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SOME GENERALIZED RESULTS OF ZEROS OF POLAR

DERIVATIVE OF A POLYNOMIAL

RAM MILAN SINGH

Abstract. In the present paper, we further generalize and extend
various results on zeroes of polar derivatives of polynomials due to
Gulzar, Zargar and Akhter (2019), who gave extension and general-
ization of various results on Enestrom-Kakeya theorem established
by various researchers in the literature.
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1. Introduction

If f(z) be the kth degree polynomial with real cofficients. Let Dβf(z)
be the polar derivative of f(z) with respect to the point β and it is
defined by Dβf(z) = kf(z) + (β − z)f ′(z). In this case the degree of
Dβf(z) at most k − 1 and β → ∞ then it generalized the ordinary
derivative,

f ′(z) = lim
β→∞

Dβf(z)

β

Regarding the zeroes of f(z), Enestrom-Kakeya proved the following
result.

Theorem 1.1 Let f(z) =
∑k

i=0 aiz
i be the kth degree polynomial with

real coefficients such that 0 < a0 ≤ a1 ≤ . . . ≤ an−1 ≤ an then all the
zeroes of f(z) lies . Regarding the multiplicity of zeroes of f(z), Aziz
and Mahammad [1], proved the following result
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Theorem 1.2 Let f(z) =
∑k

i=0 aiz
i be the kth degree polynomial with

real coefficients such that 0 < a0 ≤ a1 ≤ . . . ≤ an−1 ≤ an then all the
zeroes of |f(z)| ≥ k

k+1′ , are simple.

Gulzar, Zargar, and A khter [6] extended the above results to the polar
derivatives, there exist some generalizations and extentions of Enestrom
Kakeya theorem in [2, 3, 5, 8, 9, 10].

In the present paper, we generalize and extend various results on
zeroes of polar derivatives of polynomials due to Gulzar, Zargar, and A
khter [6]

2. Preparation of manuscript

Theorem 2.1 Let f(z) =
∑k

i=0 aiz
i be the kth degree polynomial with

real coefficients and β be a real number γ > 0, 0 < t ≤ 1, such that for
some

tbk ≥ bk−1 ≥ · · · ≥ b3 ≥ b2 − γ then all zeroes of Dβf(z) which does
not lie in

|z| ≤ |bk|+ t (bk− |bk| − b2 + |b2|+ 2γ

|bk|
are simple, where bs = (s−1) [sβas + (k − (s− 1))as−1], for, s = 1, 2, 3, . . . , k.

Proof- Let f(z) = akz
k + ak−1z

k−1 + · · · + a1z + a0 be the kth de-
gree polynomial with real coefficients, then by the definition of polar
derivative, we know that

Dβf(z) = kf(z) + (β − z)f ′(z),
Dβf(z) = kf(z) + βf ′(z)− zf ′(z),

Therefore,

Dβf(z) = k
(
akz

k + ak−1z
k−1 + · · ·+ ka1z + a0

)
+

β
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1

)
−z
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1

)
= kakz

k + kak−1z
k−1 + · · ·+ ka1z + ka0 + βakkz

k−1

βak−1(k − 1)zk−2 + · · ·+ βa1

−akkzk − ak−1(k − 1)zk−1 − · · · − za1
Thus,

Dβf(z) = [βkak + (k − (k − 1)ak−1)] z
k−1 + [β(k − 1)ak−1+
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(k − (k − 2)ak−2)] z
k−2 + · · ·+ [2βa2 + (k − 1)a1] z + [βa1 + ka0]

Therefore,

D′βf(z) = bkz
k−2 + bk−1z

k−3 + · · ·+ b4z
2 + b3z + b2

where bs = (s− 1) [sβas + (k − (s− 1))as−1], for s = 2, 3, 4, . . . . . . . . . , n
Now consider g(z) = (1− z)D′βf(z), so that

g(z) = (1− z)
[
bkz

k−2 + bk−1z
k−3 + · · ·+ b4z

2 + b3z + b2

]
Then

|g(z)| ≥ |bk| |z|k−2

|z| − 1

|bk|

 |bk − bk−1|+
|bk−1−bk−2|

|z| +
|bk−2−bk−3|

|z|2

+ · · ·+ |b3−b2|
|z|k−3 +

|b2|
|z|k−2




If |z| < 1, then 1
|z| ≤ 1, therefore

|g(z)| ≥ |bk| |z|k−2
[
|z| − 1

|bk|

{
|bk − tbk + tbk − bk−1|+ · · ·
+ |b3 − γ − (b2 − γ) +| b2||

}]
≥ |bk| |z|k−2

[
|z| − 1

|bk|

{
|bk − tbk|+ |tbk − bk−1|+ · · ·+
|b3 − (b2 − γ)|+ |γ|+ |b2|

}]
≥ |bk| |z|k−2

[
|z| − 1

|bk|
{(1− t) |bk|+ tbk − b2 + 2γ + |b2|}

]
≥ |bk| |z|k−2

[
|z| − 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}

]
,

Hence g(z) > 0, if |z| > 1
|bk| {|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}, this

implies that |g(z)| > 1 lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}

Since the zeroes of g(z) whose modulus is less than or equal to one are
lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}

