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PSEDUO-INEQUALITY APPLICATION IN CODING
THEORY USING )-NORM INACCURACY MEASURE
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ABSTRACT. In this paper we prove two pseudo-generalizations of
Shannon inequality for the case of norm Inaccuracy Measure and
norm entropy. Further, we establish a result on noiseless coding
theorem for the proposed mean code length interms of generalized
inaccuracy measure.
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1. INTRODUCTION

Let

n
Ln:{A:(al,...,an):ak>O,Zak:1} ,n =2
k=1

be sets of n - complete probability distributions. For
(at,...,an) = A€ Ly,

Shannons measure of information [15] is defined as
n
(1.1) I;(A) = —ZaklogQak
k=1
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The measure (1.1) has been generalized by various authors and has found
applications in various disciplines such as economics, accounting, crime,
physics, etc. For

A, Be€L,,
Kerridge [10] introduced a quantity known as inaccuracy defined as
n
(1.2) I(A; B) = —Zak log, a
k=1
There is well- known relation between
Is(A)
and
I(A; B)
which is given by
(1.3) I;(A) < Ix(A; B)

. The relation (1.3) is known as Shannon inequality and its importance
is well known in coding theory.Van der Lubbe [17] generalized (1.3) in
the another form, which he called a pseudo generalization of (1.3). In
fact he proved the following:

1 N
I, (A;96) =51 1(1 - kgl ap,) < Iy 1(A; B, 0)
1 n 5—1 0
(1.4) —6_1<1<§:akbk5 )) L 5>0(£1)
k=1
The equality holds in (1.4) if and only if by = %, k=1,2,3,....n.
k=1 %%

In fact I 1(A; B,Jd) is not a measure of inaccuracy in its usual sense
[i.e.,IkJ(A; A, 5) 75 Il(A,5) ], but as § — 1,limIk71(A;B,(5) = Ik(A, B)
Where I1(4;6) = 555 (1= Y0, a?) is the Tsallis entropy which is also
generalized by Litegebe and Satish [11]. For A, BeL,, we define a J-
norm inaccuracy measure of type 5 as

1

5 (N A

(15)  Ts(A; B,5,8) = 51(1 _ (Zklnk o ) ,
a D k=1

for § >0 (#£1),8>0.
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(1) If by, = ag, (1.5) reduces to a non-additive §-norm entropy of type
B. ie.

1
n 6] 5
(16)  Iua(AA6.8) = 551(1 - (Z’“:la%)) ,
N D k=1
for 6 > 0 (# 1), which is studied by Satish and Arun [13].
(2) If by = ar and B =1, (1.5) becomes d-norm entropy [4].
ie.

1
5= O ~ 5\
(1.7) I(A,d)_H<1—<kZ:1ak>> 0>0(#£1)
(3) If by = a,f =1 and § — 1, (1.5) becomes (1.1).
Further,if 5 =1 and 6 — 1, (1.5) becomes (1.2).

2. PSEUDO - INEQUALITY

For A, B € L,, define a measure of inaccuracy, denoted byIj 3(A; B, 6, 3)
as

(2.1)  Ins3(A; B,6,B) d [1 (Zn: 5( ! >§b551)]

* k,3 ; ) 9 i — - a —r A )
0-1 k=1 * > k=1 af *

where 0 > 0 (# 1),8 > 0. Since I 3(A;A,0,5) # Ir2(A; A, 6, B) and

I 3(A; B, 0, 8) # I 2(A; B, 6, B), we will not interpret (2.1) as a measure

of inaccuracy. But Iy, 3(A4; B, d, B) is a pseudo- generalization of the mea-

sure of inaccuracy defined in (1.5) and (1.6). In the following theorems,

we will determine two relations between (1.5) and (2.1), and (1.6) and

(2.1) of the type (1.3).

