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(a,b)-FUZZY SUBRINGS AND (a,b)-FUZZY IDEALS OF
A RING

SHRIRAM KHANDERAO NIMBHORKAR AND JYOTI ASHOK
KHUBCHANDANI

ABSTRACT. As an extension of the concept of a fuzzy subring and
a fuzzy ideal, a new kind of a fuzzy subring and a fuzzy ideal called
an (a,b)-fuzzy subring and an (a,b)-fuzzy ideal of a ring is defined
and their properties are studied. We also investigate the preimage
of an (a,b)-fuzzy subring and an (a,b)-fuzzy ideal under a ring
homomorphism. Also, (a,b)-level fuzzy subrings (fuzzy ideals) are
studied. A necessary and sufficient condition for two (a,b)-level
fuzzy subrings (fuzzy ideals) to be equal is proved. We show that
the set of cosets of an (a, b)-fuzzy ideal forms a ring.
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1. Introduction

In 1965, Zadeh [3] introduced the concept of a fuzzy set. Later in
1971, Rosenfeld [!] used this concept to define a fuzzy subgroupoid and
a fuzzy subgroup. Liu [5] studied fuzzy invariant subgroups, fuzzy ideals
and proved some fundamental properties. Sharma [1] introduced and
studied the concept of an a-fuzzy subgroup. We extend this concept to
form (a, b)-fuzzy subrings and (a, b)-fuzzy ideals of a ring R.
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2. Preliminaries

Throughout in this paper R denotes a commutative ring with identity.
We recall some definitions and results.

Definition 2.1. [3] Let S be a nonempty set. A mapping w : S — [0, 1]
is called a fuzzy subset of S.

Remark 2.2. [3] If w and o are two fuzzy subsets of R, then

(i) w € o if and only if w(z) < o(z);

(i) (w U o)(z) = max{w(x),0(z)} = w(x) Vo(x);

(iii) (w N o)(z) = min{w(z),o(x)} = w(x) A o(x); for all x € R.

Definition 2.3. [2] Let X and Y be two nonempty sets and g : X — Y
be a mapping. Let w € [0,1]* and o € [0,1]Y. Then the image g(w) €
[0,1]Y and the inverse image g~ '(c) € [0,1]* are defined as follows:
forally eV,

9(w)(y) = {

and g~!(0)(z) = o(g(z)) for all x € X.

Definition 2.4. [3] Let w be a fuzzy subset of a set S and let ¢ € [0, 1].
The set wy = {x € R | w(x) >t} is called a level subset of w.

V{w(z) |z € X, g(x) =y}, if g7 (y) # ¢,
0, otherwise.

Clearly, w; C ws whenever t > s.

Definition 2.5. [5] A fuzzy subset w of R is called a fuzzy subring, if
for all x,y € R, the following conditions hold:

() w(z —y) > min(w(z),w(y));

(i) w(zy) = min(w(z), w(y))-

Definition 2.6. [5] A fuzzy subset w of R is called a fuzzy ideal, if for
all z, y € R, the following conditions are satisfied:

(i) w(z —y) = min(w(z),w(y));

(i) w(zy) = max(w(z), w(y)).

3. (a,b)-Fuzzy subsets and their properties

Sharma [1] introduced the concept of an a-fuzzy subgroup. We extend
this concept to a subring and an ideal of a ring. This notion is used to
construct a fuzzy subring (ideal) from a fuzzy set.

Definition 3.1. Let w be a fuzzy subset of R. Let 0 < b < a < 1. Then
the fuzzy set wj’ of R defined by wj(z) = min{w(x),1 — a + b}, for all
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x € R, is called as the (a, b)-fuzzy subset of R with respect to the fuzzy
set w

Lemma 3.2. (i) Let w and n be two fuzzy subsets of X. Then

(wnn)y = wy N
(ii) Let g : X — Y be an onto mapping and n be a fuzzy subset of Y.

