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ON PRIMARY HYPERIDEALS OF TERNARY
HYPERSEMIRING
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ABSTRACT. In this article, we introduce the notions of radical of
hyperideals and primary hyperideals of a ternary hypersemiring.
We obtain some important properties of radical of hyperideals and
primary hyperideals on a particular class of hyperideals, called C-
ternary hyperideals in ternary hypersemirings. We also generalize
the concept of prime and primary avoidance theorem in ternary
hypersemirings for C-ternary hyperideals.
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1. INTRODUCTION

The theory of hyperstructures is a well established branch of clas-
sical algebraic theory. The hyperstructure theory was first introduced
by the French mathematician, F. Marty [10] in 1934. Since then, alge-
braic hyperstructures have been investigated by many mathematicians
with numerous applications in both pure and applied sciences. Alge-
braic hyperstructures are a suitable generalization of classical algebraic
structures. The concept of multiplicative hyperring was initiated by R.
Rota [12] in 1982. In [l1], Procesi and Rota introduced and studied
the prime hyperideals in multiplicative hyperrings. R. Ameri, A. Ko-
rdi and S. Sarka-Mayerova introduced the notion of coprime hyperideals
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in multiplicative hypersemiring [!]. In recent years, the theory of hy-
perstructures is further developed by many researchers (see [2, 3, 14]).
The notion of ternary algebraic system was introduced by D. H. Lehmer
[9]. In 2003, Dutta and Kar introduced the notion of ternary semiring
[5], which is a generalization of the ternary ring introduced by Lister
[8]. The class of multiplicative ternary hyperring was introduced by Md
Salim, T.K. Dutta and T. Chandra [13] in 2015. After that, in 2018, N.
Tamang and M. Mandal [16] defined and studied ternary hypersemir-
ing, which is a generalization of the concept of multiplicative ternary
hyperring and ternary semiring as well.

The objective of this paper is to introduce and study radical of hy-
perideals and primary hyperideals in ternary hypersemiring. In Section
2, we recall some essential preliminaries so as to use them in the sequel.
In Section 3, we introduce the notions of C-ternary hyperideal, radical
hyperideals and primary hyperideal and study some of their properties.
Next, we prove the prime avoidance theorem (cf. Theorem 3.33) for
ternary hypersemiring. Lastly, using the technique of efficient covering
we prove the primary avoidance theorem (cf. Theorem 3.36) and an
extended version of primary avoidance theorem (cf. Theorem 3.37) for
ternary hypersemiring.

2. PRELIMINARIES

In this section, we review some definitions and results which will be
used later.

Definition 2.1. [1] Ternary hyperoperation on a set A is a map o :
Ax Ax A— P*(A), where P*(A) is the collection of all subsets of A.

Definition 2.2. [16] A ternary hypersemiring (S, +,0) is an additive
commutative semigroup (S, +), endowed with a ternary hyperoperation
‘o’ such that the following conditions hold:

(i) (aoboc)odoe=ao(bocod)oe=aobo(codoe);
(ii) (a+b)ocodCaocod+bocod;
(iii) ao(b+c)od Caobod+aocod,
(iv) aobo(c+d) Caoboc+aobod; forall a,b,c,de S.
A ternary hypersemiring (S, +,0) is said to be commutative if for all
ai,ag,az €S, a1 0a200a3 = ay(1) ©Ag(2) ©Ag(3), Where o is a permutation
of {1,2,3}. If the inclusions in the Definition 2.2(ii), (iii) and (iv) are
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replaced by equalities, then the ternary hypersemiring is called a strongly
distributive ternary hypersemiring.

Definition 2.3. [16] Let (S, +,0) be a ternary hypersemiring. An ele-
ment 0 € S is called a zero element or absorbing zero or simply zero of
Sif0€0oxoy=x000y =x0yol forall z,y € S (strongly absorbing
zeroif oxoy=x00o0y=z0yol={0}).

Definition 2.4. [16] An additive subsemigroup T of a ternary hyper-
semiring (S, +, o) is called a ternary subhypersemiring if t; otgot3 C T
for all t1,to,t3 € T.

Definition 2.5. [16] Let (S,+,0) be a ternary hypersemiring. A finite
subset € = {(e;; fi);i = 1,2...n} of S xS is called a left (lateral or right)
identity set of S if for any a € S, a € ¥7_je;0 fioa (a € X_je;0a0 f;
ora €X' jaoe;of;).

A finite subset € = {(e;; fi);i = 1,2....n} of S x S, where S is a ternary
hypersemiring, is called an identity set if it is a left, a lateral and a right
identity set of S.

An element e € S is called a hyperidentity or unital element of S if
a€(eoeoa)N(ecaoe)N(aceoce) forallaeS.

