Journal of Hyperstructures 11 (2) (2022), 265-279.
ISSN: 2322-1666 print/2251-8436 online

HYPER JK-ALGEBRAS
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ABSTRACT. In this paper, we introduce the notion of hyper JK-
algebras and investigate these algebras properties. Moreover, we
present relationships between hyper JK-algebras and pseudo hyper
BCK-algebras and hyper pseudo MV-algebras under some condi-
tions.
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1. INTRODUCTION

JK-algebras are introduced by Dvurecenskij and Zahiri in [5], where
they show that pseudo equality algebras that were defined in [10], are
equality algebras. The notion of pseudo equality algebras is a general-
ization of equality algebras that introduced by Jenei in [%]. An equality
algebra consisting of two binary operations meet and equivalence, and
constant 1. An equality algebra & = (X,~, A, 1) is an algebra of type
(2,2,0) such that, for all z,y, z € X, the following axioms are fulfilled:

(E1) (X,A,1) is a commutative idempotent integral monoid (i.e. A-
semilattice with top element 1).

(E2) z~y=y~uz

(E3) x ~x = 1.

(E4) z ~1==.

(E5) r<y<zimpliessz~z<y~zandax~z<z~y.

(E6) z~y<(zAz)~(yAz).
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(E7) 2~y <(z~2)~(y~2)

The operation A is called meet (infimum) and ~ is an equality oper-
ation. We write x < y if and only if x A y = x, as usual. Some valuable
results related to equality algebras are obtained in [4, 6, 11, 12].

Definition 1.1. [5] A JK-algebra is an algebra (X;~, A, 1) of type
(2,2,2,0) that satisfies the following axioms, for all a,b,c € X:

(F1) (X;A,1) is a meet-semilattice with top element 1;
(F2)a~a=1=avwaq;

(F3)a~1l=a=1va;

(F4) a <b<cimpliesthata ~c<b~c¢,a~c<a~b cwa<c-—b
and cva <bwa;

(F5)a~b<(aAc)~(bAc)anda—~b< (aAc) (bAc);
(F6)a~b<(c~a)w(c~b)andab<(awc)~(bwc);
(F)a~b<(a~c)~(b~c)andab<(cwa)(c—b).

Let H be a nonempty set and o be a function from H x H to the
nonempty power set of H, P(H)* that is P(H) — (), it means that o :
H x H — P(H)*. Then o is said to be a hyperoperation on H. As a
generalization of equality algebra, Cheng, Xin and Jun in [3] introduced
hyper equality algebras as follows:

Definition 1.2. [3]

A hyper equality algebra H = (H;~, A, 1) is a nonempty set H en-
dowed with a binary operation A, a binary hyperoperation ~ and a top
element 1 such that, for all z,y, z € H, the following axioms are fulfilled:
(HE1) (H, A, 1) is a meet-semilattice with top element 1.

( Jrx~y Ly~ .

(HE3) 1 € x ~ z.

(HE4) z € 1 ~ .

(HES) s <y <zimpliesz~z<K<y~zand z ~ 2z <<z ~y.

(HE6) x ~y < (x Az) ~ (y A 2).

(HET) z ~y < (x ~ 2) ~ (y ~ 2).

Where ¢ < y if and only if z Ay = z and A < B is defined by, for all
x € A, there exists y € B such that x < y. Define the following two
derived operations, the implication and the equivalence operation of the
hyper equality algebra (H,~, A, 1) by
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Basic properties and definitions related to hyper equality algebras are
given in [3] and their relations with the other hyperstructures are studied
in [7].