Theorem 1. Let A, B € L, then

(22) Ik,2(A;B567 B) < Ik,3(A; B757 B)vé >0 (7é 1)

P
k 7,k = 1,2,3,...,n, under the

with equality holds if by = ——&———
Y Shor gt

condition
n

(2.3) > aih, <1
k=1
Proof. By Hélders inequality, we have

(2.4) <im§>;<§yg>é < kzn::la?kyk

k=1
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where %—l—% =Lp(#0)<1l,g<0orq(#0) <1,p<O0;xp,y >0

for each k. Note that the direction of Hélders inequality is the reverse

of the usual one for p < 1 (see Beckenbach and Bellman [3]). Let p=
1

éﬂ 5—1 _B_ ﬁ
65717(] = 5 ]- l‘k = a]f; (szlaii) bkayk = a’kl;75 < 1 ,8) bkﬁa

where (k =1,2,3,...,n). Subsituting all these values into (2.4), we get

_6 _1

(iaﬁ< L )%%1) e aifbf(“))
k n B k n B
k=1 Zk:1 a Zk:l ag,

n
<Zafb,1€‘5<1; 6>0

where we used (2.3) too. This implies

n L afHP D P
25 (Za5< B ﬁ>5bk;6> (Zkl )
k=1 > k=1 ag. Zk 1%

For 0 > 1 (2.5) becomes

oo (Sot(tg) i) « (Bt

using (2.6) and the fact that 6 > 1 we get I, 2(A; B, 6, 8) < I 3(A; B, 6, B).
For 0 < § < 1 the above inequality can be proved in a similar way.
Theorem 2. Let A, B € L,.Then

(2.7) Ii2(A; A, 6, 8) < Ii3(A; B, 6,8),6 > 0 (#F1)
adP
with equality holds if by, = —*—435,k=1,2,3,...,n.
2 h=10y
5,8 5%1
Proof. Substituting p = 22, =1— 6,z = ak -t <n15> b, Y =
D k=19

1

Bs_ -5
a;”° <ZZ—1105> ,(k=1,2,3,...,n), in to (2.4), we get

N 5 1
U R O ST R
> k=1 “k 2"71 o by, m <Y p=1 =1
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This implies

n 1 51 n 5B\ -1
1 5 6—1 a
(2.8) <§ a§<) by’ ) < (’“:1 ; )
= \Yha) Yok ap

For 0 > 1, (2.8) becomes

n 1 n 58\ 3
5—1
(2.9) (Zaf <n1 ﬁ> 6bké> < (Zk;ﬂ a%)
k=1 > k1 Ay, > k1

using (2.9) and the fact that 6 > 1, we get I, 2(A; A, 0, 8) < I3(A; B, 4, B)
For 0 < § < 1 the above inequality can be proved in a similar way.

Now we discuss an application of inequality (2.2) in coding theory for
L,={A=(a1,a2, -+ ,a,);0 < ar <1,>}_, ar = 1}. Let a finite set of
n input symbols X = {x1,x2, - ,x,} be encoded using alphabet of D
symbols, then it has been shown by Feinstien [7] that there is a uniquely
decipherable code with lengths Ny, Na,--- , N, iff the Kraft inequality
holds. That is,

n
(2.10) > DNk,
k=1
where D is the size of code alphabet. Furthermore, if
n
(2.11) L= N
k=1

is the average codeword length, then for a code satisfying (2.10), the
inequality

(2.12) L > I,(A)
is also fulfilled and equality holds if and only if
(2.13) Ny = —logp(ag),(k=1,2,3,-- ,n),

and that by suitable encoded into words of long sequences, the average
length can be made arbitrarily close to I;(A), (see Feinstein [7]). This is
Shannons noiseless coding theorem. Let us introduce another measure
of length:

(2.14) L(5,5) = % [1 - <zn:ag (Zzila/]j>§pwk<?>)],

k=1
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where § > 0 (# 1) and A = (a1, a2, - ,a,) € L, and D, Ny, No,--- | N,
are positive integers so that

n
(2.15) > alb DN <1
k=1

Since (2.15) reduces to Kraft inequality when a, = by, Vk =1,2,3,--- | n,
therefore it is called generalized Kraft inequality and codes obtained un-
der this generalized inequality are called personal codes.

