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ON VAGUE IDEALS IN NEAR-RINGS
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ABSTRACT. Using Vague ideals of near-ring R, authors introduce
the concepts of normal vague ideals, complete vague ideals and
maximal vague ideals of near-ring R with few properties.
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1. INTRODUCTION

The concept of fuzzy sets is introduced by L. A. Zadeh [3], W. Liu
[13] wrote on ideals of Fuzzy sets and some authors have extended that
work further. D. L. Prince Williams [1] introduced fuzzy ideals in Near-
subtraction Semigroups in 2008. Concepts of fuzzy ideals are extended to
vague sets by different authors [4,6,7,11]. W. L. Gau and D. J. Buehrer
[12] introduced vague sets with truth membership and false membership
function. R. Biswas [7] introduced Vague groups and then S. Zaid [8]
studied fuzzy sub near-ring and fuzzy ideals of near-ring. In 2017 L.
Bhasker [4] extended that part of fuzzy ideals in the near-ring to the
Vague ideal of a near-ring. There are some required definitions are given
below:

Definition 1.1. [2] A non-empty set R with two binary operations “+”
and “.” satisfying the following axioms:
(1) (R,+) is a group,
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(2) (R,.) is a semigroup,

3)xz(y+2)=zy+xzforall z,y,z € R.

Precisely speaking, it is a left near-ring because it satisfies the left dis-
tributive law. We will use “near-ring”, instead of “left near-ring”. We
denote xy instead of x.y. Note that z0 = 0 and x(—y) = —zy but in
general 0z # 0 for some z,y € R. Let R and S be near-rings. A map
f: R — Siscalled a (near-ring) homomorphism if f(z+y) = f(x)+ f(y)
and f(xy) = f(x)f(y) for any x,y € R. An ideal I of a near-ring R is a
subset of R such that

(4)(I,+) is a normal subgroup of (R,+),

(5) RI C I,

(6) (r+i)s—rsel forany r,s € R

Note that I is a left ideal of R if I satisfies (4) and (5), and I is a right
ideal of R if I satisfies (4) and (6).

Throughout this paper let I = (1,4, —,V,A,0,1) be a dually residuated
lattice ordered semigroup satisfying 1 — (1 —a) = a for all a € I.

Definition 1.2. [12] A vague set A on a non-empty set X is character-
ized by two membership function given by:
1. A true membership function

ta: X —0,1]
2. A false membership function
fA X = [Oa ”

where t4(z) is a lower bound on the grade of membership of x derived
from the “evidence for z”, fa(z) is a lower bound on the negation of
x derived from the “evidence against x” and t4(z) < 1 — fa(x) for all
e X.

Definition 1.3. [12] The interval [t4(z),1 — fa(z)] is called the vague
value of z € X and is denoted by V4(x).

Definition 1.4. [4] Let A be a vague set of a near-ring R. Then A is
called vague sub near-ring of R if for all z,y € R, it satisfies

(i) Va(z +y) > min{Va(x), Va(y)}

(ii) Va(—x) = Va(z)

(ili) Va(zy) = min{Va(z), Va(y)}.

Definition 1.5. [4] Let A be a vague set of near-ring R, then A is said

to be a Vague ideal of R if for all z,y, z,7 € R, it satisfies
(1) Va(z +y) > min{Va(z), Valy)}
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(i) Va(—) = Va(2)
(iii) Va(z + 2 — 2z) > Va(x)

(iv) Va(zy) > Va(z)

(v) Vil + )7 — 22] > Va(y) or Va(wz — 2) > Va(z — ).
A is said to be vague right ideal if it satisfies (i), (ii) ) an
And A is said to be vague left ideal if it satisfies (i), (ii), (111) and (v).

2. VAGUE IDEALS OF NEAR-RINGS
Definition 2.1. Let {A;/i € I} (here I is index set) be a family of
vague ideals in near-ring R, then the intersection ,ﬁAAZ- of {A;/iel}is
1€
defined by V( o a,)(%) = min{Va,(x)/i € I}
iEA

Theorem 2.2. Intersection of a family of left (resp. right) vague ideals
of near-ring R is left (resp. right) vague ideal of near-ring R.
Proof. Let Let {A;/i € I} be a family of left (resp. right) vague ideals
i near-ring R.
Let A= 'QAAi and Vx,y,z, € R,

(2

Valx —y) =min{Va,(x —y)/i € I}
> min{min[Va,(z), Va,(y)]/i € I}
= min{min[Vy,(x)/i € I],min[Va,(y)/i € I]}
min{Va(x), Va(y)}.
min{Va,(zy)/i € I}
min{min[Va,(z), Va,(y)|/i € I}
= min{min[Vy,(x)/i € I|,min[Va,(y)/i € I]}
min{Va(x), Va(y)}.
Valy +z —y) =min{Va,(y+z —y)/i € I}
> min{Va,(z)/i € I}
= Va(x).
Va(zy) = min{Va,(zy)/i € I}
> min{Va(w)/i € I}
= Va(y).

