorem 2.3 hold true and T has the property
P. O

3. A FIXED POINT RESULT IN GENERALIZED FUZZY METRIC SPACE

We denote by © the set of functions 6 : (0,00) — (1,00) satisfying
the following conditions:
(©1) 6 is non-decreasing;
(©2) for each sequence {t,} C (0,00), lim,_, 6(t,) = 1 if and only if
limy, o0ty = 07
(©3) there exist r € (0,1) and [ € (0, 00| such that lim,_,q+ H(tt)%l =1.
Before we prove the main results, we recall the following definitions
introduced in [3].

Definition 3.1. Let (X, M,x*) be triangular fuzzy metric space and
M : X x X x[0,00) — [0,00) be a mapping such that for all z,y € X
and t € (0,00) and for all distinct points u,v € X, each of them different
from = and y, one has

(i) m—1:0<:>$:y;

.. 1 _ 1 .
(ll)m—l—m_lv

cen 1 1 1
(i) (3regn — Y < Greey — D+ Grgs — -
Then (X, M, %) is called a generalized fuzzy metric space (or for short
gfm.s.).

Definition 3.2. Let (X, M,x*) be a g.fm.s. and {z,} be a sequence
in X and x € X. We say that {x,} is convergent to z if and only if
1 —1— 0 as n — co. We denote this by x,, — =.

M (zn,x,t)
Definition 3.3. Let (X, M, *) be a g.f.m.s. and {z,,} be a sequence in X
and z € X. We say that {z,} is Cauchy if and only if m —-1—-0

as n,m — 00.

Definition 3.4. Let (X, M,x*) be a g.fm.s. We say that (X, M, *) is
complete if and only if every Cauchy sequence in X converges to some
element in X.
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Lemma 3.5. Let (X, M,x*) be a g.f.m.s., {x,} be a Cauchy sequence in
(X, M, %), and x,y € X. Suppose that there exists a positive integer N
such that
(i) Xy # X, for all ny,m > N;
(ii) x, and x are distinct points in X, for alln > N;
(iii) x,, and y are distinct points in X, for alln > N;
(iv) limy, 00 m —1=1lim, e m —1.
Then we have x = y.

We observe easily that if one of the conditions (ii) or (iii) is not sat-
isfied, then the result of Lemma 3.5 is still valid.
Now, we are ready to state and prove our main result.

Theorem 3.6. Let (X, M,x*) be a complete g.fm.s. and T : X — X
for all x,y € X be a given map. Suppose that there exist 6 € © and
k€ (0,1) such that

1 1
sy T VP Gy M)
< W75~ M T

Then T has a unique fixed point.

Proof. Let x € X be an arbitrary point in X. If for some p € N, we
have TPz = TP+lz, then TPz will be a fixed point of T. So, without

restriction of the generality, we can suppose that (m -1)>0

for all n € N. Now, from (3.1), for all n € N, we have
6.(M(T”J:,lT"H:n, t)
1
[Q(M(T”—lx,T”x,t)
1
= [H(M(T"—Qa:, Tl t)

<< [G(W - M(‘Tvxﬂt))]kn‘

Thus, for all n € N, we have

1 1
—-1) <0
M(Trx, Tt t) )=

—M(T"z, T"x,t) <

— M(T" e, T e 1)]F

— M(T" 22, T" 22, 1))

(3.2) 1<6( — 1)

| (M(:I;,T:U,t)
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Letting n — oo in (3.2), we obtain
1
M(Trx, T, t)

which implies from (©3) that

6

—1)—=1asn— o,

1
. li —-1)=0.
(3:3) NSy T e s B
From condition (©3), there exist r € (0,1) and [ € (0, o] such that
1) -1

1]

1
. G(M(T"x,T”‘Hm,t)
lim

n—o0

=1.

i
[M(T"x,T’L+1:p,t) B
Suppose that | < co. In this case, let B =1/2 > 0. From the definition
of the limit, there exists ng € N such that

6?(M(Tnac,lTnJrl:c,lt) -1)-1
_ 1]7"

T — 1| < B, for all n > ny.
[M(T”x,T"+1x,t)

This implies that

1
Q(M(T"I,T”+1z,t) o 1> -1

>1— B = B, for all n > ny.

[ vreerr )
Then for all n > ng
! _1) < Anlo( !
M(Tra, T+ t) M(Tra, Tz, t)
where A = 1/B. Suppose now that | = oco. Let B > 0 be an arbitrary

positive number. From the definition of the limit, there exists ng € N
such that

_1)_1]’

n|

1
O(M(Tnx,TnHa:,t) -1)-1

> B, for all n > n,.

{M(T"x,;jn‘*‘lx,t) - 1]r
This implies that for all n > ng
1 1
—1]" < Anl6
n[M(T”m,T”+1,t) I'< An| (M(Tnx,Ton,t)
where A = 1/B. Thus, in all cases, there exist A > 0 and ng € N such
that for all n > ng
1 1
—1]" < Anl0
M(Trz, T, 1) I'< An| (M(Tna:,Ton,t)

_1)_1]7

—1)—1].

n|
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Using (3.2), for all n > ny we obtain

MM(T"; gy S A”“@(M(:c,ln,t) S 1),

Letting n — oo in the above inequality, we obtain

: 1 r
VAT P B

Thus, there exists n; € N such that

1 1
(M(T"%Tn—&-lx’t) -1 < T Jor alln = ny.