Definition 2.6. [16] Let (S, +,0) be a ternary hypersemiring. An ad-
ditive subsemigroup I of S is called

(i) a left hyperideal of S if 51 08904 C I for all 51580 € S and i € I.
(ii) a right hyperideal of S if i 0 51 0 59 C I for all 51580 € S and i € I.
(iii) a lateral hyperideal of S if 107059 C I for all s1;89 € S and i € I.
(iv) a two sided hyperideal of S if I is both a left and a right hyperideal
of S.

(v) a hyperideal of S if I is a left, a right and a lateral ideal of S.

Definition 2.7. [10] Let (S, +,0) be a ternary hypersemiring. If A, B
and C are non empty subsets of S, then Ao BoC = U{Zﬁmta a;ob;oc; :
a; € A,b; € B,¢; € C}.

Throughout this paper, we denote Ao Bo C by ABC.

Theorem 2.8. [12] If A, B and C are respectively right, lateral and left
hyperideals of a ternary hypersemiring S, then ABC C AN BNC.
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3. RabpicAL AND PRIMARY HYPERIDEALS

Throughout the paper, unless otherwise stated S stands for a ternary
hypersemiring (5, +, o) with zero. Z; and Zar denote set of all negative
integers with zero and set of all positive integers with zero respectively.

Definition 3.1. Let C = {II"{'a; : a; € S,n € Z;} be the class
of all finite ternary products of elements of a ternary hypersemiring
(S,4,0). A hyperideal I is called complete ternary hyperideal or C-
ternary hyperideal if for any A € C, I N A # ¢ implies A C [.

Example 3.2. Consider the ternary hypersemiring (Z; , +, o), where ”+”
is the standard addition of integers and hyperoperation ‘o’ is defined by
aoboc={abc+kn:n € Z; }, k being a fixed positive integer. Then
every hyperideal of the form mZar ,m € Z; is a C-ternary hyperideal.

Ezample 3.3. Consider the ternary hypersemiring ([0,1],+,0), where
binary operation ‘4’ and ternary hyperoperation ‘o’ on S are defined
by a +b = max{a,b} and a oboc = [0,z] respectively, where x =
min{a,b,c}. In this ternary hypersemiring, the hyperideal [0, %] is a
C-ternary hyperideal.

Ezxample 3.4. Corresponding the set X = {2,3}, (Z;,+,0) forms a
ternary hypersemiring, where ternary hyperoperation ‘o’ is defined by
aoboc = {x.a.b.c : x € X}. In this ternary hypersemiring, the hyperideal
187 is not a C-ternary hyperideal. Because —18 € {(—1)o(—1)o(—1)o
(=1)o(=1)o(—1)o(—1)}, hence {(—1)o(—1)o(—1)o(—1)o(—1)o(—1)o
(=1)}N18Z; # @. But =27 € {(—1)o(=1)o(=1)o(=1)o(=1)o(~1)0o
(=D} so{(=1)o(=1)o(=1)o(=1)o(-1)o(-1)o(-1)} £ 18Z;.

Proposition 3.5. Intersection of arbitrary collection of C-ternary hy-
perideals {I; : i € A} of ternary hypersemiring (S,+,0) is also a C-
ternary hyperideal.

Proof. Let A € C such that AN () ;) # ¢,s0 ANI; # ¢ for all i € A.
€A
Since {I; : i € A} are C-ternary hyperideals of S, A C I; for all i € A.
So A C () ;). Hence () L;) is a C-ternary hyperideal. O
IS LIS
Definition 3.6. Let (R, +,0) and (S, +,0) be ternary hypersemirings.
A mapping f : R — S is said to be a homomorphism if f(a+b) = f(a)+
f(b) and f(aoboc) C f(a)o f(b) o f(c). In particular, a homomorphism
is called a good homomorphism if f(aoboc) = f(a)o f(b) o f(c).



26 Manasi Mandal, Nita Tamang and Sampad Das

Definition 3.7. Let (S,+,0) be a ternary hypersemiring. Then a hy-
perideal I of S, is said to be a k-hyperideal if t+y € [,x € Sandy € I
implies = € I.

Proposition 3.8. Let f be a good homomorphism from a ternary hy-
persemiring S to a ternary hypersemiring T and I, J be k-hyperideals
of S and T respectively. Then the following hold.

(i) If I is a C-ternary hyperideal of S containing the set {x € S : there
exist a,b € Sy such that = a+b and f(a) = f(b)} and fis an onto
homomorphism, then f(I) is a C-ternary hyperideal of T'.

(ii) If J is a C-ternary hyperideal of T, then f~(J) is a C-ternary
hyperideal of S.

