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1. INTRODUCTION, DEFINITIONS AND NOTATIONS

For any two transcendental entire functions f(z) and g(z) defined in

the open complex plane C, it is well known [3] that lim, o % =

oo and lim, s % = 0. Later on Singh [I12] investigated some
comparative growth of logT (r, f,g) and T'(r, f). Farther in [12] he raised
the problem of investing the comparative growth of logT(r, f,g) and
T(r,g). However some results on the comparative growth of logT'(r, f,9)
and T'(r, g) are proved in [3].

Recently Banerjee and Dutta [1], and Dutta [1], [5], [6] made close in-
vestigation on comparative growth properties of iterated entire functions
to generalist some earlier results.

In this paper we consider three entire functions f (z), g (z) and h (2)
and following Banerjee and Mandal [2] form the iterations of f (z) with
respect to g (z) and h(z) [defined below| and generalist the results of
Banerjee and Dutta [!] in this direction.

Received: 8 July 2020, Accepted: 30 August 2020. Communicated by Nasrin Eghbali;
xAddress correspondence to R. K. Dutta; E-mail: ratan_3128@Qyahoo.com
(© 2020 University of Mohaghegh Ardabili.
115



116

A study on the growth of generalist iterated entire functions

f(z)

f(g(2)) = f(91(2))

flg(h(2)) = f(g(hi(2)) = f(g2(2))
Flg(h(f(2))) = f(g(h2(2))) = f (g3 (2))

Similarly,

g1 (2
92 (2
g3 (2
94 (2

)
)
)
)

In (2)

or 3m)...)))

/ (gn—l (Z)) =f (g (hn—2 (Z)))

g9(2)

g (h(z)) = g(hi(2))

g(h(f(2)) =g (h(f1(2)) =g (h2(2))
g(h(f(9(2))) =g (h(f2(2))) =g (hs(z))

h(z)

h(f(2) =h(f1(2))

h(f(g(2)) =h(f(91(2))) =h(f2(2))

h(f(g(h(2)) =h(f(92(2)) = h(fs(2))

R(f(g(h...(h(z) or f(z) or g(z) according as n =3m —2 or 3m — 1
or 3m)...)))

h(fn-1(2)) = h(f (gn-2(2))) -
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For two non-constant entire functions f(z) and g(z), we have the well
known inequality

(1.1) log M (r, f(g)) <log M(M(r,g), f).

Definition 1.1. The order p; and lower order A; of a meromorphic
function f(z) is defined as

: log T'(r, [)
pf = lim sup ———=
r—oo  logr
and
logT
A = lim inf 08T S),

r—oo  logr

If f(z) is entire then

loglog M(r, f)

= lim su
il e log r
and
loglog M
A = lim inf —22820J) (r 1),
r—00 log r

Definition 1.2. A function A;(r) is called a lower proximate order of a
meromorphic function f(z) if

(i) Af(r) is nonnegative and continuous for r > rg, say;

(ii) Af(r) is differentiable for 7 > g except possibly at isolated points
at which )\/f(r —0) and /\lf(r +0) exist;

(iii) limy oo Af(1) = Ap < 005

(iv) limy o0 r)\;c(r) logr = 0; and

(v) liminf, % =1.
Notation 1.3. [11] Let logl%z = z, expl%2z = z and for positive integer

m, log[m]a: = log(log[m_”x), e:cp[m]x = eq;p(exp[m—l]x),

Throughout we assume f(z),g(z), h(z) etc. are non constant entire
functions having respective orders p¢, pg, pr and respective lower orders
Afy Mg, Ap. Also we do not explain the standard notations and definitions
of the theory of entire and meromorphic functions because those are
available in [7].
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2. LEMMAS

The following lemmas will be needed in the sequel.

Lemma 2.1. [7] Let f(z) be an entire function. For 0 <r < R < oo,

we have R

T(r, f) < log* M(r, f) < " T(R, f).
Lemma 2.2. [10] Let f(z) and g(z) be two entire functions. Then we
have

T (0) = yroe M (1 () +0(1).£).

Lemma 2.3. [9] Let f (2)be a meromorphic function. Then for (> 0)
the function ™ T9=2(") s an increasing function of r.

Lemma 2.4. Let f(z), g(z) and h(z) be three non-constant entire func-
tions of finite order and nonzero lower order. Then for any ¢ (0 <
€ <mz’n{/\f, )\g, )\h})

(pg +¢€)logM(r,h) +O(1)  whenn =3k

log["*l] T(r, fn) < (pn +e)log M(r, f) +O(1) when n =3k + 1
(pr+e)logM(r,g)+O(1) whenn =3k+2

and
(Ag —e)log M (7=r,h) + O(1)  when n =3k
log" U T(r, fo) > < (A —e)log M (p=r.f) +O(1)  whenn=3k+1
(Af —e)log M (5=r,9) + O(1)  when n = 3k + 2.