Va(zy)

Y
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Val(x + y)z — xz] = min{Va,[(z + y)z — zz]/i € I}
> min{Va, (4)/i € I}
= Va(y).

Hence the proof.

Definition 2.3. Any vague ideal of near-ring R is said to be normal if
3 a € R such that V4(a) = 1.

Remark 2.4. Any vague ideal is normal if and only if V4(0) = 1.

Remark 2.5. Here Fy(R) denotes the set of normal vague ideals of near-
ring R.

Theorem 2.6. If AT be a vague set in near-ring R defined by Vy+(x) =
Va(z) +1 = V4(0),Yz € R for any vague left (resp. right) ideal A of
near-ring R, then A" is a normal vague ideal containing A.

Proof. Proof. we have,Vy+(z) = Va(x) +1—V4(0),Vz € R
Now, Vz,y,z € R

Va+(z —y) = Valz —y) +1 - Va(0)
> min{Va(z), Va(y)} + 1 — Va(0)
=min{Va(z) + 1 —Va(0),Va(y) +1—Va(0)}
= min{Va+(z), Va+(y)}
Va+(wy) = Valzy) +1 = Va(0)
> min{Va(z), Va(y)} + 1 — V4(0)
= min{Va(z) + 1 - Va(0), Va(y) + 1 — Va(0)}
min{Va+(x), Va+(y) }
Var(y+z—y)=Valy+z—y) +1—-Va(0)
> Va(z) +1—Va(0)
= Vy+ ()
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Va+(zy) = Valzy) + 1 — Va(0)
> Va(y) +1—Va(0)
= Va+(y). (Similarly  Vy+(zy) > Vya+(x))
Varl(z+y)z —zz] = Val(x + y)z — x2] + 1 — V4(0)
> Va(y) +1—Va(0)
= Vy+(y)

It shows AT is a vague left (resp. right) ideal of near-ring R.

Now, we have Vj+(,) = Va(z) +1 - Va(0),Vz € R

Put z =0 we get, V4+(0) = V4(0) +1 —V4(0) =1

It shows AT is normal that is, AT € Fy(R)

Also as, Vy+(z) = Va(x)+1-V4(0),Vz € R shows, Vy+(x) > Va(z), Vo €
R

= A C A*". Hence the proof. O

Corollary 2.7. Let us consider a vague left (resp. right) ideal A of
near-ring R satisfying V+(a) = 0 for some a € R then Va(a) = 0.

Proof. Let A be vague left (resp. right) ideal of R. On contrary let us
consider that 3 a € R such that Vy+(a) =0 & Va(a)#0

Now, we have Vj+ () = Va(z) +1 - Va(0),Vz € R

Put x = a we get,

VA+(a) = VA(G) +1-— VA(O) = 0= VA(a) +1- VA(O)

= V4(0) = Va(a)+1 > 1 which is contradiction, = Vy(a) =0. O

Theorem 2.8. If ¢ be an increasing function defined on [0,V4(0)] to
[0,1] where A is an vague left (resp. right) ideal of near-ring R. Also
Ag be a vague set in near-ring R such that Va,(v) = ¢[Va(z)],Vr € R,
then Ay is a vague left (resp. right)ideal of near-ring R. Moreover if
¢[Va(0)] = 1 then, Ay is normal vague left (resp. right) ideal of near-
ring R and if ¢(x) > t,V t € [0,V4(0)] then A C A,
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Proof. Let x,y,z € R then,

Va,(z —y) = ¢[Va(z —y)]

> gplmin{Va(z), Va(y)}]
= min[¢{Va(z)}, o{Va(y)}]
= min{Va,(v), Va,(y)}

Va, (zy) = ¢[Va(zy)]
> plmin{Va(z), Va(y)}]
= min[¢{Va(z)}, o{Va(y)}]
= min{Va,(v), Va,(y)}

Va,(y +z —y) = ¢[Valy + = — y)]

> ¢[Va(z)]
= Va, ().