Proof. (i) Let Hfzrl a;Nf(I) # ¢ for some ay,as, ..., asn4+1 € T. So there
exist s; € S such that f(s;) = a;, 1 <i < 2n+4 1. Then T2 f(s;) N
fi) = f(H?’:lflsi) N f(I) # ¢, because f is a good homomorphism. So
there exists r € II2"{'s; such that f(r) € f(I). Thus f(r) = f(i) for
some ¢ € I, that implies r + ¢ € I. Since [ is a k-hyperideal, » € I. So
H?glﬂsi N1 # ¢. Thus H?Zflsi C I, since [ is a C-ternary hyperideal of
S. Hence 17" a; = 12" f(s:) = f(II3"ts;) C ().

(ii) Let H?gflsi N f~Y(J) # ¢ for some s1, 89, ..., S2p41 € S. Suppose
t € T s, 0 f~Y(J), then f(t) € f(I2"f's;) N J. Tt follows that
H?glﬂf(si)ﬂJ =% ¢. Since J is a C-ternary hyperideal of T, f(H?Qlﬂsl) =
2" f(s;) € J which implies TI2"s; € f~1(J). So f~'(J) is a C-
ternary hyperideal of S. ]

Definition 3.9. A proper hyperideal P of a ternary hypersemiring S is
called a prime hyperideal of S if for any hyperideals A, B and C of S,
AoBoCCP,then ACPorBCPor(CCP.

Definition 3.10. A hyperideal P of a ternary hypersemiring S is called
completely prime if for the elements a, b and ¢ of S, abc C P, then either
ac€ Porbe Porce P.

In a commutative ternary hypersemiring, the notions of prime hyper-
ideal and completely prime hyperideal are the same.

Definition 3.11. A hyperideal M in a ternary hypersemiring S is called
maximal if M # S and for any hyperideal N O M, either N = M or
N=S5.
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Definition 3.12. A non-empty subset A of a ternary hypersemiring
(S, 4+, 0) is called an m-system whenever for any a,b,c € A, aSbScNA #
0 or aSSbSScN A # () or aSSbScS N A # () or SaSbSScN A # ().

Theorem 3.13. Let I be an m-system of a ternary hypersemiring (S, 4+, o)
and N be a hyperideal of S such that NNI = (. Then there exists a maz-
imal hyperideal M of S containing N such that M N1 = (). Moreover,
M is also a prime hyperideal of S.

Proof. Consider the collection of hyperideals X = {A: A D N, Ais a
hyperideal of S such that AN T = @}. Clearly R is non-empty, since
N € X. Under set inclusion relation, N forms a partially order set and
any chain of elements in X has an upper bound which is their union. So
by Zorn’s Lemma, X contains a maximal element M. Therefore from the
consideration of X, M is the required maximal hyperideal of S containing
N such that M N1 = 0.

If possible, let M be not a prime hyperideal of S. So there exist
hyperideals J, K, L of S such that JKL C M but J ¢ M, K ¢ M
and L £ M. Now M C M+ J, M C M+ K, M C M+ L. So
by the given condition and maximality of M, (M + J)NI # 0, (M +
K)NI # 0 and (M + L)NI # (. Then there exist i1,42,i3 € I such
that i1 = ny 4+ j, ia = na + k i3 = ng + [ for some ny,no,ng € M,
je ke K,l € L. Now i181S2i2535413 = (n1 + j)s152(na + k)szs4(ns +
[) C n15152n25354m3 + J5152M2535413 + Nn15152kS354n3 + js152ks354m3 +
N18182N9283840 + jS189M98384l + n158189ksgsal + jsi1soksssal € M for all
S1, 89, 83,84 € S. This implies i155i25Si3 N1 C M NI = ¢, which is a
contradiction. Thus in any case, we get a contradiction that M NI = ¢.
Hence M is a prime hyperideal of S. O

Definition 3.14. Let A be a hyperideal of a ternary hypersemiring
(S,4,0). The intersection of all prime hyperideals of S containing A is
called prime radical or simply radical of A, denoted by Rad(A). If the
ternary hypersemiring S does not have any prime hyperideal containing

A, define Rad(A) = S.

Ezample 3.15. Consider the ternary hypersemiring (Z, , +,0), where ‘o’
is defined by aoboc = (abc)Zy. The radicals of the hyperideals 7Z;
and 47 are 7Z; and 2Z; respectively.

Ezample 3.16. For the set X = {10,20}, the radicals of the hyperide-
als 57, and 67 in the ternary hypersemiring (Z; ,+,0), where ‘o’ is
defined by aoboc= {z.a.b.c: x € X}, are Z;, 3Z, respectively.



28 Manasi Mandal, Nita Tamang and Sampad Das

Notation 3.17. For any hyperideal A of S, R(A) = {a € S : a?"*1 C A,
for some integer n > 0}.