2. HYPER JK-ALGEBRAS

We commence with the following definition:

Definition 2.1. A hyper JK-algebra X = (X;~,®, A, 1) is a nonempty

set X endowed with binary operations A, ~, @ and a top element 1 such

that, for all z,y, z € X, the following axioms are fulfilled:

(HF1) (X;A,1) is a meet-semilattice with top element 1;

(HF2)lexz~z,lcxz@r,z~y<Ky~zand 20y < y© x;

(HF3) z € (z ~1)N(1© z);

(HF4) z <y < zimpliesthat t ~ 2 Ky~ z, s~z ~vy, 201 <K

zeyand z@x K<y 0O x;

HFS) 2~y < (zA2)~(yANz)and 2@y < (x A 2)© (y A 2);

(HF6) z ~y< (z~2)0(y~z)and 20y < (@ 2) ~ (y © 2);

HF) z~y<(z~2)~(y~z)and 20y <K (20 x) ® (20 y).
Where x < y if and only if x Ay = x and A < B is defined by, for all

x € A, there exists y € B such that x < y.

We now give some examples of hyper JK-algebras:

Ezxample 2.2. (i) Let X = (X;~, A, 1) be a hyper equality algebra,
then X = (X;~,~, A, 1) becomes a hyper JK-algebra.
(ii) Let X = (X;~,©®,A, 1) be a JK-algebra. For all z,y € X, define
zoy={r~ylandrey={r®y}. Then Y = (X;0,0,A,1)is
a hyper JK-algebra.
(iii) Let X = [0,1]. For all z,y € X, define A, ~ and ® on X as
follows: x Ay = min{z, y},

— [y71]7 le' _ I:x7]‘:|7 y:l'
Ty = { X, otherwise. and Ty = X, otherwise.

Then by routine calculations, (H;~,®,A,1) is a hyper JK-
algebra.
(iv) Let X = {0,a,1} such that 0 < a < 1. For any z,y € X, define
the operations A, ~ and ® as follows: x A y = min{z, y},
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~ ‘ 0 a 1
0] {1t  A{a1} {a1}
1

and

{a,1} {0,a,1} {a,1}

{0,1}3  Aa, 1} {1}

@ 0 a 1

01 {1}  {a1} {0,1}

a |{a,1} {0,a,1} {a,1}

1 |{a,1} {a,1} {1}
Then (X;~,®,A,1) is a hyper JK-algebra.

In any hyper JK-algebra X = (X;~,@,A,1), for any z,y € X, we

define the following derived binary operations on X as follows:
xr—=y:=(xAy) ~uz, and r~~y=x0(xAy).

Proposition 2.3. Let X = (X;~,0,A,1) be a hyper JK-algebra and,
for any x,y,z € X, consider
(HFja) (xANyAz) ~x <L (zAy) ~z andx© (xAyAz) L xz@ (xAy).
(HFjaa) v — (yANz) <x =y and x ~ (Y Az) Lz~ y.

Then (HF/), (HF}a) and (HF}aa) are equivalent.

Proof. The statements (HF4a) and (HF4aa) are equivalent, according
to their definitions. We show that (HF4) implies (HF4a) and vice versa.
For any x,y,z € X, we have xt Ay A z < x Ay < x. Then by (HF4), we
get
(xANyNz)~a <L (zAy) ~x,
and
rE@AYyNz)Lzo (zAy).
Now, suppose that (HF4a) holds and x < y < z. Then by (HF4a),
we have
x~z=(AYyANz)~v2 <KL (2AY) ~z=y~ 2,
and by (HF5),
r~z=2Ar)~ 2L (AT AY) ~ (2 AYy) =2 ~y.
Similarly, by (HF4a),
20x =20 (A AYyAN2) <20 (yAz) =20 z,
and finally, by (HF5), we have

20x=20(xAN2)<(2zAY)@(xAzAY) =y© .
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We now give some properties of hyper JK-algebras as follows:

Proposition 2.4. Let X = (X;~,©,A,1) be a hyper JK-algebra, then
forall z,y,z € X and A, B,C C X, we have
Hr—y<(@Az)syandx~y << (zAz)~y;
(il) z <y implies z v x K z >y and z ~ ¢ K 2 ~> Y;
(iii) A < B implies C = A< C — B and C ~» A< C ~ B;
ivye~y<zoe -y rz~y<Ly >z, 20y <z~ yand
TEQYKL Y~
(v) AB<B—Aand A® B<K A~ B;
(Vi) x <y impliesy >z =x~y andy ~ =y © x;
(vijlex—=1l,lex =z, lcx~1,1cx~z, <z ~1and
r<L1oex;
(vill) z <y impliesl €x -y and 1 € x ~ y;
(ix) x <y implieszr ~1l <y~l,z~l<<e~y, lOoz K10y
and 1@ x <y x;
x)z—oy<<(zAz)=yandz~y < (xAz)~y;
(xi) z = (YA2) < (xAz) sy andx ~ (YN z) < (TN 2) ~y;
(xii) x s y=x—= (xAy) and z ~y=1x~ (x\y);
(xili) z sy < (z—>x) > (22 y) andx ~y <L (2~ x) ~ (2~ y);
xiv) 2 < ((y~z)@ @y ~1))A(Ley) ~ (z©y));
xv) if, forallz € X,z ~1=x=10x, then z < ((y ~x) ®y) A
(y~ (z@y));
(xvi) z<y =z and x Ky~ x;
(xvil) ifz <y, thenz <y~zx andz < y© x;
(xvill)) y < (z = y) >y and y < (z ~ y) ~ y;
(xix) if z <y, theny < (z ~y) ~y and y < (1@ y) ©y;
(xx) ifx <y, theny > 2 << x— 2z andy ~ 2 K T~ z;
(xxi) if A< B, then B—-C<A—-Cand B~ C KA~ C;
(xxil) (x = y) w2y~ (x~2) and (z~y) > 2Ly = (x — 2).
(xxiil) z <y and y < x imply x = y.
Proof. (i) From (HF5), we have (x Ay) ~z < (x Ay Az) ~ (zA=2).
This means that x — y < (z A z) — y. Similarly, by (HF5), we get that
z@(xAy) << (xANz)©(x AyAz). Hence, x ~ y < (x A z) ~ y.
(ii) From = < y, one can write z - 2 = (zAz) ~ 2 = (TAYAz) ~ 2).
Then by (HF4a) in Proposition 2.3, we have z — = < (yAz) ~ z =
z — y. Similarly, we have

2 =20 @N2) =20 (xAYN2) L2z (YAz)=2~1y.
(iii) The proof of is straightforward by (ii).
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(iv) From (HF2) and (HF5), we have z ~ y < (z Ay) ~ (y A y) =
(zAy)~y=y—rzandzey < (zAx)@(xAy) =@ (xA\y) =z ~ y.
(v) The proof by (iv) is clear.
(vi) Straightforward.
(vii) Apply the axioms (HF2) and (HF3).
(viii) Since =z < y, from (HF2), we have l € x ~x = (x Ay) ~ = =
—syandlez@r=20 (xAy) =2~ y.
(ix) Since x <y < 1, the proof by (HF4) is clear.
(x) By (HF5), we can get (z Ay) ~2 < (zAyAz)~ (xAz)and
©(xzANy) < (xANz)© (xAzAy). These imply (x).
(xi) By Proposition 2.3(HF4aa) and (x) the proof holds.
(xii) By (vi), + = y =2 ~ (x ANy) = z — (x Ay) and similarly
T y=x~ (TAY).
(xiii) By (HF5),

A%
V.
A%
1

X
T

r—=y = (@Ay)~z<<(xAYyANz)~(xAz) by (HF7)
< ((zAyNz)~z)~((xAN2)~2)
= (= (@Ay))~(z—z) by(v)
< (z—=x)—=> (2= (xAy) by (ii)
< (z—=x)—(2—>vY).
Similarly, by (HF5), we have
x~~y = 20 (xAy) L (xN2)@ (xAyA2) by (HF7)

< (z@(@AN2)o (20 (xAYyAz)
= (zw=2)@(z~(zAy)) by (v)
< (zwa)~ (2~ (zAy) by (i)
< (2 @) (2 ).
(xiv) By (vii) and (HF6), we get
rLr~1l<(y~x)o(y~1),
and
r<1eor<(loy)~(xoy).