Proof. For (> 0) we get from Lemma 2.1 and (1.1) for all large values
of r

T(r, fn) log M (7, fn)

log M(M(r, gn-1), f)
[M (7, gn—1)]P77,

(pf +€)log M(r, gn—1)
(pf +€)log M(M(r, hn-2),9)
(pf+€ [M (r, hy—o)]P7=.
(
(
(Pg

)
)
Pg ) OgM( (7", fn—3)ah) +O(1)
+e)
+e)

that is, log T'(r, fp)

So, log[Q] T(r, fn)

(AN VAN VAN VAN VANRN VAN VANRN VAN VAN

1
pg + €)M (r, fa3)]"" " + O(1).
1

Therefore, log"™ T(r, f,) og M(r,h)+O(1) when n = 3k.
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Similarly

logl"™ Y T(r, f) < (pn +€)log M(r, f) + O(1) when n = 3k + 1,
and

log"™ ! T(r, f) < (pr+¢e)log M(r,g)+ O(1) when n =3k +2.

Again for € (0 < ¢ <min{Af, A\g, A\p}), we get from Lemma 2.1 and
Lemma 2.2, for all large values of r

T(T‘,fn) = T(nf(gn*l))

1 1
> glogM (8M (279?171) +O(1)¢f>

Lo o) vom]

Y

318 4

Ar—e
11 T s
77M(77 —) )
3[9 4gn1:|

r

(s =) log M (901 ) + O(1)

(Or =T (§290-1) +0(1)

(A\f— 5)% log M <33M (% hn_2> n 0(1),g> +0(1)

Y

that is, log T'(r, fr)

(VAR Y]

v

> Oy - 5)% EM (fohn2) + 0(1)} L o)

111 r Ag—e
> _a\Z |z _
- (Af 6)3 |:9M (42’hn_2>:| +O(1)7
that is, log® T(r, f,) > (A, —e)logM <4L2,hn_2> + O(1).

r

So, log[nfl] T(r,fn) = (Ag—¢)logM (F’

h) +0O(1) when n = 3k.
Similarly
log"™! T(r, f2) = (\n = €)log M (7, f ) +O(1)  when n= 3k + 1,

and

log" ! T(r, f2) > (s — &) log M (

r

4n7_1,g> + O(1) when n= 3k + 2.

This proves the lemma. O
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3. THEOREMS

Theorem 3.1. Let f(z), g(z) and h(z) be three non-constant entire
functions of finite order and nonzero lower order, then

log" U T(r, f,)

N e A
(7) llmrlilgo 70 h) < 3pg2th,
Cn 10g[n_1} 1(r, fn) Ag
(i) Tim sup == ) Ty
when n = 3k
and
1 [n—l}T -
(i5) lim inf —2 (i Jn) g 00,

e T, f)

o log" U T(r, ) A
(i) hmrsilo)o T(r, f) 2 (4n—1))\f

when n = 3k + 1. Also when n = 3k + 2,
[n—1]
(v) lim inf log T(r, fn)
7—00 T(r7 g)

. log" 1 T(r, f) As
v7) lim su > .
%) e T(r.g) T (4n)

3pf2)\g,

IN

Proof. Since f(z), g(z) and h(z) are three non-constant entire functions
of finite order and nonzero lower order so from Lemma 2.4 for arbitrary
e >0,

(3.1) logl" ™ T(r, fn) < (pg +€)log M(r,h) + O(1)

when n = 3k.
Let 0 < e <min{1, A¢, Ag, A\ }. Since
T(r,h)

hmrglcf;o rAR(T) - 17

there is a sequence of values of r tending to infinity for which
(3.2) T(r,h) < (14 ¢)r*)
and for all large value of r

(3.3) T(r,h) > (1 — &),
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Thus for a sequence of values of r tending to infinity we get for any

d(>0)
log M(r,h) _ 3T(2r,h) _ 3(1+e) (2r)*nto 1
T(r,h) —  T(r,h) = 1l—g (2r)nt0=2u@2r) pAn(r)
3(]. + 5) 2>\h+6
- 1-¢
because r*t9=An(") s an increasing function of r.
Since e, 6 > 0 be arbitrary, we have
. log M(r, h) A