Theorem 3.18. Let A be a hyperideal of a commutative ternary hyper-
semiring (S,+,0). Then R(A) is a hyperideal of S containing A and
R(A) C Rad(A).

Proof. Let a,b € R(A) be arbitrary. Then there exist m,n € Z; such
that a1 C A and *" ™ C A. If m = n = 0, then {a + b} C A4, so
a+be R(A). If either m > 0 or n > 0, then 2m + 2n + 1 > 3. Now
(a+ b)2m+2n+1 C Qm%wrl (Qm:rjg+1)a2m+2”+l_rbr. If2m+2n+1—-r<
2m + 1, then r > 2nr—i?1. Otherwise 2m +2n+1—7r >2m + 1. So in
each case, either a?™ 2" +1=" C A or b" C A. Thus (a + b)?™+2n+l C A,
Consequently a + b € R(A). Again, for any z,y € S and a € R(A),
there exists n € ZO+ such that a?"*t! C A. Now for any t € zoyoa,
2+l C (z oy oa)?tl = g2l o y2ntl o ¢2ntl C A which implies
t € R(A). Sozoyoa C R(A). Therefore R(A) is a hyperideal of S. Also
for any a, a € A = a' = {a} C A= a € R(A). Hence A C R(A).

Let a € R(A), then o™ C A for some n € Z;. Therefore for any
prime hyperideal P of S containing A, a®>**! C P implies a € P. So
a € Rad(A) and hence R(A) C Rad(A). O

Theorem 3.19. Let A be a complete ternary k-hyperideal of a commu-
tative ternary hypersemiring (S,+,0). Then Rad(A) C R(A) = {a €
S :a?" Tt C A for some integers n € Zar}.

Proof. Let p ¢ R(A). Then p*"*! ¢ A for any n € Z§. Since A
is complete ternary k-hyperideal, p?"*1 N A = ¢ for all n € ZJ . Now
consider D = U{p*" T+ A, for any n € Z; }. Let a,b,c € D be arbitrary.
Then aoboc C p2m1+lop2m2+1op2m3+1+A C p2(m1+m2+m3+1)+1+A C D.
Since S contains hyperidentity, D is an m-system. Here DN A = ¢. Let
if possible t € DN A, then t = = + y, where x € p*"! and y € A.
Thus t € A and y € A implies x € A (since A is a k-hyperideal), which
contradicts the fact that p>"t' N A = ¢ for any n € ZO+ . Hence by
Theorem 3.13, there is a prime hyperideal P containing A and disjoint
from D. So p*"* 1 NP = ¢ for any n € Z;. Thus p ¢ P = p ¢ Rad(A),
consequently Rad(A) C R(A). O

Proposition 3.20. Let A be a C-ternary hyperideal of a ternary hyper-
semiring (S, +,0). Then Rad(A) is a C-ternary hyperideal of the ternary
hypersemiring S.
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Proof. Let ajoagoago....oas,+1NRad(A) # ¢ for some a1, az, as..., a1 €
S and integers n € Z0+. Then there exists * € aj oag 0az o .... 0 aspy1
such that 221 C A, where m € Z;". Also 2?1 C (aj 0oag0azo....0
a2n+1)>™ ! implies (a1 oaz 0 az o .... 0 ag, 1) N A # ¢. Since A is
a C-ternary hyperideal of S, (a1 0 az o azo .... 0 ag,y1)?" C A. Now
for any y € aj o ag0az o ....oaguy1, y?" 1 C A, whence y € Rad(A),
ie, ajoazoazo...oas+1 C Rad(A). Thus Rad(A) is a C-ternary
hyperideal of S. O

Proposition 3.21. Let A, B and C' are hyperideals of a ternary hyper-
semiring S. Then

(1) AC Rad(A).
2) AC B = Rad(A) C Rad(B).

(3) Rad(Rad(A)) = Rad(A).

(4) Rad(A) = Rad(A**1) for anyn € Z; .

(5) Rad(A+ B) = Rad(Rad(A) + Rad(B)).

(6) If S is commutative and A, B, C' are complete ternary k-hyperideals
of S, then Rad(ABC) = Rad(A NBNC) = Rad(A)N Rad(B)N
Rad(C’).

Proof. (1) Follows immediately from the Definition 3.14.

(2) Suppose A C B. Then any prime hyperideal P containing B
also contains A. Therefore Rad(A) C Rad(B).

(3) By (1) and (2), A C Rad(A) = Rad(A) C Rad(Rad(A)). Now
let © € Rad(Rad(A)) and {P;}ier be the collection of all prime
hyperideals containing A. Then Rad(A) C P; for all i € 1.
So z € Rad(Rad(A)) C P; for all i € I. Hence x € Rad(A).
Therefore Rad(Rad(A)) = Rad(A).