Thus, 2 < (5 ~ ) © (y ~ 1)) A (19 9) ~ (z ©)).

(xv) By (xiv), the proof is clear.

(xvi) By (vii), z < & ~ 1. Then by (iv), z <  ~ 1 < 1 — x. Then
by (x), we have x < (1 Ay) = & =y — x. Similarly, by (vii), (iv) and
(x),wehave r <10z K1~ < (LAYy) ~xz =y~ z.

(xvii) By (xvi) the proof is clear.
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(xviii) By (xvi), (xvii) and (vi), we have
y<Lr >y <L (zwy) oy < (zvy) >y

The case for — is similar.

(xix) By (xvii) and (xviii) the proof holds.

(xx) Apply (x) and for (xxi) apply (xx).

(xxii) By (xvi), we have z < x ~» z. Then by (xxi), (z = y) ~» 2 <
(x = y) ~ (x ~ z). Again by (xvi), we have y <  — y. Then (xxi)
together the above result, we have (z — y) ~»<< y ~» (z ~» 2). The
other case is similar and the case (xxiii) is clear. O

Proposition 2.5. Let X = (X;~,®,A,1) be a hyper JK-algebra and
y € X such thaty ~1=1y. Then for any x € X,

(i) ifx <y, thenz < (y — x) ~ y.

i) r<y— (y~2x) andz <y~ (y = ).

Proof. (i) From Proposition 2.4(xiv),

r<L<(y~rr)ey=(y~ (@ Ay)ey=(y—>z)@y
L(y—z)~y by Proposition 2.4(v).

(ii) According to (HF3), 1 ®y = y. Then by Proposition 2.4(xiv), we
have © < y ~ (z ® y). By Proposition 2.4(iv), 2 ® y < y ~» x, then
Proposition 2.4(iii) implies that * < y — (y ~ x).

Again by Proposition 2.4(xiv), * < (y ~ z) © y. Then by (HF2),
r < y® (y ~x). By Proposition 2.4(v), z < y ~ (y ~ x). Then by
Proposition 2.4(iv) and (iii), we have z < y ~ (y — x). O

3. RELATIONSHIP WITH THE OTHER PSEUDO HYPER ALGEBRAS

In this section we investigate the existence of a relationship between
pseudo hyper JK-algebras with a special version of pseudo hyper alge-
bras, i. e., pseudo hyper BCK-algebras and pseudo hyper MV-algebras.

3.1. Pseudo hyper BCK-algebras. We recall pseudo hyper BCK-
algebras from [1].

Definition 3.1. A hyper pseudo BCK-algebra is a structure (H, o, *, 1),
where “*” and “o” are hyperoperations on H and “1” is a constant
element, that satisfies the following:

(PHK1) (zoz)o(yoz) <xzoy, (x*x2)x*(y*z) Lx*y,

(PHK2) (zoy)*xz=(x*2z)ouy,

(PHK3) x 0 H < {z}, xx H < {z},
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(PHK4) z < y and y < x imply z =y,

for all z,y,z € H, where x < y if and only if 1 € x oy if and only if
1 € xxyand for any A, B C H, A < B is defined by for all a € A, there
exists b € B such that a <b

We now give the following definition:

Definition 3.2. Let (H,o,%,1) be a hyper pseudo BCK-algebra. We
call (H,o,x%,1) a hyper pseudo BCK-meet-semilattice if (H, <) is a meet
(A)-semilattice.

Theorem 3.3. Let X = (X;~,0,A,1) be a hyper JK-algebra such that
2z~ (y—=z)=y— (2~ x), for all z,y,z € H. Then (X,0,%,1) is
a hyper pseudo BCK-meet-semilattice, where for any z,y € X, xoy =
y—=Tandxky =1y~ .

