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ON FORMAL LOCAL HOMOLOGY MODULES

MOHAMMAD HOSSEIN BIJAN-ZADEH AND SEBAR GHADERI ∗

Abstract. Throughout R is a commutative Noetherian ring and
a an ideal of R. In this paper we study formal homology modules
of Artinian R-modules. We obtain an expression of the formal
homology in terms of a certain local homology module. Also we
consider their behavior with respect to the a-torsion functor, and
exact sequences for various situations and related ideas.
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1. Introduction

Throughout this paper, R is a commutative and Noetherian ring with
a nonzero identity element, a is an ideal of R. N. T. Coung and T. T.
Nam [4] defined the local homology module Ha

i (M) with respect to a by

Ha
i (M) = lim←−

n

TorRi (R/an,M).

This definition is, in some sense, dual to the definition of usual local
cohomology modules appeared in the literature in recent decades. For
each i ≥ 0, the local cohomology module Ha

i (M) with respect to a is
defined by

H i
a(M) = lim−→

n

ExtiR(R/an,M).

Suppose that the ideal a is generated by r elements x1, . . . , xr of R, set
x(t) = (xt1, . . . , x

t
r) and K·(x(t)) the Koszul complex of R with respect

to x(t). For an R-module M , K·(x(t),M) = K·(x(t))⊗M is defined as
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the Koszul complex of M with respect to x(t) where H·(x(t),M) denotes
its homology modules. Using the results of N. T. Coung and T. T. Nam
[4], one can prove

Ha
i (M) ∼= lim←−

t

Hi(x(t),M).

We study the behavior of the family of local homology modules
{Hb

i (0 :M an)}n∈N for i ∈ Z, where x denotes a system of elements of R
such that Radx = b.

When R is a local ring with the maximal ideal m and b = m, we define
the i -th formal local homology module of M with respect to a by

Fa
i (M) := lim−→

n

Hm
i ((0 :M an)).

This notion can be viewed as a dual of formal local homology module
due to Schenzel [13]. For more details on the notation of formal local
cohomology, we refer the reader to [1, 5, 7]. In this paper we consider
right derived functor of Γa(.) on the formal local homology modules. As
an immediate consequence of this result, it can be observed that, under
some additional conditions, the formal homology modules are a-torsion
modules. We also obtain some results for the vanishing of the formal
homology. Furthermore, we study several results about the behavior of
the formal homology modules with respect to the exact sequences of R-
modules. Finally, we relate the a-formal homology to the (a, x)-formal
homology for any x ∈ b.

2. Main results

Let x = x1, . . . , xr be a system of elements of R, and b = Rad(x)

and let C ·
x denote the C̃ech complex of R with respect to x, (see[3]).

For an R-module M and an ideal a, the direct system of R-modules
{(0 :M an)}n∈N induces a direct system of R-complexes {Hom(C ·

x, (0 :M
an))}n∈N which its direct limit plays an important role in our investiga-
tion in this section.

Remark 2.1. (i) Let K·(x(t)) denote the Koszul complex of R with re-
spect to x. The Koszul cocomplex K ·(x(t)) is obtained by applying
Hom(. ,R) to the Koszul complex. For an arbitary R-moduleM ,
we define

K·(x(t),M) = K·(x(t))⊗M and K ·(x(t),M) = Hom(K·(x(t)),M).
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(see [2],&9). There are the following Koszul duality isomorphisms:

K·(x(t),M) ∼= Hom(K ·(x(t)),M) and K ·(x(t),M) ∼= K ·(x(t))⊗M.

If C ·
x denotes the C̃ech complex, then there is an isomorphism of com-

plexes (see [12]):

lim−→
t

K ·(x(t)) ∼= C ·
x.

So another representative of Hom(C ·
x, (0 :M an)) is

lim←−
t

K·(x(t), (0 :M an)).

(ii) Let Γa(M) = lim−→t
Hom(R/at,M) denote the a-torsion submodule of

M . It is clear that

lim−→
n

Hom(C ·
x, (0 :M an)) ∼= Γa(Hom(C ·

x,M)).

In the derived category, this complex is isomorphic to Γa(Λb(P )), where
P→̃M denotes a projective resolution of M and the b-adic completion
functor Λb(.) is defined by Λb(P ) = lim←−P/btP (see [12]).