Define nog: X = 1[0,1] by (nog)(z) =n(g(x)). Then n;og=(nog);.
(iii) Let g : X — Y be a onto mapping and n be two fuzzy subsets of

Y. Then g~*(ng) = (g7 (n));-

Proof. (i): For all x € X we have

(w N () = min{(w n)(), 1 — a+ b}
= min{min{w(z),n(x)},1 — a + b}
= min{min{w(z),1 — a + b}, min{n(x),1 —a + b}}
= min{uf(z), 78 ()}
— W (&) N (@)
— (W ) (@).
Hence, (wNn)f =wi Nnj.
(ii): For all x € X, we have

(ny 0 g)(x) = ny(g9(z))
=min{n(g(z)),1 —a+ b}
= min{(nog)(z),1 —a+ b}
= (nog)y(x).
Hence, 1§ o g = (n 0 g)j.
(iii): Consider
97 () (x) = ng (9(x))
= mm{n(g(w
1

= min{g~

)),1—a+b}
(n(2));1 —a+b}
= (g7 (n)¥(x), forallz e X.
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4. (a,b)-Fuzzy subrings

Definition 4.1. Let w be a fuzzy subset of R. Let 0 < b < a < 1. Then
w is called an (a, b)-fuzzy subring of R if wj is a fuzzy subring of R, that
is, if the following conditions hold:

(i) wy(z —y) = min{wy(z), Wy (y)};
(i) wi(zy) > min{wi(x),wi(y)}, for all z,y € R.

Proposition 4.2. Ifw is a fuzzy subring of R, then w is also (a,b)-fuzzy
subring of R.
Proof. For z,y € R we have
wp(r —y) = min{w(z —y),1 —a+ b}
> min{min{w(z),w(y)},1 — a + b},
(since w is a fuzzy subring of R)
= min{min{w(z),1 — a + b}, min{w(y),1 —a + b}}
— min{uf (2), wf ()} (4.1)
Also,
wp (ry) = min{w(zy),1 —a + b}
> min{min{w(z),w(y)},1 —a + b},
(since w is a fuzzy subring of R)
= min{min{w(z),1 — a + b}, min{w(y),1 —a + b}}
= min{wy (2), wp (y)}- (4.2)
It follows from (4.1) and (4.2), that w is (a, b)-fuzzy subring of R. [

The following example shows that the converse of Proposition 4.2 need
not hold.

Ezample 4.3. Consider the fuzzy subset of the ring R = Zg defined as
follows:

0.4, if z = {0,4},
w(z) = :
0.7, if ={1,2,3,5,6,7}.
We note that for t =6, y =2, w(6) = w(2) = 0.7 and
w(z—y) =w(6—2) =w(4) = 0.4. Thus, w(z —y) #? min{w(z),w(y)}.
Hence, w is not a fuzzy subring of R.
We note that if a = 0.9, b= 0.2, then 1 —a+ b = 0.3 and so
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w(x) >1—a+b=0.3 for all x € R. Hence
w39 (z) = min{w(z),0.3} = 0.3, for all z € R.
Therefore,
wos(z —y) = min{w3(2), wi3 ()}
and
wp's () > min{wp (2), wos ()}
Hence, w is an (0.9, 0.2)-fuzzy subring of R.

Proposition 4.4. The intersection of two (a,b)-fuzzy subrings of a ring
R is again an (a,b)-fuzzy subring of R.

Proof. Let w and n be two (a, b)-fuzzy subrings of a ring R.
For z,y € R, we have

(wnm(z —y) = (wy Nny)(z —y), by Lemma 3.2
= min{wy(z — y), 75 (¢ — y)}}

> min{min{wy (z),wy (y) }, min{rg (), 5 (y) }}
= min{min{wy (), ny (x)}, min{wp (y), 175 (y) } }
= min{(wy Nny) (@), (wy O (y)}
= min{(w N7)5(x)), (wNN)5(y))}- (4.3)
Also,
(wNn)y(zy) = (wy Nny)(xy), by Lemma 3.2
= min{wy (zy), 175 (xy) }
> min{min{wy (2), wp (y) }, min{ng (=), 75 (y) }
= min{min{wy (), 75 (x) }, min{wp (y), 75 (y) }
= min{(wy Nn9y) (@), (wp N1)(y)}
= min{(w Nn)5(x)), (wNN)5(y))}- (4.4)
It follows from (4.3) and (4.4), that w N7 is an (a,b)-fuzzy subring of
R. O

The following example shows that the union of two (a,b)-fuzzy sub-
rings of a ring R need not be an (a, b)-fuzzy subring of R.