Proof. Define 1 € x oy if and only if 1 € z xy if and only if z <’ y.
Moreover, for any A, B C X, we define A <’ B if and only if for any
x € A there exists y € B such that 2 <’ y. By Proposition 2.4(xiii),
y = ¢ < (2 = y) = (2 = x). This implies that there are a € y — =
and b € (z = y) = (2 — ) such that a <b. Then Proposition 2.4(viii)
implies that 1 € a — b. Hence, 1 € bo a and this holds if and only if
b <'aif and only if (x 0 2) o (yo z) < z oy. By a similar argument we
have (z % z) % (y * z) < x *y. So, the axiom (PHK1) holds.

The axiom (PHK2) by the assumption z ~ (y — ) =y — (2 ~ x)
holds.

(PHK3) By Proposition 2.4(xvi), we have x < y — z, for all z,y € X.
Thus, z < X — x. This means that z o X <’ {z}. Similarly, one can
show that x * X <’ {z}. The axiom (PHK4), by Proposition 2.4(xxiii)
holds. Thus, (X, o, *, 1) is a hyper pseudo BCK-meet-semilattice. d

Question 3.4. Let B = (H,o,*,A,1) be a hyper pseudo BCK-meet-
semilattice. Under which conditions is a B becomes a hyper JK-algebra?

3.2. Hyper pseudo MV-algebras. We recall the definition of hyper
pseudo MV-algebras from [2] as follows:

Definition 3.5. A hyper pseudo MV-algebra is a non-empty set M with
a binary hyperoperation +, two unary operations ’, x and two constants
0, 1 satisfying the following conditions, for all z,y,z € M,

(HSMV1) z + (y + 2) = (x + y) + 2,

(HSMV2) 1 € (x+1)N (1 + x),

(HSMV3) 1* =1" =0,
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(HSMV4) (' —I—y) (=" +y*),

(HSMV5) z + (z* 0y) =y + (y* 02) = (2 0y ) +y=(y© ') ==,
(HSMV6) z ® (2 +y) (x+y*) Oy,

(HSMVT) (z )

(HSMVB) 1 (a:+:p) (' + x),

(HSMV9) 1 € (' +y) N (v + z) implies z =y,

(HSMV10) 1 € 2’ + y if and only if 1 € y + z*,

where y @ x = (&' +¢)*, A = {d : a € A}, A* = {a* : a € A},
AoB={ao®b:ac Abe Bfand A+ B={a+b:a€ Abec B},
for any A,B C M.

Proposition 3.6. [2] Let M = (M;+,,%,0,1) be a hyper pseudo MV-
algebra. The following properties, for any x,y,z € M hold:
(i) (27) = .

i) x <1 and 0 < x.
(ii) = € (0+2) N (z+0).
(iv) x <y if and only if y < 2’ if and only if y* < x*

v) x <y implies that x + 2z <y+z and z + = < z+y
(Vi) z<z+y andy < x+y.
(vil) x <y if and only if 1 € y + x*.

Theorem 3.7. Let M = (M;+,%,,0,1) be a linearly ordered hyper
pseudo MV-algebm such that for any x,y,z € M,
(i) x €1+ z*
(i) y+2* < (x—i—z )V 4+ (y+2%) and y < (z +y*)'.
(i) 2 +y < (Z+y)+ (' +2) andy < (v + 2)*.
(v) y+2* < (z+ %)+ (z +y*)* and 2* < (z + z%)*.
W a+y< @ +2)+ @ +2) and 2’ < (2 + ).
Then it is a hyper JK-algebra.

Proof. Let M = (M;+,x,”,0,1) be a linearly ordered hyper pseudo MV-
algebra with the order <. For any x,y € M, we define the operations ~
and ® on M as follow:

r~y=x+y=(x -y Ay —x)
and
TEYy=1ewy=(r~y) Ay~ )

where x — y = y+2* and z ~ y = 2/ +y. Now, we show that
X =(M;~,®,A,1) is a JK-algebra. By Proposition 3.6(ii), (M, <) is a
A-semilattice with top element 1. Hence we have (HF1).