(iii) For the exactness of the inverse limit, we say the Mittag-leffler
(ML) condition. An inverse system {Mi, ϕji} of R-modules satisfies the
Mittag-Leffler condition, if for each i, there is a s ≥ i, such that for
all j, k ≥ s, ϕji(Mj) ∼= ϕki(Mk) as submodules of Mi. If all the homo-
morphisms ϕji are surjective or {Mi} is an inverse system of Artinian
R-modules then {Mi} satisfies (ML). If {Mi} is an inverse system of
finite-dimensional vector spaces over a field then {Mi} satisfies (ML).
(see [15]).

Definition 2.2. Let a be an ideal of R. Let M be an R-module and
x a system of elements of R such that b = Rad(x). The i -th a-formal
homology with respect to b is defined by Hi(lim−→n

Hom(C ·
x, (0 :M an))).

Theorem 2.3. Let M be an Artinian R-module. Then there are iso-
morphisms

Hi(lim←−
t

K·(x(t),M)) ∼= lim←−
t

Hi(x(t),M),

for all i ∈ Z.
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Proof. Since M is an Artinian R-module and K·(x(t)) is a complex of
finitely generated free modules, it is clear that Kp(x(t))⊗M satisfies the
(ML) condition for all t , p. This result is obtained by [[4], Lemma 2.2].

□
Theorem 2.4. Let M be an R-module. Suppose that the ideal a is gen-
erated by r elements x1, . . . , xr of R and K·(x(t)) be the Koszul complex
of R with respect to x(t) = (xt1, . . . , x

t
r). Then

Ha
i (M) ∼= lim←−

t

Hi(x(t),M),

for all i ≥ 0.

Proof. See [[4], Theorem 3.6]. □
Theorem 2.5. Let M be an Artinian R-module and x = x1, . . . , xr a
system of elements of R, such that b = Rad(x). Then there are isomor-
phisms

Hi(lim−→
n

Hom(C ·
x, (0 :M an))) ∼= lim−→

n

Hb
i ((0 :M an)),

for all i ∈ Z.

Proof. According to Theorem 2.4, for any R-module M and i ∈ Z, there
is an isomorphism Hb

i (M) ∼= lim←−t
Hi(x(t),M). Since the direct limit is

an exact functor, the result follows by using Remark 2.1 and Theorem
2.3. □

Notation. Let (R,m) be a local ring. If in the above theorem, we
put b = m, we denote the module lim−→n

Hm
i ((0 :M an)) by Fa

i (M) and we
called it, the i -th formal local homology module of M with respect to a.

We recall that a Noetherian ring R is said to be semi-local if it has
only finitely many maximal ideals. We now have the following theorem.

Theorem 2.6. Let R be a semi-local ring and M be Artinian R-module.

Then lim−→Hb
i ((0 :M an)) ∼= lim−→H b̂

i ((0 :M an)) for all i ∈ Z, wherêis the
completion functor with respect to the jacobson radical of R.

Proof. Assume that X is an Artinian R-module. In view of [[9], Propo

sition 3.14], we have X ⊗ R̂ ∼= X and X is also Artinian as an R̂-

module. As R̂ is a flat R-module, by using [[6], Theorem 2.5.15], there

are isomorphisms Hb
i (X) ∼= H b̂

i (X), for all i ∈ Z. Now taking X = (0 :M
an) and passing the direct limit to it, we obtain the desired result. □
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Theorem 2.7. Let a be an ideal of (R,m) and b = m. Let M be an
Artinian R-module. If Hm

j ((0 :M an)) is an Artinian R-module for an
integer j ∈ Z, then the following isomorphisms hold

H i
a(F

a
j(M)) ∼=

{
0 i ̸= 0,
Fa
j(M) i = 0.

where H i
a denotes the right derived functors of the a-torsion functor Γa.

Moreover Fa
i (M) = 0 whenever aHm

j ((0 :M an)) = Hm
j ((0 :M an)).

