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SOME PROPERTIES OF AFFINE INTUITIONISTIC
FUZZY SETS
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ABSTRACT. Intuitionistic fuzzy sets (IFSs) introduced by Atanassov
are generalisations of fuzzy sets which are powerful tools in dealing
with vagueness. In this paper, concept of convex (concave) IFSs
and its characteristics using cut sets of IFSs were studied. In par-
ticular, we introduced affine intuitionistic fuzzy sets and investigate
some of its characteristics.
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1. INTRODUCTION

The classical mathematics methods which have been successful in
solving problems that are exact in nature are only necessary to model
many fields that deal with uncertain data. To deal with this short com-
ing of classical mathematics methods, many well-known theories such
as theory of fuzzy sets [16], of rough sets [14], of vague sets [3], of soft
sets [13] have been introduced. In addition, the theory of intuitionis-
tic fuzzy sets (IFSs) was introduced by Atanassov [2] as an alternative
theory to handle uncertainties accurately. This theory is characterised
by membership and non-membership functions. IFSs have been widely
studied and applied in such areas as convexity, decision making (see
[2, 3, 4, 6,9, 10, 13] for details).
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In the field of convex analysis, convex sets and their properties were
extended to fuzzy sets by Zadeh [16], Lowen [10] and Feiyue [7]. The
notion of affine fuzzy sets and their properties have been extensively
studied by Lowen [10], Feiyue [7], AL-Mayahi and Selah-Mahdi Ali [1],
Sangodapo and Ajayi [15]. Recently, convex intuitionistic fuzzy sets were
initiated by Huang [9] as an intuitionistic version of Zadeh’s definition
of convex sets [16]. Huang [9] defined convex intuitionistic fuzzy sets
and studied some of their properties using the cut sets of intuitionistic
fuzzy sets.

In this paper, we contribute to the presented work of Huang [9] on
convex (concave) intuitionistic fuzzy sets and their properties. We also
introduce affine intuitionistic fuzzy sets and provide some of their char-
acteristics.

The organisation of this paper is as follows. In Section 2, we present
basic definitions and preliminaries used throughout this paper. In Sec-
tion 3, we define affine intuitionistic fuzzy sets and investigate some of
their characteristics.

2. PRELIMINARIES

In this section, we recall some basic notions of intuitionistic fuzzy sets.
Throughout this paper, I denotes the unit interval [0,1], R denotes
the set of real numbers and E denotes the Euclidean space.

Definition 2.1 ([16]). Let X be a nonempty set. A fuzzy set A on X
is an object of the form

A= {{z,0a(2))|z € X},
with a membership function
oa: X —1,
where the function o 4(z) denotes the degree of membership of x € X.
Definition 2.2 ([2]). An intuitionistic fuzzy set A of E is defined as
A={(x,04(x),Ta(x))|z € E},
where the functions
oa(z) :E—Tand m4(x) : E =1,

are the membership degree and non-membership degree of x, respec-
tively, and for every,

reE 0<oa(x)+7alz) <1
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For each IFS A of E,
ma(x) =1—0a(z) — Ta(x)

is the IFS index of x € E. The IFS index m4(z) is the degree of non-
determinacy of x € E to A and m4(x) € 1. It is the function that
expresses lack of knowledge of whether x € E or z ¢ E . Thus,

oa(x) +7a(z) +ma(z) = 1.
We denote the set of all IFSs over E by I%.

Definition 2.3 ([2, 3,4, 5]). Let A, B € I*, A= {(z,04(z),7a(x))|x €
E} and B = {(z,0p(z),75(x))|z € E} be two IFSs of E. Then,

(i) AC Biffor all x € E, o4(x) < op(z) and 74(x) > 75(x);
(iil) A= Bif for all x € E, o4(x) = op(z) and 74(z) = 75(z);
(i) A’ = {{z, 74(x),74(x))|z € B}

(iv) ANB ={{(z,04(x) Nop(x),7a(z) V1(2))|x € E};

(v) AUB ={(z,04(x) Vop(x),7a(x) AN Tp(2))|x € E}.

Proposition 2.4 ([1]). For IFSs A = {(z,04(x),7a(x))|x € E}, B =
{{z,0p(z), 78(x))|x € E} and C = {{x,0c(x),7c(x))|x € E} of I¥, the
following properties hold:

(i) (A') = A;

(ii)) (AN B') =AU B;

(i1i) (A'UB')Y = An B;

(iv) ANA=A;

(v) AUA=A;

(vi) ANB =BNA;

(vii) AUB = BU A;

(viii) (AN B)NC =AN(BNC);

(ix) (AUB)UC = AU (BUCQC);

(z) (AnB) = A" UB';

(zi) (AUB) = A’ nB'.