274 Mohammad Ali Hashemi

(HF2) Let z,y € M. Then

r~y = (z—=y) Ay — o)
= (y+az)A(z+y")
= (z+y )A(y+a")
= (y—=z)A(@—y)

(3.1) = y~z
and

Ty = (r~y Ay~ )
= @ +yY Ay +2)
= W +x)A@ +y)
= (y~z)A(x~y)

(3.2) = you.

Moreover, x ~ x = z + z* and x © x = 2’ + x. Then by (HSMV3S), we
have 1 € z ~ x,z ® x. Thus, (HF2) holds.

(HF3) By Proposition 3.6(iii), for any z € M, we have z € z + 0.
Moreover, since 1 € 1+ z*, (HSMV10) implies that 1 € 2’ 4+ 1. Then by
xz €1+ a* 2’ + 1, definitions of ~ and ©, the axiom (HF3) holds.

(HF4) Let z,y,z € M such that z < y < z. By Proposition 3.6(iv),
z* < y* < z*. Then by (HSMVS8) and Proposition 3.6(v), we have
lez+2" < z+y" < z+2a* Thus, forany A C M,

(3.3) (z+z)NA=(z+y")AA.
Also, by Proposition 3.6(v), since x < y, we have
(3.4) x4+ 2 <<y + 2N
Then, for any x,y,z € M, by (3.3) and (3.4), we have
x o~z (x = 2)A(z > x)
= (z4+2)A(z+2")
< (z4+2")N(y+ 2%
= (+y)A(y+29)
Yy~ z.

Similarly, by Proposition 3.6(iv), 2 < ¢’ < 2/. Then by (HSMVRS)
and Proposition 3.6(v), we have 1 € 2/ + 2 < y + z < 2’ + 2. Thus, for
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any A C M,
(3.5) (@' +2)ANA= (Y +2)ANA.
Also, by Proposition 3.6(v), since x < y, we have
(3.6) dHr <2ty
Then, for any z,y,z € M, by (3.5) and (3.6), we have
@z = (z~2)A (2~ 1)
= (@+2)N(E +x)
< (@ +2)NE +y)
= (W +2) A +y)
= Yoz

Since z* < y*, by Proposition 3.6(v), we have
(3.7) r+ < +yt.

Moreover, by (HSMV8) and Proposition 3.6(v), since z < y < z, we
get that
lez+ar" <yt < z+a"

So, for any A C M,
(3.8) (z+2")NA=(y+2")NA.

Then, for any z,y,z € M, by (3.7), (3.8) and Proposition 3.6(v), we
have

x~z = (x=2)AN(z—> )
= (z+2")A(z+2")
< (z+2")N(x+y")
= (y+z)A(x+y")
= z~y.

On the other hand, since 2z’ <y, by Proposition 3.6(v), we have
(3.9) <y + 2.
Moreover, by (HSMV8) and Proposition 3.6(v), we get that
led v+’ +y<a + 2.
So, for any A C M,
(3.10) (@' +2)NA= (2 +y)ANA.
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Then, for any x,y,z € M, by (3.9), (3.10) and Proposition 3.6(v), we
have

r@z = (z~2)A(z~x)
(@ +2)A (2 + )
< (@ +2)N0Y +2)
= (@ +y Ay +a)
= TO@UY.

The above arguments show that (HF4) holds.

Since M is a linearly ordered hyper pseudo MV-algebra, clearly (HF5)
holds.

(HF6) By Proposition 3.6(vi), we have 2* < z+z*. Then by condition
(i) i.e., y < (2 +y*)’, we have
(3.11) y+ot < (z+y") + (2 +2%).

Then, for any z,y,z € M, the condition (ii) and (3.11) imply that

(3.12) =y < (z=2x)~ (2 2y)
and
(3.13) =y (y—z)~ (v —2).

Without loss of generality, suppose x,y,z € M such that z <y < z.
Since M is linearly ordered. Then by Proposition 3.6(vii), 1 € z + z* =
x— zand 1€ z+y* =y — z. Then, by (3.12), we have

r—y < (z=x)~(z—=y)
< (z=2)N(x—=2)~((z=y) Ay — 2))

(3.14) = (z~2)~(y~2)
and similarly by (3.13), we get that
(3.15) =Y<L (y~z)~(z~2).