It follows that all the zeroes of g(z) lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|} ,

Since all the zeroes of g(z) are also the zeroes of Dβ
′f(z) lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}
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Thus all the zeroes of Dβ
′f(z) lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|} ,

In other words all the zeroes of Dβf(z) which does not lie in

|z| ≤ 1

|bk|
{|bk|+ t (bk − |bk|)− b2 + 2γ + |b2|}

are simple, where bs = (s − 1) [sβas + (k − (s− 1))as−1],
for s = 2, 3, 4, 5, . . . , k.

Theorem 2.2 Let f(z) =
∑k

i=0 aiz
i be the kth degree polynomial with

real coefficients and β be a real number t ≥ 1, 0 < γ < 1, such that for
some

tbk ≥ bk−1 ≥ · · · ≥ b3 ≥ b2 − γ
then all zeroes of Dβf(z) which does not lie in

|z + t− 1| ≤ tbk−b2 + |b2|+ 2γ

|bk|
are simple, where bs = (s− 1) [sβas + (k − (s− 1))as−1], for
s = 1, 2, 3, . . . , k
Proof- Let f(z) = akz

k + ak−1z
k−1 + · · · + a1z + a0 be the kth de-

gree polynomial with real coefficients, then by the definition of polar
derivative,

Dβf(z) = kf(z) + (β − z)f ′(z)
Dβf(z) = kf(z) + βf ′(z)− zf ′(z)

Therefore,

Dβf(z) = k
(
akz

k + ak−1z
k−1 + · · ·+ ka1z + a0

)
+β
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1
)

−z
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1
)

= kakz
k + kak−1z

k−1 + · · ·+ ka1z + ka0
+βakkz

k−1 + βak−1(k − 1)zk−2 + · · ·+ βa1
−akkzk − ak−1(k − 1)zk−1 − · · · − za1

Thus,

Dβf(z) = [βkak + (k − (k − 1)ak−1)] z
k−1

+ [β(k − 1)ak−1 + (k − (k − 2)ak−2)] z
k−2

+ · · ·+ [2βa2 + (k − 1)a1] z + [βa1 + ka0]
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Now, find D′βf(z) we get,

D′βf(z) = bkz
k−2 + bk−1z

k−3 + · · ·+ b4z
2 + b3z+b2

where bs = (s − 1) [sβas + (k − (s− 1))as−1], for s = 2, 3, 4, . . . , n now
consider g(z) = (1− z)D′βf(z), so that

then

g(z) = (1− z)
[
bkz

k−2 + bk−1z
k−3 + · · ·+ b4z

2 + b3z+b2

]
|g(z)| ≥ |bk| |z|k−2

[
|z + t− 1| − 1

|bk|

{
|tbk − bk−1|+ |bk−1−bk−2|

|z| +
|bk−2−bk−3|
|z|2

+ · · ·+ |b3−b2|
|z|k−3 + |b2|

|z|k−2

}]

If |z| < 1, then
1

|z|
≤ 1

|g(z)| ≥ |bk| |z|k−2
[
|z + t− 1| − 1

|bk| {|tbk − bk−1|+ · · ·+ |b3 − γ − (b2 − γ) +| b2||}
]

≥ |bk| |z|k−2
[
|z + t− 1| − 1

|bk| {|tbk − bk−1|+ · · ·+ |b3 − (b2 − γ) +| γ|+ |b2||}
]

≥ |bk| |z|k−2
[
|z + t− 1| − 1

|bk| {(tbk − bk−1) + · · ·+ b3 − (b2 − γ) + |γ|+ |b2|}
]

≥ |bk| |z|k−2
[
|z + t− 1| − 1

|bk| {tbk − b2 + 2γ + |b2|}
]

Hence g(z) > 0, if |z + t− 1| > 1
|bk| {tbk − bk−1 + 2γ + |b2|}, this implies

that |g(z)| > 1 are lie in

|z + t− 1| ≤ 1

|bk|
{tbk − b2 + 2γ + |b2|}

Since all the zeroes of g(z) whose modulus is less than or equal to one
already lie in

|z + t− 1| ≤ 1

|bk|
{tbk − b2 + 2γ + |b2|}

It follows that all the zeroes of g(z) lie in

|z + t− 1| ≤ 1

|bk|
{tbk − b2 + 2γ + |b2|}

Since all the zeroes of g(z) are also the zeroes of Dβ
′f(z) therefore lie in

|z + t− 1| ≤ 1

|bk|
{tbk − b2 + 2γ + |b2|}

In other words all the zeroes of Dβf(z) which does not lie in

|z + t− 1| ≤ 1

|bk|
{tbk − b2 + 2γ + |b2|}
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are simple.