(4) Since A is a hyperideal of S, A1 C A for all n € Z;. By (2),
Rad(A) D Rad(A*"*1). Let x € Rad(A). So x is in the set of all
prime hyperideals containing A. If possible, let x ¢ Rad(A?"*1).
Then there exists a prime hyperideal P containing A?"*! and
r ¢ P. Here A?"*1 C P implies A C P, because P is a prime
hyperideal, which contradicts the fact that = in the set of all
prime hyperideals containing A. Hence Rad(A) = Rad(A?"*1)
for any n € Zar.

(5) We have A C Rad(A) and B C Rad(B). So A+ B C Rad(A) +
Rad(B) and thus by (2), Rad(A+ B) C Rad(Rad(A)+ Rad(B)).
Again A € A+ B and B C A + B, which implies Rad(A) C
Rad(A + B) and Rad(B) C Rad(A + B). Hence Rad(A) +
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Rad(B) C Rad(A + B). Thus by (2) and (3), Rad(Rad(A) +
Rad(B)) C Rad(Rad(A+B)) = Rad(A+B). Therefore Rad(A+
B) = Rad(Rad(A) + Rad(B)).

(6) Clearly ABC C ANBNC. Then by (2), Rad(ABC) C Rad(AN
BNCQO). Let x € Rad(AN BN C). So there exists m € Z; such
that 22"t C ANBNC. Then 2513 = g2m+log2mtlgp2mtl C
ABC, which implies z € Rad(ABC). Hence Rad(ABC) =
Rad(ANBNC).

For the second equality, let € Rad(AN BN C). Then there
exists n € Z; such that 22! C (ANBNC). Therefore 2™ C
A, 2?2+ C B and 22+ C C. This implies # € Rad(A), x €
Rad(B) and z € Rad(C). So x € Rad(A) N Rad(B) N Rad(C).
Conversely, let x € Rad(A) N Rad(B) N Rad(C). Then there
exist r,s,t € ZO+ such that 22"+t C A4, 225t1 C B 221 C C. So
D)) € ANBNC, which implies # € Rad(ANBNC).
Consequently, Rad(A) N Rad(B) N Rad(C) C Rad(ANBNC).
Hence Rad(AN BN C) = Rad(A) N Rad(B) N Rad(C).

g

Proposition 3.22. Let I be a hyperideal in a commutative ternary hy-
persemiring S. Then Rad(l) = Rad(R(I)).

Proof. Since I C R(I), Proposition 3.21(2) implies the inclusion Rad(I) C
Rad(R(I)). Now for reverse inclusion, let P be any prime hyperideal
containing I. Then it is sufficient to show that R(/) C P. Consider
x € R(I). Then z>"*1 C I C P for some integer n € Z5. So z € P,
that implies R(/) € P. Thus Rad(I) = Rad(R(I)). O

Theorem 3.23. Let S1 and So be commutative ternary hypersemirings,
f 51 — S5 be a good homomorphism and I be a k-hyperideal of Ss.
Then f~Y(Rad(I)) = Rad(f~1(I)).

Proof. Let x € f~'(Rad(I)). Then f(z) € Rad(I). So there exists
an integer n € Z; such that f2"l(z) = f(2**1) C I, which implies
2t C f=1(I). Hence = € Rad (f~1(I)).

Conversely, let © € Rad(f~'(I)). Then there exists an integer n €
Z¢ such that z?"*1 € (f71(I)). Thus f>*(z) = f(z*>"*!) C I. So
f(z) € Rad(I), which implies z € f~1(Rad (I)). Thus Rad(f~(I)) C
f~Y(Rad(I)). Therefore f~!(Rad (I))=Rad (f~1(I)). O

Theorem 3.24. Let S7 and So be commutative ternary hypersemirings,
f 81 = S92 be a good epimorphism and I be a k-hyperideal of S1 such
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that {x € Sy : there exist a,b € Sy such that x = a + b and f(a) =
f(b)Y CI. Then f(Rad (I))=Rad (f(I)).

Proof. Let x € f(Rad(I)). Then there exists a € Rad(I) such that
f(a) = x. So there exists m € Z; such that a®*™*1 C I. Now z?"*! =
(f(a))?>™* = f(a®™*1) C f(I), since a®™*! C I. Thus = € Rad(f(I)).
Hence f(Rad(I)) C Rad(f(I)).