=Rl SR A h

(3.4) lim T1_1>1£O Toh) = 3.2%,

Therefore from (3.1) and (3.4) we get

1 [n—1] T "
lim inf —& (r, fn)

< 3p 27
rhee T(nh) T

when n = 3k.
Again for n = 3k we have from Lemma 2.4,

_ r
log"—H T(r, fn) > (Ag—e)log M <F’

> (=) (gr h) +0)

h) +0(1)

(37"

> (Ag—e)(1-e)(1+0(1))
O P N vy g
(47%1) ht h<4 1)
Since 9= An(") ig an increasing function of r, we have
1] rAn(r)
log" ™ T (r, fn) = (Ag —€)(1 —5)(1+O(1))W

for all large values of r.
So by (3.2) for a sequence of values of r tending to infinity
T(r,h)

1—c¢
(41’L—1))\h+6 :

1+4+¢
Since € and ¢ are arbitrary, it follows from the above that
log™ " T(r, f,) A
lim su ’ > J_.
o T(rh) T (41
Similarly for n = 3k 4+ 1 and 3k 4 2 we get the other results.
This proves the theorem.

log™ = T(r, £,) > (\y — €) (1+0(1))

, by (3.3).
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Theorem 3.2. Let f(z),g(z) and h(z) be three entire functions with
nonzero lower order and finitre order, then for k =0,1,2,3,......
log" ! T(r, f,)
im
r=so T(exp(r), f*))
Proof. First suppose n = 3k then by Lemma 2.4, for all sufficiently large
values of r and €(0 < ¢ < min{A¢, Ag, An}),
logl"™ T(r, fa) < (py+¢)log M(r,h) + O(1),
log M(r,h) < rPrte

=0 for all natural number n.

and  T(exp(r), f®) > i
1So
log[" Bls pg + €)rPrte
( ) < %H)(l)-
T (exp(r), f*) ™M
logl"~ 1! T( n)
= 0.
55 T(exp(r), f®)

Similarly for n = 3k 4 1, we have
log" ™! T(r, o) < (pn+e)log M(r, f) + O(1),
and logM(r, f) < rPIte

So
log[" 1]T (r, fn pp +e)rPite
) > % + 0(1).
T(exp(r), f*)) er
log" U T(r fn) _
~Tr=oo T(exp(r), f®) '

Also when n = 3k + 2, then,
log" ! T(r, fu) < (ps +€)logM(r,g) +O(1),
and logM(r,g) < rPoTe.

So
log" U T(r, f) _ oy +e)rost
_— 1).
T, f0) = oo oW
I S A G )
“Trooo T(exp(r), f0) '

This proves the theorem. ]
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Remark 3.3. The finite order of the functions is necessary for Theorem
3.2, which is shown by the following example.

Ezample 3.4. Let f(z) = g(z) = expz and h(z) = expl? z then \; =
pr=A=pg=1 and p, = oc.
Now when n = 3k .
(5]

fn(z) = expislz.

Therefore,
8T(2r, fa) > log M(r, fn) = expl ¥ 77
1 n
ie. T(r,fn) > gexp[%_l]g
og" U T(r f) > expl$ 17 2 to(1)
= exp[%}%+o(1).

Also when n = 3k + 1,

fa(z) = expl ™5 2

Therefore
3T(2r, fr) > logM(r, fn) = exp[%_” T
ie. T(r,fn) > éexp[émgl_” g
log" U T(r, f,) > exp[4n371*17"+1] g +o(1)
= exp[%] g +o(1).
Ifn=3k+1,
fu(z) = exp[4n3_2] z.
Therefore
3T(2r, fr) > logM(r, fn) = exp[4n372_1] r
ie. T(r,fn) > éexp[4n372_” g
log" U T(r, f) > exp[4n§2*17"+1] % +0(1)
= exp i o(1)
Also
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Therefore

o8 (7. fn) > eXpSQ—i_O()—HO as r — oo and n = 3k,

T(exp(r), f*) = er/m

[n—1] (5t ¢ 1
log T, fn) > b 2+O()—HO as v —ooand n=3k+1,
T(exp(r), f*) er/m

[n—1] (2523« 1
log T, fn) > D 2+0()—HO as r — oo and n = 3k + 2.
T(exp(r), f*)) er/m

Theorem 3.5. Let f(z),g(z) and h(z) be three entire functions with
nonzero lower order and finitre order, then for k =0,1,2,3,......

log" M T(r, fn) log" U T(r, f)
= 0 and lim -
r—00 T(exp(r),g( )) 7—00 T(exp(r)’h( ))

= 0 for all natural number n.
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