Example 4.5. Define fuzzy subsets w and 7 of the ring R = Z as follows:

0.5, if z € 47,
w(z) = :
0.1, otherwise.
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0.25, if z € 5Z,
n(x) = .
0.08, otherwise.

Let a=0.5,b=0.2. Then 1 —a+b=0.7.

We note that w and n are (0.5, 0.2)-fuzzy subrings of Z.
We know that, (wUn)(z) = max{w(z),n(z)}.
Therefore,

0.5, ifz € 4Z,
(wUn)(z) =< 0.25, ifz € 5Z,
0.1, if z ¢ 4Z U 5Z.

Let + = 12,y = 5. Then (wUn)(z) = 0.5, (wUn)(y) = 0.25 and

(wUn)(x—y)=0.1.
Also,

05(z) = min{(w U n)(z),0.7} = min{0.5,0.7} = 0.5.
(wUn)35(y) = min{(w Un)(y),0.7} = min{0.25,0.7} = 0.25.
05(x —y) = min{(wUn)(z —y),0.7} = min{0.1,0.7} = 0.1.

(wUmG3(@ —y) # min{(w Un)g3(@), (@ UnG3(y)}-
Hence, w U7 is not a (0.5, 0.2)-fuzzy subring of R.

Theorem 4.6. Let g be a homomorphism from a ring R onto a ring R'.
Ifw is an (a, b)-fuzzy subring of R', then g~1(w) is an (a, b)-fuzzy subring
of R.

Proof. Let x,y € R. We have
(97 (W)i(z —y) = g~ (w)(z —y), by Lemma 3.2
= wy((9(z —y)))
= wy(9(x) —g(y))
minf{wy (9(z)), wh (9(y))},
a, b)-fuzzy subring of R')

(since w is an (
min{g~ 1(w§(:r:)),g 1(‘%( )}

= min{(g~"(w)); (@), (97" (W))5 (%)} (4.5)

v
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We have

> min{wy (9(x)), wp (9(y))},
(since w is an (a, b)-fuzzy subring of R')
= min{g ™! (w§)(2), 97" (w§) (v)}
= min{(g~ (@) (), (5" @))E()}, by Lemma 3.2 (46)
From (4.5) and (4.6), it follows that g~!(w) is an (a, b)-fuzzy subring of
R. g
Definition 4.7. Let w: R — [0, 1] be a fuzzy subset of R.

For t € [0,1], the (a,b)-level subset of w is denoted by (wf); and is
defined as (wi); = {z € R | w(x) > t}.

Example 4.8. Let w : Zg — [0, 1] be as follows:

0.1, otherwise.

Let a=1,b=0.5and t =0.4. We have 1 —a + b = 0.5.
Then

() = {0.7, if x ={0,3,6},

0.5, if z = {0, 3,6},
0.1, otherwise.

wh () = wy5(7) = {

and (w5)oa = {z € Zg | wi 5(x) > 0.4} = {0,3,6}.

Theorem 4.9. Let R be a ring, t € [0,1] andw : R — [0,1] be an (a,b)-
fuzzy subring of R. If the (a,b)-level subset is nonempty, then (wy); is
a subring of R.

Proof. We note that if z,y € (wj)¢, then (wj)(z) >t and (wj)(y) >t .
We have (wif)(z — y) > min{wf(z), wi(y)} = min{t, t} =t.
This implies that
x—y € (W)t (4.7)
We have, (wi)(zy) > min{wi(z),w(y)} = min{t, t} = .
This implies that
xy € (wy)e. (4.8)
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From (4.7) and (4.8), we conclude that (wf); is a subring of R. [

Theorem 4.10. Let R be a ring and w : R — [0,1] be a fuzzy subset of
R. Suppose that (wy); is a subring of R, for allt € [0,1]. Then w is an
(a,b)-fuzzy subring of R.

Proof. Let z,y € R, (wj)(x) =t; and (wi)(y) = t2 where t1,t2 € [0,1].
Then (wf);, and (wj)s, are subrings of R.