Thus, by (3.20) and (3.21), for all z,y,z € M, we obtain that

oy < ((x~z)w (Y~ )Ny ~z)~ (z~2)=(z~2)0(y~2).
This shows that

(3.16) Ty (x~z)© (Y~ 2).

By Proposition 3.6(v)-(vi) and the condition (iii) i.e., y < (v + 2)*,
we have

(3.17) 4y < (@ +2)+ Y +2)"
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Then, for any x,y, z € M, the condition (iii) and (3.17) imply that

(3.18) Ty L (zmx) = (2~y)
and
(3.19) Ty L (Y~ z) = (2~ 2).

Again, suppose that z,y,z € M such that + < y < z. Then by
Proposition 3.6(vii), 1 € z 4+ z* and 1 € z + y*. Then, by (HSMV10),
led+z=xz~zand 1€y +2z=y~ 2z (3.12). Then by (3.18), we
have

ry L (zwr) 2 (2y)
< ()N (@~ 2) = (2~ y) Ay~ 2))

(3.20) = (z02)—= (y©2)
and similarly by (3.19), we get that
(3.21) ry<L(Yyoz) = (v 2).

Thus, by (3.20) and (3.21), for all z,y,z € H, we obtain that
r~y<L(r@2) = Yo2)AN(y@2) = (r@2)=(r@2) ~ (y©2).
Hence,
(3.22) Ty (rez)~ (Yo z2).

Then (3.16) and (3.22) imply (HF6).
(HF7) By the condition (iv) ie., y + 2" < (2 + 2%) + (2 + y*)",
r* < (z + 2z*)* and by Proposition 3.6(v)-(vi), we have

(3.23) =y (y—2z) = (x—2)
and
(3.24) roy<L(z—=x)— (2 —>y).

By a similar argument that we have discussed for the axiom (HF6),
by (3.23) and (3.24), one can see that

(3.25) rry <L (e~ z)~(y~2).

By the condition (v) and by Proposition 3.6(v)-(vi), we have
(3.26) Ty L (Y~ z)~ (T~ 2)
and

(3.27) T~y L (2~ x) (2~ y).



278 Mohammad Ali Hashemi

So, similarly, by applying (3.26) and (3.27), we have
(3.28) reY<K (re2)o (yo 2).

Hence, (3.24) and (3.28) imply (FH7). Thus, X = (M;~,®,A,1) is
a hyper JK-algebra.

O

Ezample 3.8. [2] Let M = {0,a,b,c,1} be a set such that 0 < a < b <
¢ <1 and define the operations ~ and © on M as follow:

+ 0 a b c 1

0] {0} {0,a} {0,b} {0,c¢} M
a | {0,a} {0,a} {a,b} M M q
bl {00}y M {0b} {be} M "
¢ | {0,¢} {a,c} M {0,c} M
1 M M M M M
100 a b ¢ 1
1 b c a0
*10 a b c 1
1 ¢ a b O

Then M = (M;+,*,,0,1) is a hyper pseudo MV-algebra that satis-
fies the conditions of Theorem 3.7. Thus, X = (M;~,®, A, 1) is a hyper
JK-algebra.

Question 3.9. How one can describe the converse of Theorem 3.77 i.e., if
we have a hyper JK-algebra, under which condition it becomes a hyper
pseudo MV-algebra?

4. CONCLUSIONS AND FUTURE WORKS

In this work we introduced a new version of hyperstructures that
we called it hyper JK-algebra and we have given some properties of
these new algebras. Moreover, we show that under some conditions
any hyper JK-algebra is a pseudo BCK-algebra and by adding some
conditions on a hyper pseudo MV-algebra we have obtained a hyper JK-
algebra. The states and homomorphisms on hyper JK-algebras, some
results on quotient structure and filter theory and positive implicative
hyper equality algebras could be topics for our next task.
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