Definition 2.5 ([10]). Let A be an IFS of I®. Then, (r,s)-level of A,
denoted by A, ) is defined as

Ay = {z € Eloa(z) > 1, Ta(z) < s}.

Definition 2.6 ([9]). Given an IFS A € I®. A is called conver intu-
itionistic fuzzy set (CIFS) if for any x,y € E and for any A € I,

O'A[/\.T + (1 — /\)y] > O'A(x) A UA(y)
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and
AT + (1 = Ny] < 7a(2) V TA(Y)-

Definition 2.7 ([12]). For a CIFS A € I® a1,az,--- ,a, € A, p € N,
where N is the natural numbers, convex combination of A is defined as

P
T =) Na; =Aar +Aaz+ -+ Npap, Va; €A, \; €1, where
i=1

T = (0, Tz), Ni = (Nios Nir), @i = (0a(a;),7a(as)),

p p
Ox = Z /\iUUA(ai)a Ty = Z /\iTTA(ai)ﬂ
=1 i=1

(Aic + Air) = 1 and 0 < Ay + Air < 1 for each i € N.

7

Definition 2.8 ([12]). Let A = {(z,04(x),7a(z))|z € E} € I® be a
CIFS. Then, the convex hull of A is denoted as £4 whose membership
degree and non-membership degree are defined as:

L=

oe,(a) = inf{op(a)lop > oa(a)}
and

Te(a) = sup{7p(a)lTp < Ta(a)},
respectively, where B is a CIFS of the form B = {(x,op(z), 75(x))|z €
Proposition 2.9 ([9]). A CIFS A = {{(z,04(x),7A(x))|x € E} is convex

if and only if A, ) is conver.

Proposition 2.10 ([12]). The convez hull of CIFS A is the intersection
of all convex sets that contains A.

Proposition 2.11 ([12]). The convex hull of A, £ is the set of all
convex combinations of points in A.

Definition 2.12 ([12]). Let A € I® be an IFS. Then, A is called intu-
itionistic concave fuzzy set if for any =,y € E and for any A\ € 1,

UA[)\CC + (1 — )\)y] < O'A((E) \/O'A(y)

and
TA[)\x + (1 — )\)y] > TA(x) A TA(y).
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Definition 2.13 ([12]). Let A = {{z,04(z),7a(x))|z € E} be a concave
intuitionistic fuzzy set of I®. Then, the concave hull of A is denoted as
FE 4, whose membership degree and non-membership degree are defined
as:

op,(a) = sup{op(a)lop < oala)}
and
TE4(a) = inf{rp(a)lTB = T4(0)},
respectively, where B is a concave intuitionistic fuzzy set of the form
B ={(z,op(x),5(x))|x € E}.
3. AFFINE INTUITIONISTIC FuUzzYy SETS

In this section, we introduce affine intuitionistic fuzzy sets (AIFSs)
and investigate some of their characteristics.

Definition 3.1. Given an IFS X € I®. Then, X is called affine intu-
itionistic fuzzy set (AIFS) if for any x,y € E and for any A € R,

ox[Az+ (1= Ayl = ox(z) Aox(y)
and
x4+ (1= Nyl < 7x(2) V 7x(y)-
Definition 3.2. Let X € I® be an AIFS, a1, a9, - ,aq € A, where
d
d € N. Then, the affine combination of X is defined as a = ) \a;,

=1
where a = (O’a,Ta>, AN = (/\w,)\i7>, a; = (Ux(ai),Tx(ai» with o, =

d d d

Yo Aicox(ai), Ta =Y NirTx(ai), Y. (Mg +Air) =1 and Aip + Air € R
i=1 i=1 i=1
for all 7 € N.

The set of all affine combination of affine intuitionistic fuzzy set X is
denoted by C(a;, p).

AIFS can also be defined in terms of affine combination as follows.

Definition 3.3. Let X € I® be an IFS and a1, as,--- ,aq € A, where
d € N. Then, X is called an AIFSifforalla; € X, AeR, i =1,2,--- ,d,
d

O'X{Z )\iai} > Ux(al) A O'X(ag) FANRRRWAN Ux(ad),

=1

d
TX{Z Aiai} < 7x(a1)VTx(ag) V-V Ta(ag)
i=1
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d
and > A\; =1, where \; and a; are as defined above.
i=1

The next proposition demonstrates the relationship between Defini-
tions 3.1 and 3.3.

Proposition 3.4. An IFS A is an AIFS if and only if for all a; €

P
E, i€eR,i=1,2,---p, p € N such that Y \; =1, we have
i=1

oA (Z Am) > /\UA(CLz'), TA <Z /\iai> <\ 7al@), (1)

i=1 i=1
where N\j = (Nig, Air) and a; = (o4(a;), Ta(a;)).