Theorem 3. Let n € N,§ > 0(# 1) be arbitrarily fixed. Then there exist
code length N1, No,--- , N, so that

(2.16)  ITna(A; B,6,8) < L(5,8) < D5 Io(A; B, 5, B)
+52 <1 ~D%
holds under the condition (2.15) and equality holds if and only if

B’
(2.17) Nk:—logD< - aﬁbﬁ(é_l));kzl,&?),--- M.
k=1"k"k

Where Iy, 2(A; B, 6, 8) and L(6, 3) are given by (1.5) and (2.14) respec-
tively.
Proof. First of all we shall prove the lower bound of L(4, §).

1

B 5—1
Letp:‘sgl,qzl—é,xk:a,i”(yl aa) DNk gy,
k=1"k
_1

1-46
. = a <Z:klﬁ> b;ﬁ,(k‘ = 1,2,3,...,n). Putting these values

n
=19

1 g 1
n 1 — n B(6—1 —
(Za5< Lt ) 5D—Nk(‘5§1)) T <Zk:1 agby )> o
k n n
k=1 > k=1 ai > k=1 a/,f

n
By—6 p—N,
< ap," DN <1
k=1
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where we used (2.15) too. This implies

)

n 5 1 % N(‘i;l) 5—1
<Zak<nﬂ> D <
k=1 D k1 Ay,

1
n o BpBE-1)\ 51
- (Bt
D k1 Ay,

For 6 > 1 (2.18) becomes

n 1
(Za£(1 6)5—%(?))
k=1 > k1,
<Zk ) ﬁbﬁls 1))
>k 1%

using (2.19) and the fact that § > 1, we get

(2.19) I 2(A; B, 6, B) < L(6, B)

For 0 < § < 1 the inequality (2.20) can be proved in a similar way, by
noting that the inequality sign of (2.19) is reversed since (;f—l < 0 for
0 <6 < 1. From (2.17) and after simplification, we get

Fy 6—1
DNe(F) = ( b ) '
> k=1 agbi(g_l)

This implies

(Zk Lagby ”)

Iy ak
which gives L(6, 8) = I 2(A; B, 6, ). Then equality sign holds in (2.20).
Now we will prove the inequality (2.16) for upper bound of L(d, 8). We
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choose the code word lengths Ny, k= 1,2,3,--- ,n in such a way that

B’
—logp ( ) ) < Ny,
> k=1 afbf( )

(e
(2.20) < —logp < 5T ) +1
> k=1 agbi( )

is fulfilled for all £k = 1,2,3,--- ,n. From the left inequality of (2.22),

we have

N by
(2.21) DNk <
n B(6—1
> k=1 afbk( :

multiplying both sides by afb,?ﬂ and then taking sum over k, we get
the generalized inequality (2.15).So there exists a generalized code with
code lengths Ny, k=1,2,3,--- ,n.

From right-hand side of (2.22), we have

o8
O e o =
> k1 A0y

Since 0 > 1, (2.24) leads to

n 1
(X ) 6DN’€(661)>
k=1 22:1 ag

1
(2.23) > ( i aibf(‘s_l)D(l“s)) ’
> k=1 af

Finally we find

1
n B3 B(06-1)\ 3
(224) L(.8) < -0 (1 (2=k=L%P s
. ) =51 Zn aﬁ
k=1"k

where the right- hand side of (2.26) is equivalent to the right- hand side
in (2.16). For 0 < § < 1, the proof of the upper bound of L(d, ) follows

along similar lines. Since D > 2, we have (sf—l 1— D*5" ) from which it

follows that the upper bound of L(4, 5) in (2.16) is greater than unity.
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Particular cases:
(i). For 8 =1,ar = by, k=1,2,3,--- ,n and § — 1 then (2.16) becomes

1
(A) LA
log D log D

which is the well-known result due to Shannon (see Aczel (1975)).
(ii). For B =1,a = b,k =1,2,3,--- ,n, then (2.16) becomes

+1

Hm&gﬂ®<D3%Mﬁﬂkél@_D%v,

which is the well known result studied by Boekee and Lubbe [4].
(iii). For ap = b,k =1,2,3,--- ,n, (2.16) becomes

H&A&@SL@@<D%%MAﬁﬂH$31@_ng
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