Proof. Since Hm
j ((0 :M an)) is an Artinian R-module, each of its ele-

ments is annihilated by some power of m. Then it is an a-torsion module.
By [[3], Proposition 3.4.4], the a-torsion functor commutes direct limit,
it follows that Fa

i (M) is a-torsion R-module. Clearly H i
a(F

a
i (M)) = 0 for

all i ̸= 0 and H0
a (F

a
i (M)) ∼= Fa

i (M) (see [[3], Corollary 2.1.7]).
Now for simplicity put X = Hm

j (0 :M an). By the assumption we

have X = anX. It is easy to see that Hom(R/an, X) ∼= (0 :X an) = 0.
Therefore X = Γa(X) = 0. Now taking X = Hm

j ((0 :M an)) and passing
the direct limit to it. This proves the claim. □

We recall the notion of Krull dimension of an Artinian R-module M ,
denoted by KdimM . Let M be an Artinian R-module. When M = 0
we put KdimM = −1. Then by induction, for any ordinal α, we put
KdimM = α when (i) Kdim < α is false, and (ii) for every ascending
chain, M0 ⊆ M1 ⊆ . . . . of submodules of M , there exists a positive
integer m0 such that Kdim(Mm+1/Mm) < α for all m ≥ m0. Thus M is
non-zero and noetherian if and only if KdimM = 0(see [10]).

Corollary 2.8. Let a denote an ideal of the local ring (R,m), let m =
Rad(x) and let M be an Artinian R-module. If Kdim(0 :M an) = 0,
then

Fa
i (M) ∼=

{
0 i ̸= 0,
Γa(M) i = 0.

Proof. Since M is Artinian R-module and Kdim(0 :M an) = 0, it follows
from [[4], Proposition 4.8] that Hm

i ((0 :M an)) = 0 for all i ̸= 0 and
moreover

Hm
0 ((0 :M an)) ∼= Λm(0 :M an) ∼= (0 :M an),

By passing to the direct limit, the proof is finished. □
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Theorem 2.9. Let 0 → A → B → C → 0 denote a split short exact
sequence of Artinian R-modules. For an ideal a of R and b = Rad(x),
there is a long exact sequence

· · · → lim−→
n

Hb
i+1((0 :C an))→ lim−→

n

Hb
i ((0 :A an))→ lim−→

n

Hb
i ((0 :B an))→ · · ·

Proof. The split short exact sequence 0 → A → B → C → 0 induces a
short exact sequence of R-modules:

0→ Hom(R/an, A)→ Hom(R/an, B)→ Hom(R/an, C)→ 0

By [[4], Proposition 4.1]. If M is an Artinian R-module then Lb
i (M), the

i -th left derived module of Λb(M), is isomorphism to Hb
i (M). By using

[11] this shows that the sequence of functors Hb
i (.) is positive strongly

connected on the category of Artinian R-modules and this completes the
proof. □
Corollary 2.10. Let a be an ideal of (R,m). Let M be an Artinian
R-module and N < M be a finitely generated summand of M . Then
there is an exact sequence

0→ Fa
1(M)→ Fa

1(M/N)→ Fa
0(N)→ Fa

0(M)→ Fa
0(M/N)→ 0

and there are isomorphisms Fa
i (M) ∼= Fa

i (M/N) for all i > 1.

Proof. Since N is a summand of M , the short exact sequence 0→ N →
M → M/N → 0 is split. Hence applying the functor Fa

i (.) to it and
using Theorem 2.9, we have the following long exact sequence.

· · · → Fa
i+1(M/N)→ Fa

i (N)→ Fa
i (M)→ · · ·

Since the functor Λb(.) is exact on the subcategory of finitely generated
R-modules, it follows that Lb

i ((0 :N an)) = 0 for all i > 0. Therefore
Hb

i ((0 :N an)) = 0 for all i > 0. Now the assertion follows easily. □
Theorem 2.11. Let M be an Artinian R-modules. If Ibn = I ∩ bn, for
every ideal I of R of and n ϵN , then

Hb
i ((0 :Hb

j ((0:Man)) a
n)) ∼=

{
(0 :Hb

j ((0:Man)) a
n) i = 0, j ≥ 0,

0 i > 0, j ≥ 0.

Proof. By [[4], Lemma 4.3], the Tori preserves inverse limit in the second
variable. Since Ibn = I ∩ bn, it follows TorR1 (R/bn, R/I) = 0. By
using [[8], Theorem 7.8], the module R/bn is flat and so in view of [[11],
Lemma 4.86] we have the following isomorphisms.