Proof. Suppose that A contains all intuitionistic affine combination of
its points that is, for all a; € E, \; € R, ¢ = 1,2,---p, p € N such

p
that Z Ai = 1. In particular, let by, ba € E, where by = > \ay,
-1 =
Wlth b1 = (b, T )s Ai = (Nigys Nim )y @i = (oa(as),Talas)), op =

p p
Z )‘iﬂlgA(ai)a Tpy = Z )‘iTlTA(ai)> E()‘ial +)‘iT1) =1, ()‘1'01 +)‘iT1) eR
i=1

for all i € N and by = Z ¢iai, with ba = (0p,, Thy ) Oi = (Dicy, Giry), i =
=1

(oalai), 7a(as)), on, = Zcbwzcm(a@) Thy = id)mm(ai), f)(c% +

=1
¢7L7’2) = 1 (¢102 + ¢17-2) G R for all 4 € N.
Thus,

s.

A (Y01 + (1 =7)b2) > ga(br) Noa(bs)
and
T4 (Y01 + (1 —4)ba) < 74(b1) V Ta(b2).

The degrees of membership and degrees of non-membership of b; and
by are given by

p
Oq = 72)\1010—14 az (1_7)2(1)2'020'14(@1')
=1

p
= > (o + (1= Vi) o4 ()

i=1
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and

p
Ta = 'YZ >‘iT1TA(ai) + (1 - 7)¢iT27A(ai)’

p
= Z (7)‘2'7'1 + (1 - 7)(251'72) TA(ai)v
=1
respectively with
p p
Z ’7)‘201 + 7)¢i02] + Z [’7)‘2'7'1 + (1 - 7)¢i7'2]
i=1 i=1

p p p
= <Z ’7>\ial + Z '7)\1'7'1) + (Z ¢10'2 + Z ¢Z7'2>
=1 i=1

i=1
p P
SR{0 S0 92 FRIE (ZWZ%)
i—1 i=1 =1 =1
Y+1-2
= L
and since

()\ia + >\’LT) € R, (Qbio‘ + ¢27) € Ra
then
((’7)‘1'01 + (1 - ’7)¢i02) + (’7)‘1'7'1 + (1 - 7)@51'7'2)) eR

Hence, A is an AIFS.

To prove the converse, we make use of Definition 3.2. Using induction,
we show equation (1) for all p € N, p > 1. Let p = 2. Then, there exist
{b1, b2} € C(a,2) and v € R such that a = yb; + (1 — 7)b2. Since A is
an AIFS,

oala) = oalybr+ (1 —7)b2)
> o4(br) Noa(be)
and
Ta(a) = 7a(yb1+ (1 —7)b2)
< TA(bl)\/TA(bg).
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Now suppose that equation (1) holds for p = k that is

(2)

k
oala) > /\ oala:), 7a(a)
i=1

A

-
N
B

k k
for {ay, a9, - ,ax} € C(a, k) such that >  N\ja; and >  A\; = 1. We must

i=1 i=1
prove that equation (1) is true for p = k+ 1. Given {a1, a2, -+ ,ar+1} €
k+1
C(a,k+1) and A1, A2, -+, Agr1 € R such that >  A\; = 1. Suppose that
i=1

at least one \; € R say A1 # 1, let b be an affine combination of k points
of E.

k+1 A
Thus, b = > Na; where \; = By >0, fori=1,2,---,k+1,
i=2 — A1
k+1 i k+1 i
op= > ( Yoa(a;) and 7, = > ( )Ta(a;). Thus,
i=2 1-— )\1 =2 1-— )\1
k+1 k+1
A 1—X\
N, = = =1.
2= G5 =y,
=2 =2
Hence, {ag,as, - ,ax+1} € C(b, k). From equation (2),
k+1 k+1
oa(b) > /\ oala;) and 74(b) < \/ 7a(ai).
i=2 i=2

Now, a1, b € E and A is an AIFS. Then, from induction,

oa(Aa; + (1 — )\)b) > O'A(al) N O'A(b)
k+1 \,
> oalar) A UA(X:(1 _Z)\l)(ai))
=2
k+1
> /\ oala;)
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and
TA(Aa1 + (1= N)b) < 7a(ar) V71a(b)
ZegY
< Talam)V TA(ZZ:;(l—M)(ai))
k+1
S \/ TA(CLZ‘).
i=1
Therefore, equation (1) is established. O

Definition 3.5. Let X = {(a,0x(a),7x(a))la € E} € I* be an AIFS.
An affine hull of X, Fx is an AIFS, whose membership degree and
non-membership degree are defined as

ory(a) = Moy (a)loy = ox(a)}
and

iy (@) = V{ry (a)|ry < 7x(a)},
respectively, where Y is an AIFS of the form Y = {(a, 0y (a), v (a))|a €
Proposition 3.6. An AIFS X = {{a,0x(a),7x(a))|a € E} is affine if
and only if X, is affine.