Since, t; Aty <t and ¢t Aty < ta, we have (wi)y, C (wi)i e, and
(Wg)tz C (wg)tl/\t2'

Hence, = € (w})s, and y € (wy)¢, implies x,y € (W) ato-

Then x — y and 2y € (Wf )i ALy, since (w); is a subring of R, for all
te[0,1].

This implies (wi)(x —y) > t1 A ta = min{(wi)(x), (wi)(y)} and

(i) () > t Atz = min{ () (@), (@) (1))

This proves that w is an (a, b)-fuzzy subring of R. O
Definition 4.11. Let w be an (a,b)-fuzzy subring of R and ¢ € [0, 1].
Then the subring (wj); is said to be an (a, b)-level subring of w.

Ezample 4.12. Let R = Zy X Z4. Define a fuzzy subset w as follows:

ole) = {0.75, it z = {(0,0),(0,2),(2,0),(2,2)},

0.4, otherwise.

We note that for a = 0.9,b = 0.5,1 —a+ b = 0.6, w is an (a, b)-fuzzy
subring of R.
Also,

0.9 0.6, if z = {(0,0),(0,2),(2,0),(2,2)},
wo's(T) = {

0.4, otherwise.

If t = 0.5, then (wi?): = {(0,0),(0,2),(2,0),(2,2)} is a subring of R
and a (0.9,0.5)-level subring of w.

Theorem 4.13. Let w be an (a,b)-fuzzy subring of a ring R. Then two
(a,b)-level subrings (wi)i,, (wi)e, with t1 < ta are equal if and only if
there is no x € R such that t; < wj(x) < ta.

Proof. Let (wi)s, = (Wi )¢, If there exists € R such that

t1 < wi(x) < tg, then x € (w)s,, but = ¢ (wf)s, which is a contradiction.
Conversely, suppose there is no € R such that ¢ < wj'(z) < ta.

As t1 < tp implies (wf ), € (W), -
Now, if x € (wb)tl, then (wb)( x) > 1.
Clearly, wf(z) £ to. Since wi(x) and t are real numbers, it follows that
wi(x) > to, ie., x € (w)i,. Hence, (w)i, = (Wi )t,- O



104 S. K. Nimbhorkar and J. A. Khubchandani

5. (a,b)-Fuzzy ideals

Definition 5.1. Let w be a fuzzy subset of R and 0 < b < a < 1. Then
w is called an (a, b)-fuzzy ideal of R if the following conditions hold:

(B1) wi(z —y) = min{wf (z),wj (y) };
(R2) wy(zy) = max{wy (x), wy(y)}-
Remark 5.2. Let w be an (a,b)-fuzzy subset of a commutative ring R.
Then wj satisfies (Rp) if and only if wi (zy) > wi(x), Vz,y € R.
Proposition 5.3. If w is a fuzzy ideal of R, then w is also (a,b)-fuzzy
ideal of R.
Proof. For x,y € R, we have
wp(r —y) = min{w(z —y),1 —a+ b}
> min{min{w(z),w(y)},1 —a + b},
(since w is a fuzzy ideal of R)
= min{min{w(z),1 — a + b}, min{w(y),1 —a + b}}
— min{uf (2), (1)} (5.1)
Also,
wp (ry) = min{w(zy),1 —a + b}
> min{max{w(z),w(y)},1 — a + b},
(since w is a fuzzy ideal of R)
= max{min{w(z),w(y)},1 —a + b}
= max{min{w(z),1 — a + b}, min{w(y),1 —a+b}}
— max{uf (2), i (1)} (5.2)
It follows from (5.1) and (5.2), that w is a (a, b)-fuzzy ideal of ring R. [

The following example shows that the converse of Proposition 5.3 may
not be true.