For the converse part, let z € Rad(f(I)). So x?"*t! C f(I) for some
n € Zg . Also there exists an element a € S such that f(a) = z. Now
f(a® 1) = (f(a))?*! = 2?*1 C f(I). Thus for any element p € a?"+1,
there is an element ¢ € I such that f(p) = f(i). By the given condition,
p+i € I and hence p € I. So a®"*! C I, which implies a € Rad([).
Thus z = f(a) € f(Rad([)). O

Definition 3.25. A hyperideal A of a ternary hypersemiring S is called
primary hyperideal of S if for any a,b,c € S, abc C A and a ¢ A,b ¢ A,
implies there exists an integer n € Zar such that ¢! C A.

Theorem 3.26. Let A be a primary C-ternary hyperideal of a commuta-
tive ternary hypersemiring (S, +,0), then Rad(A) is a prime hyperideal
of S.

Proof. Let aoboc C Rad(A) and a ¢ Rad(A), b ¢ Rad(A). Now for
any element x € a o b o ¢, there exists an integer n € ZOJr such that
p2n+l C A. This implies p2n+l C (a obo C)2n+1 — g2ntl 5 p2ntl o 2ntl
So a?" o b?Hl o 2t N A £ ¢. Because A is C-ternary hyperideal,
a? o p?tl o 2ntl C A Now a ¢ Rad(A) and b ¢ Rad(A) implies
a®' N A = ¢ and b*"T1 N A = ¢ respectively. For any p € a?"t!,
q e ¥t r et wehave p ¢ Aand g ¢ A. Here pogor C
a? 1o p?ntl o 2+l C A, Since A is a primary hyperideal, there exists
an integer m € Zg such that 2t C A. Also r?m+1 C (¢2nt1)2mtl
Hence (c?"T1)2m+1 0 A £ ¢, which implies (¢?**1)?™+1 C A and hence
¢ € Rad(A). So Rad(A) is a prime hyperideal of S. O

Theorem 3.27. Let I be a proper hyperideal of a ternary hypersemiring
(S,4+,0). Then Rad(I) = {s € S: every m-system in S which contains
s has a non-empty intersection with I}

Proof. Consider Q2 = {s € S: every m-system in S which contains s has
a non-empty intersection with I}. Let x € Rad(I) and {Py : A € A} be
the collection of all prime hyperideals of S containing I. Then x € Py for
all A € A. If possible, let there exists an m-system A which contains x
and has empty intersection with I. Then by Theorem 3.13, there exists



32 Manasi Mandal, Nita Tamang and Sampad Das

a prime hyperideal Py such that AN Py = ¢. Since © € P, we arrive at
a contradiction. So Rad(I) C €.

Conversely, let x € Q and {P) : A € A} be the collection of all prime
hyperideals of S containing I. If possible, let x ¢ Rad(I). Then there
exists A € A such that x ¢ Py. By Theorem 3.13, P{ is an m-system
of S, which contains z and has empty intersection with I, which is a
contradiction. Therefore Q C Rad(I). O

Definition 3.28. Let A be a primary complete ternary k-hyperideal. A
is called P-primary complete ternary k-hyperideal, whenever Rad(A) =
P is a prime hyperideal of a commutative ternary hypersemiring S.

Example 3.29. In the ternary hypersemiring (Z; , +, o), where hyperop-
eration ‘o’ is defined by aoboc = {n(abc) : n € Z;}, P = 2Z; is a
prime hyperideal. Here the primary complete ternary k-hyperideal 87
is a P-primary complete ternary k-hyperideal, because Rad(8Z; ) = P.

Proposition 3.30. If A is a complete ternary k-hyperideal and P be a
hyperideal of a commutative ternary hypersemiring (S, +,0), then A is
a P-primary complete ternary k-hyperideal of S if and only if

(1) AC P C Rad(A) and

(2) aocbocC A and a,b ¢ A implies c € P.

Proof. If A is a P-primary complete ternary k-hyperideal, then the con-
ditions (1), (2) are clearly true. For the converse part, let aoboc C A
and a,b ¢ A. Then by the given conditions, ¢ € P C Rad(A), which
implies ¢?"t! C A for some integer n € ZJ . So A is a primary hy-
perideal. To show that Rad(A) = P, let + € Rad(A). Then there
exists a least positive integer m such that z?™*1 C A. If m = 0,
then by (1), z € P. If m > 1, then 2°™ ! ¢ A. Since A is a C-
ternary hyperideal, 2" ' N A = ¢. Now let y,z € 2!, Then
yozox C z? 1oa?mlogy C A So by (2), x € P. Hence by
(1), P = Rad(A), thus A is a P-primary complete ternary k-hyperideal
of S. O

Proposition 3.31. Let A be a proper hyperideal of ternary hypersemir-
ing S. Then A is a primary hyperideal of S if and only if for any hy-
perideals I, J,K of S, if IIK C A, I ¢ A and J L A, then K C R(A).