Proof. Suppose that X is an AIFS. Let a,b € X, ), then ox(a) > r,
ox(b) > r, 7x(a) < s, and 7x(b) < s, thus ox(a) A ox(b) > r and
7x(a) V 7x(b) < s. Since X is an AIFS, then
ox[Aa+ (1 —=A)b] >ox(a) Nox(b) >r
and
Tx[Aa+ (1 = A)b] < 7a(a) V71a(b) < s,
for all A € R. Thus, Aa + (1 — A\)b € X(,. 5. Hence, X, ) is affine.
Conversely, suppose that X, is an affine set for all r,s € I, let
a,beE, NeR. Let r =0x(a) Nox(b) and s = 7x(a) V 7x(b). Now
Ux(a) > Ux(a) /\Ux(b) =, Ux(b) > Ux(a) /\Ux(b) =r
and
Tx(a) < Tx(a) V Tx(b) = s, Tx(b) < Tx(a) \/Tx(b) = s,
which imply that a,b € X, ). By affinity of X, ,), we have Aa + (1 —
)\)b S X(r,s)- Thus,

O'X[)\a—i-(l—)\)b] > r:ax(a)/\ox(b)
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and
Tx[Aa + (1 = AN)b] < s =71x(a) V 7x(b).

Therefore, X is an AIFS. O

Proposition 3.7. Let A and B be AIFSs. Then, the intersection of A
and B, ANDB is an AIFS.

Proof. Let C = AN B and a,b € E, take A € I. Then,

oclha+ (1 = A)b] =calda+ (1 — AN)b] Nop[Aa+ (1 — \)b]
and

To[Aa 4+ (1 = X)b] = Ta[Aa + (1 = A\)b] U tp[Aa + (1 — N)b].
Since A and B are AIFSs, then
galda+ (1 =X)b] > oa(a) Noa(b), og[ra+ (1 — A)b] > op(a) A op(b)
and
Ta[Aa + (1 = N)b] < 7a(a) VTa(b), TB[Aa+ (1 — N)b] < T8(a) V TB(D).
Thus,

oc[Aa+ (1= A)b] oa(a) Noa(b)]N[op(a) Aop(b)]
oa(a) Nop(a)] Aoa(b) Nop(b)]
oaNopl(a) AoaNogl(b)
UAmB( ) [UAmB( )

( ) A UC(b)7

[
[
[
[

vV IV IV IV IV

and

To[Aa + (1 — A\)b] [Ta(a) V Ta(b)| U [1tB(a) V TB(D)]
[Ta(a) Urp(a)] V [Ta(b) UTp(D)]
[Ta UTg](a) V [T4 U7Tg|(b)
[Taus(a) V [Taus (D)

7o(a) vV 10(b).

VAN VAN VAN VAR VAN

g

Corollary 3.8. The intersection of any family {A;,i = 1,2,---} of
AIFSs is an AIFS.

Proposition 3.9. Affine hull of A, F4 consists of all affine combina-
tions of points of A.
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Proof. The points of A belong to F4, thus all their affine combinations
belong to F4 by Proposition 3.3. On the other hand, let b1, A; and
ai, oy, Tp,, be defined as in the proof of Proposition 3.3 and by =

q
Z ¢jaj? by = <0b27sz>7 Qsj = </\j027¢j72> with
Jj=p+1

aj = (oalaj),Ta(a;)),

q
Oby = Z Pjos0a(as),

J=p+1
q
T = Y $inTalay),
J=p+1
q
Z (Djor + Djr) = 1,
J=p+1

and
(¢j02 + ¢j72) €R,
for all j € N. So, we have
(YAioy + (1 = 7)@j02) + (VAiry + (1 = 7)djr)) € R,
since (Nig; + Airy) € R, and (@, + ¢jr,) € R by the above proof. This
imply
O’A(bl) A O'A(bg)
P q
> oa(Y_ Niai) Noa( Y bja;)
i=1 i=p+1
>oa(ar) Noalaz) A= Noalap) ANoalapsi) A+ Noalag),
and
TA(bl) V TA(bQ)
p q
< TA(Z )\iai) vV TA( Z quaj)
i=1 j=p+1
< 71a(a1)VTalag)V---V TA(CLp) V TA(ap+1) VeV TA(aq).

Thus, Aby + ¢bs is another affine combination of points of A, which itself
is an AIFS. Hence, it contains A and it must coincide with F. O
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