FEzxample 5.4. Define a fuzzy subset w of the ring R = Zg as follows:

0.45, ifz = {0,2,4,6},
w(z) = :
0.75, otherwise.
We note that for x =6, y = 3, w(6) = 0.45, w(3) = 0.75, xy = 18 = 2,
w(zy) = 0.45. Thus, w(zy) #? max{w(z),w(y)}.
Hence w is not a fuzzy ideal of Zg.
But w is a (0.8,0.1)-fuzzy ideal of Zs.
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Proposition 5.5. Ifw: R — [0,1] is an (a,b)-fuzzy ideal of R, then
wi(0) > wi(x) > wi(1), for all z € R.
Proof. For any x € R, we have
Wi (0) = wi(e — o)
> min{wy (x), wy (z)}, since w is an (a, b)-fuzzy ideal of R.
= wp ().
= wp(z.1)
> wp(1).
Hence, wi'(0) > wi(z) > wi(1), for all z € R. O
Proposition 5.6. Ifw : R — [0, 1] is an (a,b)-fuzzy ideal of ring R with
wi(x —y) = wi(0), then wi(x) = wi(y), for all x,y € R.
Proof. Since w is an (a, b)-fuzzy ideal of R,
wp (z) = wy(z —y +y)
> min{wp (z - y), vy (y)}
= min{wy(0), wi(y)}
= wp(y)-
wi(y) = wy(y — = + o)
> min{wj (y — z), wp ()}
= min{wy (0), wi(z)}
= wi(z).
Hence, wj(z) = wi(y), for all z,y € R. O
Proposition 5.7. Let w: R — [0,1] be an (a,b)-fuzzy ideal of R. If for

some t € [0,1], the (a,b)-level subset (wy):, is nonempty, then it is an
ideal of R where (w); = {z € R | wi(z) > t}.
Proof. Let z,y € (wy)¢- Then wi(x) >t and wi(y) > t.
As w is an (a, b)-fuzzy ideal of R,
(wh)(z —y) = min{wy (z),wy (y)} = min{t, ¢} = .
Hence
x—y € (wp) (5.3)
Let r € R be arbitrary and x € (wf);, then wi (z) >

t.
(wp)(re) = max{wy (r), wy (2)} > wy(z) = t.
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Hence,
re € (wy)e. (5.4)
From (5.3) and (5.4), we conclude that (wf); is an ideal of R. O

Proposition 5.8. Let w : R — [0,1] be an (a,b)-fuzzy subset of R.
Suppose that (wi); is an ideal for allt € [0,1]. Then w is an (a,b)-fuzzy
ideal of R.

Proof. Let x,y € R and wi(x) = t1, wi(y) = t2, where tq,t2 € [0, 1].
Then (wf)s, and (wy)s, are ideals of R.

Since, t1 Aty < t1 and t1 A to < to.

This implies that (wif)y, C (wi)eae, and (wi)e, € (W) Ats-

Hence, z € (w})s, and y € (wy)¢,, which implies that z,y € (wj)i; at,
and so £ — y € (W) Ato-

Thus,

wp(x —y) > t1 Atg = min{ty,ta},
as t1,t2 are real numbers belonging to [0, 1]

= min{wy (2), wp () }- (5.5)

For z,y € R, if wi(x) = t1, then = € (w)y,
Therefore, zy € (w), implies wi (zy) > t;.

Hence,

() > i (@), (5.6)
Similarly,

W () > Wi ) (5.7
Hence, from (5.6) and (5.7),

wy (zy) = max{wy (z),wy (y)}- (5.8)

Thus, from (5.5) and (5.8), we conclude that w is an (a, b)-fuzzy ideal of
R. g

Corollary 5.9. If w: R — [0,1] is an (a,b)-fuzzy ideal of R, then
{z € R|wi(xz) =wi(0)} is an ideal of R, where 0 is the additive identity
of R.

Proof. Let 7 = {x € R| w(z) = wi(0)}.
Let z,y € 7. Then wi(x) = wi(0) and wj(y) = wi(0).
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As w is an (a, b)-fuzzy ideal, we have
wp (¢ = y) = min{wy (), wy (y) }
= min{wy(0), wy(0)}
= wy (0).
By Proposition 5.5, we have wj'(0) > wi(z — y).
Thus, wi(z —y) = wi(0), which implies that z — y € 7.
Let r € R and = € 7. Then wi(z) = wi(0).
Also,
a
b
— maxcfwf (r), wf (0)}
= wp(0).
Again by Proposition 5.5, wj'(0) > wj(rx)
Thus wi(0) = wi(rz) and so rx € 7.
Hence 7 is an ideal of R. O

Proposition 5.10. Ifw : R — [0,1] is an (a,b)-fuzzy ideal of R, then
{z € R|wi(x) >t} is an ideal of R for all t € [0,1].