Proof. Let A be a primary hyperideal such that IJK C A, I ¢ A, J ¢
A. Then there exist i« € I,j € J such that i ¢ A and j ¢ A. Take
k € K. Since ijk C IJK C A, there exists an integer n € ZOJr such that
k" C Ade., k € R(A). Therefore K C R(A).
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Conversely, let aoboc C Aja ¢ Ab ¢ A. Since (a) o (b) o (¢) C
(aoboc) C A, (a) € A, and (b) € A, we have (¢) C R(A). Thus
¢+l C A. So A is primary. O

Proposition 3.32. Let f be a good homomorphism from a ternary hy-
persemiring S to a ternary hypersemiring T and I, J be k-hyperideals
of S and T respectively. Then

(i) If I is a primary hyperideal of S such that {x € Sy : there ex-
ist a,b € Sy such that v = a+b and f(a) = f(b)} C I and fis an
epimorphism, then f(I) is a primary hyperideal of T

(ii) If J is a primary hyperideal of T, then f=1(J) is a primary hy-
perideal of S.

Proof. (i) Let aoboc C f(I), where a,b,c € T and a ¢ f(I),b ¢
f(I). As f is an onto homomorphism, f(a;) = a, f(b1) = b, f(c1) = ¢
for some aj,b1,c; € S, where ay ¢ I,by ¢ I. Here f(aj obyocy) =
fla1)f(b1)f(e1) € f(I). So for any = € a3 o by o ¢y, there exists i €
such that f(z) = f(i). Thus x +i € I and hence x € I. Therefore
ayobjocy C I and a; ¢ I,by ¢ I, which implies c%”“ C I for some
n € Zg. So "t = f(ci"™) C f(I). Hence f(I) is a primary hyperideal
of T.

(ii) Suppose J is a primary hyperideal of T. Let aoboc C f~1(J) for
some a,b,c € Sand a ¢ f~1(J),b ¢ f~4(J). Now f(a)o f(b)o f(c) =
flaoboc) C J and f(a) ¢ J, f(b) ¢ J. As J is a primary hyperideal
of T, f(c* 1) = f(c)**1 C J for some n € Z;. So ¢* 1 C f71(J).
Consequently f~1(.J) is a primary hyperideal of S. O

Theorem 3.33 (The Prime Avoidance Theorem). Let I be an arbitrary
hyperideal in a ternary hypersemiring (S,+,0) and Py, Ps, ..., P, be k-
hyperideals of S such that at least n—2 of which are C-ternary hyperideals
as well as completely prime hyperideals. If I C Py U Py U ...U P,, then
I C P, for some 1.

Proof. The proof is by induction on n > 2. For n = 2 suppose I C
PiUP,. If I ¢ P, then there exists z € I such that ¢ P;. Since
I CPUP,sox € Py Takeye INP,. Thenx+y eI C P U
Py If £ +y € Py, then x € Pi(since P; is a k-hyperideal),which is a
contradiction. Thus x + y € P», which implies y € P»,. So INP; C Ps.
Now I = (INP)U(INP,) C Py So either I C P or I C Ps.

Assume the result is true forn —1,n > 3. Let I C PLUP, U ...U P,
where at least n — 2 of the P; are completely prime. Suppose that
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I ¢ PPUP,U..P_yUP;1..UP, for all i. Then there exists z; € I
such that z; ¢ P; for all i # j. So we must have z; € P;. Since n > 3,
at least one of the P; is completely prime hyperideal. Without loss
of generality, let us assume that P; is a completely prime hyperideal.
Consider the set X = {x1} —{—xSH oxzo..ox, CIC PUPU..UDP,.
Here :z:g‘*'1 oxgo..ox, C P, where i # 1(since P; is a hyperideal and
x; € P;). Now for each y € m;‘“ 0Zx30..0%y,, 1+ Yy € P; for some 1.
If fori > 2, x1 + y € B;, then 1 € P;, which is a contradiction. Thus
21 +y € P; and hence y € P;. So (acg”'l 0x30...0xy,) N P # ¢, which
implies (l‘ngl oxzo..oxy,) C P. Hence z € P; for some k =2,3,..,n,
which is also a contradiction. Therefore I C PLUP,U..P,_1UP;11..UP,
for some ¢. By induction assumption, I C P; for some 3. O

Definition 3.34. Let I, Iy, I5, ..., I, be hyperideals of a ternary hyper-
semiring S. The collection {I1, Is, ..., I,,} is said to be a cover of I if
I C L1ulyU..UlI, We call such a cover of I efficient, if I is not
contained in the union of any n — 1 of the hyperideals Iy, Is, ..., I,.