Theorem 2.3 Let f(z) =
∑k

i=0 aiz
i be the kth degree polynomial with

real coefficients and β be a real number γ > 0, 0 < t ≤ 1, such that for
some

tbk ≥ bk−1 ≥ · · · ≥ b3 ≥ b2 + γ

then all zeroes of Dβf(z) which does not lie in

|z| ≤ |bk| − t (bk + |bk|) + b2 + |b2|+ 2γ

|bk|
are simple, where bs = (s− 1) [sβas + (k − (s− 1))as−1], for
s = 1, 2, 3, . . . , k
Proof. Let f(z) = akz

k + ak−1z
k−1 + · · · + a1z + a0 be the kth de-

gree polynomial with real coefficients, then by the definition of polar
derivative, we know that

Dβf(z) = kf(z) + (β − z)f ′(z)
Dβf(z) = kf(z) + βf ′(z)− zf ′(z),

Therefore,

Dβf(z) = k
(
akz

k + ak−1z
k−1 + · · ·+ ka1z + a0

)
+β
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1
)

−z
(
akkz

k−1 + ak−1(k − 1)zk−2 + · · ·+ a1
)

= kakz
k + kak−1z

k−1 + · · ·+ ka1z + ka0
+βakkz

k−1 + βak−1(k − 1)zk−2 + · · ·+ βa1
−akkzk − ak−1(k − 1)zk−1 − · · · − za1

Dβf(z) = [βkak + (k − (k − 1)ak−1)] z
k−1+[β(k − 1)ak−1 + (k − (k − 2)ak−2)] z

k−2

+ · · ·+ [2βa2 + (k − 1)a1] z + [βa1 + ka0],
Therefore,

Dβ
′f(z) = bkz

k−2 + bk−1z
k−3 + · · ·+ b4z

2 + b3z + b2

where bs = (s− 1) [sβas + (k − (s− 1))as−1], for s = 2, 3, 4, . . . , n
Now consider g(z) = (1− z)Dβ

′f(z), so that

g(z) = (1− z)
[
bkz

k−2 + bk−1z
k−3 + · · ·+ b4z

2 + b3z + b2

]
Then

|g(z)| ≥ |bk| |z|k−2
[
|z| − 1

|bk|

{
|bk − bk−1|+ |bk−1−bk−2|

|z| +
|bk−2−bk−3|
|z|2

+ · · ·+ |b3−b2|
|z|k−3 + |b2|

|z|k−2

}]
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If |z| < 1, then
1

|z|
≤ 1

|g(z)| ≥ |bk| |z|k−2
[
|z| − 1

|bk|

{
|bk − tbk + tbk − bk−1|+ |bk−1 − bk−2|+
· · ·+ |b4 − b3|+ |b3 + γ − (b2 + γ) +| b2||

}]
|g(z)| ≥ |bk| |z|k−2

[
|z| − 1

|bk|

{
|bk − tbk|+ |tbk − bk−1|+ |bk−1 − bk−2|+
· · ·+ |b4 − b3|+ |b3 − (b2 + γ) +| γ|+ |b2||

}]
≥ |bk| |z|k−2

[
|z| − 1

|bk|

{
|(1− t)bk|+ (bk−1 − tbk) + · · ·+

(b2 + γ − b3) + |γ|+ |b2|

}]
≥ |bk| |z|k−2

[
|z| − 1

|bk|
{(1− t) |bk| − tbk + b2 + 2γ + |b2|}

]
≥ |bk| |z|k−2

[
|z| − 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

]
Hence g(z) > 0, if |z| > 1

|bk| {|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}, this

implies that |g(z)| > 1 are lie in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

Since the zeroes of g(z) whose modulus is less than or equal to one lie
in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

It follows that all the zeroes of g(z) lie in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

Since all the zeroes of g(z) are also the zeroes of Dβ
′f(z) lie in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

Thus all the zeroes of Dβ
′f(z) lie in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

In other words all the zeroes of Dβf(z) which does not lie in

|z| ≤ 1

|bk|
{|bk| − t (bk + |bk|) + b2 + 2γ + |b2|}

are simple, where bs = (s− 1) [sβas + (k − (s− 1))as−1],
for s = 2, 3, 4, 5, . . . , k.
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