Proof. Let us write (w); = {z € R | wi(z) > t}.
Let z,y € (wf);. Then wy(xz) >t and wi(y) > t.
As w is an (a, b)-fuzzy ideal of R, we have

Wi — y) > min{uwf(x), ()} > min{t,t) = 1.
Hence, z — y € (wj);-
Now let z € wy(x) and r € R. Then
wy (re) > max{wy (r),wy (z)} > wi(z) > t.

Hence, rz € (wy):.
Thus, {z € R | wi(x) > t} is an ideal of R for all ¢ € [0, 1]. O

Definition 5.11. Let w be an (a, b)-fuzzy ideal of R. Then the ideals
(wi)e for t € [0,1] are called (a, b)-level ideals of R.

Remark 5.12. Let w be an (a,b)-fuzzy ideal of R and t¢1,t2 € [0,1] be
such that ¢; < to. We note that if x € (wj)s,, then (wi)(z) > t2 > t;.
Hence z € (wi)s,. Thus (wi)e, € (wi)e,-

Proposition 5.13. Let w: R — [0,1] be a (a,b)-fuzzy ideal of R. Two
level ideals (wy )¢, , (Wi)e, with t1 < t2 are equal if and only if there is no
x € R such that t; < wj(x) < ta.
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Proof. Assume that (wf!);, = (wf)e,. If there exists # € R such that

t1 S wp(x) < to, then z € (w)y, but = ¢ (wi)s,, a contradiction.
Conversely, suppose that there is no € R such that t; < wj(z) < ta.

Since, t1 < to we have (Wi ), C (wi)i,-

Now if x € (wf)¢,, then t; < wi(x).

Hence, by the given condition it follows that wf(z) £ to.

Since wi(x) and ¢ are real numbers belonging to [0, 1], this implies that

wi(z) > ta. Hence z € (wy)t,-

Therefore, (wi)i, = (W), O

Proposition 5.14. The intersection of two (a,b)-fuzzy ideals of R is
an (a,b)-fuzzy ideal.

Proof. Let w and n be two (a, b)-fuzzy ideals of R.
For z,y € R, we have

(wnn)p(x—y) = (wy Nny)(z —y), by Lemma 3.2
min{wy (z — y),nh (z —y)}

> min{min{wg (z), wi (y) }, min{ny (), ni (y) } }

= min{min{wy (), ny () }, min{wy (y), n5 (y) } }

= min{wy (x) N7y (z),wy (y) N0y (y)}

= min{(w N 7){(x), (w NNy} (5.9)

Also, we have
(wnn)y(zy) = (wy Nny)(xy), by Lemma 3.2
= min{wj (zy), wy (zy)}
> min{max{wy (), wy (y) }, max{ny (z), n5 (y)}},
as all the quantities involved belong to [0, 1]
= max{min{wy (), wy (y)}, min{ny (), 75 (y) } }
= max{min{wy (), 75 (=) }, min{wy (y), 75 (y) }}
= max{(wy Nny)(x)), (wy Nng)(y)}
= max{(w N n)5 (), (wNn)yy)}. (5.10)
It follows from (5.9) and (5.10), w N7 is an (a,b)-fuzzy ideal of R. [

The following example shows that the union of two (a, b)-fuzzy ideals
may not be an (a, b)-fuzzy ideal.

Example 5.15. Let R = Z15. Define fuzzy subsets w and 7 as follows:
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() 0.4, ifz={0,2,4,6,8,10},
w =
0, otherwise.

0.2, ifz = {0,3,6,9},
n(z) = 10:5,6,9}
0.1, otherwise.
It can be seen that w and 7 are (0.6, 0.3)-fuzzy ideals of Zs.
We have
0.4, ifz={0,2,4,6,8,10},
(wUun)(z) =102, ifz={3,9},
0.1, otherwise.
If we take x =9,y =2, thenx —y = 7.
For a = 0.6 and b = 0.3, we have 1 —a + b= 0.7.

?lso, (wUn)(x) =0.2, (wUn)(y) =04 and (wUn)(x —y) =0.1.