Proposition 3.35. Let (S,+,0) be a commutative ternary hypersemir-
ing and let {Q1, Q2, ....,Qn} be an efficient covering of the hyperideal I,

where Q1,Q2, ..., Qn are k-hyperideals of S. If Rad(Q;) € Rad(Q;) for
each i # j, then no Qy is a primary hyperideal of S.

Proof. We first prove that for efficient covering {Q1, Q2,....,@Qn} of I,
NizkQi = Mj_Q; for all k. Let x € M;»,Q;. Since the cover is efficient,
there exists xp € Qi NI such that xp ¢ U;x,Q;. Now consider the
element x + x in I. If x + 2, € Q; for i # k, then zp € Q; for
all ¢ # k, which is a contradiction. Thus x + x; € @i and hence
T € Q. So NixpQ; = N, Q;. Now if possible, let @ be a primary
hyperideal of S. Here o To Q7™ 0Qo0..0Qr_10Qrs10..0Qn C Qi
for all i # k. Since I N (N"1Q;) = I N (ﬁiyﬁin) CINQr € Q,
we get ToToQ" ™ 0Qoo0..0Qk 10Qr10..0Q, C Q. As T ¢
Qp, by Proposition 3.31, Q; € R(Q). Therefore by Proposition 3.22,
Rad(Q;) € Rad(R(Qr)) = Rad(Qy), which contradicts the hypothesis.
Hence the result. O

Using Proposition 3.35, we obtain the following Theorem.

Theorem 3.36 (The Primary Avoidance Theorem). Let I be an arbi-
trary hyperideal in a commutative ternary hypersemiring (S, +,0) and
Q1,Q32, ..., Qn be k-hyperideals of S such that at least n — 2 of which are
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primary hyperideals. If I C Q1 UQ2U...UQ, and Rad(Q;) € Rad(Q;)
for each i # j, then I C Q; for some i.

Proof. Without loss of generality, assume that the cover is efficient. By
Proposition 3.35, n < 2. For n =2, I C Q1 U Q2 implies either I C @y
or I C ()2, which contradicts the fact that the cover is efficient. Hence
n=1. ]

In the next Theorem, we extend the Primary Avoidance Theorem for
class of complete ternary hyperideals in a ternary hypersemiring S.

Theorem 3.37 (Extended Version of Primary Avoidance Theorem).
Let S be a commutative ternary hypersemiring and Py, Ps,....,P, be C-
ternary primary k-hyperideals of S, such that Rad(P;) € Rad(P;) for all
i # j. Let T be a hyperideal of S such that aSS+T ¢ U P;, for some
a € S. Then there exists a subset T of T' such that a + T} ¢_ Ui, B;.

Proof. Assume that a lies in all of Py, Ps,....,Py but none of Py1,....,P,.
If £k =0, then a + 0 ¢ U, P;. So consider k > 1. Now T' ¢ UlePZ-.
If T C UlePi, by Theorem 3.36, T' C P; for some 1 < 4 < k. Thus
aSS +T C P; C U, P, which is a contradiction. So there exists an
element p € T such that p ¢ UY_ P, Also Py N....N P, € P U
PRU. . UP.If P.yinN...NP, C PLUPU...U Py, then by Theorem
3.36, Pyy1 N ....N P, C P; for some 1 < j < k. Thus Rad(Py41) N ... N
Rad(P,) = Rad(Py41 N ....N P,) € Rad(P;) by Proposition 3.21. Since
(Rad(Py41))" *Rad(Pgy2)...Rad(P,) C Rad(Py11N....0P,) C Rad(P;)
and Rad(P;) is prime hyperideal, by Theorem 3.26, Rad(P;) C Rad(P;)
for K+ 1 < | < n, which contradicts the hypothesis. Thus there exists
¢ € Py N....nN P, such that c¢ PLUP,U...UP,. Now pococCT
and pococ C P,y N....NP, but pococ Q PPUPRU..UP,. If
pococC PPUP,U...UP;, then pococ C P; for some 1 < 7 < k.
This implies either p € Rad(FP;) or ¢ € P;, which is also a contradiction.
Consider T} = pococ, then a+ Ty ¢ U | P;. Since each P; is a C-

n

ternary primary k-hyperideal of S and a € UF_ P, — U i _+1Fj, we have

k
Ty CUl, P — UL P O

4. CONCLUSION

In this paper, radical of hyperideals and primary hyperideals of a
ternary hypersemiring have been introduced and studied. The prime and
primary avoidance theorems for C-hyperideals in ternary hypersemiring,
have been generalized. There is a huge scope of further study on ternary
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hypersemirings, in terms of prime and primary hyperideals. Moreover,
the results obtained in this article, can be extended to some other alge-
braic systems like gamma-semirings, partially ordered ternary semirings

etc.

and also to fuzzy and intuitionistic fuzzy settings.
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