Hb
i ((0 :Hb

j ((0:Man)) a
n)) = lim←−

t

TorRi (R/bt,Hom(R/an,Hb
j ((0 :M an))))
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∼= lim←−
t

lim←−
s

TorRi (R/bt,Hom(R/an,TorRj (R/bs, (0 :M an)))

∼= lim←−
s

lim←−
t

Hom(R/an,TorRi (R/bt,TorRj (R/bs, (0 :M an))).

Let x = x1, . . . , xr denote a system of generators of b and x(t) =
(xt1, . . . , x

t
r). So by Theorem 2.4

Hb
i (0 :Hb

j ((0:Man)) a
n) ∼= lim←−

s

Hom(R/an, lim←−
t

Hi(x(t),Tor
R
j (R/bs, (0 :M an))).

But x(t)TorRj (R/bs, (0 :M an) = 0 for all t ≥ s. Thus the following
results can be obtained:

lim←−
t

H0(x(t),Tor
R
j (R/bs, (0 :M an))) ∼= TorRj (R/bs, (0 :M an)),

and lim←−t
Hi(x(t),Tor

R
j (R/bs, (0 :M an))) = 0 for all i > 0.

This completes the claim. □
Corollary 2.12. Let M be an Artinian R-module. If for every ideal I
of R and n ϵN , IM be a summand of M and Ibn = I ∩ bn, then

lim−→
n

Hb
i ((0 :∩

t>0 b
tM an)) ∼=

{
lim−→n

Hb
i ((0 :M an)) i ≥ 1,

0 i = 0.

Proof. Set X =
∩

t>0 b
tM . Since M is an Artinian R-module, there

exists a positive integer s such that btM = bsM for all t ≥ s. So
X = bsM and Λb(M) ∼= M/bsM . There is a short exact sequence of
Artinian R-modules:

0→ X →M → Λb(M)→ 0

But by assumption bsM is a summand of M , therefore the short exact
sequence is split and by using Theorem 2.9, we have the following long
exact sequence of local homology modules

· · · → lim−→
n

Hb
i+1((0 :Λb(M) a

n))→ lim−→
n

Hb
i ((0 :X an))→ lim−→

n

Hb
i ((0 :M an))

→ lim−→
n

Hb
i ((0 :Λb(M) a

n))→ · · · → lim−→
n

Hb
1((0 :Λb(M) a

n))→ lim−→
n

Hb
0((0 :X an))

→ lim−→
n

Hb
0((0 :M an))→ lim−→

n

Hb
0((0 :Λb(M)

an))→ 0.

This completes the proof by Theorem2.11.
□
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Theorem 2.13. Let a be an ideal of R. Let M be an Artinian R-module
and x ∈ b. Then there is a long exact sequence

· · · → lim−→
n

Hb
i ((0 :M (a, x)

n
))→ lim−→

n

Hb
i ((0 :M an))→ Rx⊗lim−→

n

Hb
i ((0 :M an))→ · · ·

for all i ∈ Z.

Proof. The C̃ech complex C̃x of the single element x is the fiber of the
natural homomorphism R → Rx. So there is a split exact sequence
0 → Rx[−1] → C̃x → R → 0. Let x́ be a system of elements of R
such Radx́ = Rada. By tensoring the short exact sequence with C ·

x́ ⊗
Hom(C ·

x,M), we have an exact sequence of R complexes

0→ C ·
x́ ⊗Hom(C ·

x,M)⊗Rx[−1]→ C ·
x́,x ⊗Hom(C ·

x,M)→
C ·
x́ ⊗Hom(C ·

x,M)⊗R→ 0

where x denotes a system of elements of R such that b = Radx. By
taking the long exact cohomology sequence, this provides

· · · → H−i
(a,x)(Hom(C ·

x,M))→ H−i
a (Hom(C ·

x,M))→

Rx ⊗H−i
a (Hom(C ·

x,M))→ · · ·
We get the result by Remark 2.1 and Theorem 2.5. □
Corollary 2.14. Let M be an Artinian R-module and x ∈ b. Then there
is a short exact sequence

. . .→ lim−→
n

Hb
i ((0 :M xn))→ Hb

i (M)→ Rx ⊗Hb
i (M)→ . . .

for all i ∈ Z.

Proof. This is a special case of Theorem 2.13 for a = 0. □
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