(wUn){(z) = min{0.2,0.7} = 0.2,
(wUN)E(y) = min{0.4,0.7} = 0.4,

(wUn)y(z —y) = min{0.1,0.7} = 0.1.
(wUn)p(x —y) # min{(wUn)i(z), (wUn)i(y)}

Thus, w U7 is not a (0.6, 0.3)-fuzzy ideal of Zs.

Proposition 5.16. Let g : R — R’ be an onto homomorphism of a ring
R to a ring R'. If w is an (a,b)-fuzzy ideal of R', then g~ (w) is an
(a,b)-fuzzy ideal of R which is constant on kerg.

Proof. For x,y € R. we have
(97 W)z —y)
=g (w!)(z —y), by Lemma 3.2
= wi(9(z —y))
= wy (g(x) — 9(y))
> min{wy (9(x)), wp (9())},
(as w is (a, b)-fuzzy ideal of R')
= min{g~" () (2). 97" (wf) ()}
— min{(g @)E), (0 @)W}, by Lemma32  (5.11)
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Also, we have

(9~ ( )i (xy)
“Hwp)(ay)

Zwb(()) wp (9(2)g(y))
> max{wy (g9(2)), wy (9(y))},
(as w is (a, b)-fuzzy ideal of R')

(), 97 (@) (W)}

)i (2), (97 (w))5 ()}, by Lemma 3.2. (5.12)
It follows from (5.11) and (5.12) that ¢g~!(w) is an (a,b)-fuzzy ideal of
R.
Next if p € kerg, then g(p) = 0/, where 0’ is the additive identity of R'.

Therefore, (97! (w))d(p) = wi(g9(p)) = wi(0') and so g~ ! (w) is constant
on kerg. O

— max{g ™ (wf)
(w)

=max{(g " (w

Now we consider the (a,b)-fuzzy quotient rings.

Definition 5.17. Let w be an (a, b)-fuzzy ideal of R.

For x € R, define a fuzzy set « + wj' : R — [0,1] by:

(z +wi)(y) = min{w(y — 2),1 — a+ b}. The fuzzy set x + wj is called
an (a,b)-fuzzy coset of the fuzzy ideal w of R.

Proposition 5.18. If w is an (a,b)-fuzzy ideal of R, then
(1) 04+ wp = wi.

(it) For any t € [0,1], (z + w)e = = + (wj)¢-

(i) wi(z) = wi(0) & x + wi = wy'.

Proof. (i): We have
(0+ wy)(z) = min{w(z — 0),1 —a+ b}

= min{w(z),1 —a+ b}

= wy(x).
Hence, 0 + wy = wy.
(ii): Let y € R. We have

y € (@tuwp) e (@+wp)ly) =t
< min{w(y —z),l —a+b} >t
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< {min{w(y),w(z)},1 —a+b} >t

< {min{w(y),1 —a+ b}, min{w(z),l —a+b}} >t
& min{w(y), wf(2)} > ¢

Suwp(y—mz) >t

(iii): Assume that
wp () = wy (0). (5.13)
Then for y € R, we have
(z +wp)(y) = min{w(y —2),1 —a+ b}
> min{min{w(y),w(x)},1 —a+ b}
= min{min{w(y),1 — a + b}, min{w(z),1 —a + b}}
— minfu(y), wi (@)}
= min{wjy (y),wy (0)}, from (5.13)
= wj(y), by Proposition 5.5
=wy(y—z+a)
> min{wl(y - o), 0 ()}
= min{wy (y — z),w;(0)}, from (5.13)
= wj(y — x), by Proposition 5.5
= min{w(y — z),1 —a + b}
= (z +wp)(y)-
Thus, z + wy = wy.
Conversely, assume that = + wj = wp
= (2 +wp)(0) = wy(0)
= min{w(0 — z),1 —a + b} = wi(0)
= min{w(—z),1 —a+ b} = w;(0)
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Theorem 5.19. Let w be a fuzzy ideal of R and T be the collection of
all fuzzy cosets of w. Define, (x +wi) + (y + wi) = (x +y) +wj and
(x+w)) (y+wh) = (r-y) +wi, forall z,y € R.

Then T is a ring under these two operations.