(3.4)
Now, we shall prove that T" has a periodic point. Suppose that it is not
the case, then T"x # Tz for every n,m € N such that n # m, Using
(3.1), we obtain

1 1
H(M(T":L‘,T”+2$,t) =< [O(M(Tnflx,T”Jrll‘,t) a 1)]k
1 2
= [G(M(T”—%,T”x,t) el
<. < [H(M(w’:lf%t) -

Letting n — oo in the above inequality and using (O2), we obtain

1
(3.5) lim

=0.
n—oo M(T™x, T2z, t) — 1

Similarly, from condition (O3), there exists ns € N such that

1 1
—1) < —, foralln > ny.

3.6
( ) (M(T":L',Tn+2$,t) nr

Let N = max{ng,n;}. We consider two cases.
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Case 1. If m > 2 is odd, then writing m = 2L + 1, L > 1, and using
(3.4), for all n > N, we obtain

1 1

-1 < -1
(M(T"x,T”+ma:,t) )= (M(T"x,T”Hx,t) )
+ ( ! 1)
M(Trtly, Tnt2x 1)
! 1
- (M(T”+2Lx,T”+2L+1x,t) -1
1 1 1
< +——=+ " +—7
nr  (n+1)r (n+2L)r
1

S =

7

Case 2. If m > 2 is even, then writing m = 2L, L > 2, and using (3.4)
and (3.6), for all n > N, we obtain

1 1

—1) < -1
(M(T”a:,T”‘””x,t) )< (M(T”x,T"+2x,t) )
1
-1
+ (M(Tn+2:1:,T”+3m,t) )+
L 1
o (M(Tn+2L71$’Tn+2Lx7t) -1
1 1 1
<=+t——++—
nr  (n+2)r (n+2L—-1)r
1
<¥E, T
1T

Thus, combining all the cases we have

1 o1
(M(T"a;,T"+mx,t) -1 < Ei:nz_—%, for alln > N,m € N.

From the convergence of the series ;-1 (since % > 1), we deduce that

1T

{T™z} is a Cauchy sequence. Since (X, M,x) is complete triangular
fuzzy metric space, there is z € X such that T"x — 2. On the other
hand, observe that T to is continuous, indeed, if T'z # Ty, then we have
from (3.1)

1 1 1

hl[e(M(Tx,Ty,t) = kln[e(M(a:,y,t) - M(z,y,t) ~ 1l
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Which implies from (©;) that

1 1
. <= 1 forall X.
M(Ta,Ty,t) = M(z,y,t) = 0 Ty s

From this observation, for all n € N, we have

1 1
< .
M(TrHz, Tz t) -1~ M(Trx, 2,t) — 1

Letting n — oo in the above inequality, we get 7""'2z — Tz. From
Lemma 3.5, we obtain z = Tz, which is a contradiction with the as-
sumption: T dose not have a periodic point. Thus T has a periodic
point, say z, of period ¢q. Suppose that the set of fixed points of T is
empty. Then we have

1
1 —_— 1 .
q>1and (pr=ms =1 >0
Using (3.1), we obtain
1 1 1 n
(—————-1)=46 —1) < [(—— -1
(M(Z,Tz,t) ) (M(T”z,T"Hz,t) )= (M(Z,Tz,t) )
1
|
VST Y

which is a contradiction. Thus, the set of fixed points of T" is non-empty,
that is, T has at least one fixed point. Now, suppose that z,u € X are

two fixed points of T" such that m —1= m — 1> 0. Using
(3.1), we obtain
1 1 1
o(—— 1) =0 — 1) < (- — 1)*
(M(z,u,t) ) (M(Tz,Tu,t) )= (M(z,u,t) )

<G

which is a contradiction. Then we have one and only one fixed point. [

Since a fuzzy metric space is a g.f.m.s., from Theoram 3.6, we deduce
immediately the following result.

Corollary 3.7. Let (X, M,x) be a complete fuzzy metric space and T :
X — X be a given map. suppose that there exist § € © and k € (0,1)
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such that for all x,y € X

1
STy V70 = Srgery Y
< W55~ -

Then T has a unique fixed point.

Observe that the Banach contraction principle follows immediately
from Corollary 3.7. Indeed, if T is a Banach contraction, i.e., there
exists A € (0,1) such that

1 1
— 1) < AN————
(M(T%Tyat) )< (M(w,y,t)
then we have

1 1
e(M<Tw,Ty,t)_1) < [e(M(w,y,t))_l]k, for all x,y € X.

Clearly the function 0 : (0,00) — (1,00) defined by 6(t) := eVt belongs
to ©. So, the existence and uniqueness of the fized point follows from
Corollary 3.7.

—1), forallz,y € X,
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