Proof. First we shall show that these two operations are well-defined.
Let  + wy =z +wyp and y + wy =y +wp .
Then for z, y/,
(z +wp) (@) = (z +wp)(@') and (y + wp)(¥) = (¥ +wp)) -
Then by definition 5.17,
min{w(z’ — z),1 —a+ b} = min{w(z' —2'),1 —a+ b} and
min{w(y —y),1 —a+b} = min{w(y —y'),1—a+b}.
Therefore, min{w(z — z),1 — a + b} = min{w(0),1 — a + b} and
min{w(y —y),1 —a+ b} = min{w(0),1 —a + b} .
Therefore, w(z —z) = w(0) and wg(y/ —y) = wi(0), by definition 3.1.
Therefore,
Wi —2) = wf(0) andwf(y —y) =wf(0).  (5.14)

For z € R, we have

(( +y) +wp)(2)

=min{w(z — (z+y)),l —a+b}

=min{w(z —x —y),1 —a+b}

—min{w(z—2 —y +2 —z+y —y),1—a+b}

> min{{w(z - l‘/ - Z/)?w(w, - :U)aw(y, - y)}7 l—a+ b}7

since w is a fuzzy ideal of R.
= min{min{w(z — 2" —y'),1 — a + b}, min{w(z' —z),1—a+ b},
min{w(y —y),1—a+b}}

= min{wf(z — &' —y),wf (@ — )iy —y)}

= min{w(z — 2z — 4 ),w(0),w(0)}, from (5.14).

=wp(z — z — y/), by Proposition 5.5

=min{w(z—2 —y),1 —a+b}

= (2" +y) +wp)(2).

Thus (2 +9) +§)(2) > (@ +1) + ) (2).
Similarly, we can show that ((z +y )+ wi)(z) > ((z + y) + wi)(2).
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Hence,
(& +5) +f)(2) = (o + ) + i) (2) (5.15)
We have
(ay +§)()
= min{w(z —zy),1 —a + b}
—min{w(z —zy + 2y —xy),1—a+b}
> min{min{w(z — 2’y ),w(z'y —ay)},1 — a+ b},
since w is a fuzzy ideal of R
= min{min{w(z — z'y),1 —a+ b}, min{w(z'y —xy),1 —a+b}}
= min{wf(z — 2y ), wi(z'y — zy)}. (5.16)
We have
wi(z'y — zy)
=wi(ay —Ty+ay—ay)
=wi(z' (y —y) + (& —2)y)
2 min{uf(2(s ~ 1)), 3((@' ~ 2))]}, by Proposition 5.3
2y — )}, max{ui (@ — 2), w8 ()})

> min{max{wj (z),w

= min{max{wj (z),wy (0)}, max{wy (0),wy (y)}, from (5.14).

= min{w;y (0),wy (0)}, by Proposition 5.5

= wy (0). (5.17)

Now, (5.16) becomes
(zy + w§)(2) = min{wf(z — 2’y ), wf (0)}
=wi(z—x'y), by Proposition 5.5
= min{w(z —z'y ), 1 —a+b}
= (z'y +wp)(2).
Similarly, we can show that (z'y’ 4+ wf)(2) > (zy + w)(2).

Hence, (zy +wi)(z) = (z'y +wi)(2).
Thus, the operations + and - are well defined.
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Further we have,

(r+wp) +W+wy+z+wp) = @+w+yt+w)+z+wy
= (z+y+2)+w
(z+wp) + ((—2) +wp) = (0+wp) =wy.

(@ +wp) (y+wp) F+w) = (@+wp)- (Y+wp)) - (z+wp)
= (z-y-2)+uwy

(z+wp) - 1+wp) = z+wy=(1+wp) - (z+wp).

(z+wp) - (+wy) = (W+wp)- (@+wy) =2y +wy.

(@+wp) - (W+wp) = (Y+wp)- (@+wy) =2y +wy.

Hence, 7 is a commutative ring with unity. ]

6. Conclusion

In this paper, we have studied (a,b)-fuzzy subrings and (a,b)-fuzzy
ideals of a ring. In the next studies, we will formulate the concept of
(a, b)-intuitionistic fuzzy subrings and (a, b)-intuitionistic fuzzy ideals of
a ring.
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