Va,(wy) = ¢[Va(xy)]
> ¢[Va(y)]
= Va,(v)-

Vasl(x +y)z — x2] = ¢[Va{(z + y)z — 22}

> ¢[Va(y)]
= Va,(y)

So Ay is vague left (resp. right) ideal of R.

If $[V4(0)] =1 then Obivously Ay € Fn(R).

Let ¢(x) > t,¢ € [0, VA(0)], then Vi, (x)) = ¢[Va(2)] > Va(x)

= A C Ay,Va € R. Hence the proof. O

Theorem 2.9. Let A be non- constant and maximal element of poset

(Fn(R) C)then either Va(z) =0 or Va(z) =1 Vx € R.

Proof. As A € F(R) implies A is normal vague left (resp. right) ideal
of near-ring R. = V4(0) = 1.

Let V4(x) # 1 for some = € R.

Claim- V4(z) =0

On contrary if not, 3 xy € R such that 1 > Vy(xg) > 0.

Let us define vague set B on R such that Vp(z) = M,Vm € R.
Clearly it is well defined.
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Now Vz,y,z € R.

VB(x - y) _ VA(JJ — y)2+ VA(CCO)
- min{Va(x), Va(y)} + Va(zo)
- 2
_ min{Va(@) + Va(@o), Va(y) + Va(@o)}
2
Va(z) + Va(zo) Valy) + Va(zo)
2 ’ 2 }
= min{Vg(z), Vs(y)}

= min{

Vo) = YA+ Vateo)
- min{Va(z), Va(y)} + Va(zo)
- 2
_ min{Va(z) + Va(zo), Va(y) + Va(zo)}
2
Va(x) + Va(xzo) Valy) + Va(xo)
2 ’ 2 J
= min{Vg(z),Ve(y)}.

= min{

Valy +x —y) + Va(zo)

Vely+z—vy) = 5
> VA(x) —;VA(.%'Q)
= Vp(z).
Vi (ay) = Va(zy) —QF Va(zo)
< Va(y) + Va(zo)

2
=Vg(y).  (Similarly Vp(zy) =2 Vp(x)).

Vel(z +y)z —az] = Vallz +y)2 _sz] + Va(zo)
> Va(y) ‘;VA(CL‘O)
= Va(y).
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So B is vague left (resp. right) ideal of R.
Now by theorem 3.8 BT is maximal element of R. = BT € Fy(R).
Now,

Vp+(2o) = Vp(wo) + 1 — VE(0)

_ Va(zo) + Va(zo) V4(0) + Va(zo)

+1-

2 2
1 VA(l'o)
- 1= _
Va(xo) + 5 5
. VA(I’()) +1
N 2
<1
= Vp+(0)

= B is non-constant maximal element of Fyy(R). Which is contra-
diction. So A is maximal element of poset such that either V4(x) = 0
or Vy(z) =1 Vx € R. Hence the proof. O

Definition 2.10. Any vague left (resp. right) ideal A of near-ring R
is said to be maximal vague left (resp. right) ideal of near-ring R if it
satisfies,

i) A is non-constant.

ii) AT is a maximal element of (Fx(R), C).

Theorem 2.11. If R has a vague ideal which is maximal, then

i) A is normal vague ideal of near-ring R.

i) Va(x) =0 or Vy(x) =1 Vxr €R

iii) A is a mazimal vague left (resp. right) ideal of near-ring R, where
A% ={xz € R/VA(0) =1}.

Proof. Let A is maximal vague ideal of R. = AT is a non-constant
maximal element of poset (Fn(R),C).

By theorem 2.9, AT takes only two values 0 and 1, Vz € R.

Also note that Vy+(z) = 1 if and only if V4(x) = V4(0) and Vy+(z) =0
if and only if Va(z) = V4(0) — 1.

By corollary 2.7 V() =0 = V4(0) — 1

It implies that A is normal vague left (resp. right) ideal of near-ring R
and AT = A.

It proves i) and ii).

iii) Clearly A is proper ideal of R as it takes only two values 0 and 1.
Let A° D B be an ideal of near-ring R.



222 Pritam Vijaysigh Patil, Janardhan D. Yadav

— A= A% D B as A is normal.

B is also normal and it takes only two values 0 and 1, but by assumption
A is maximal = A = B or A = ¢, where Vy(z) =1 Vx € R.

In case if A = R which is not possible.

So A = B, that is xa(z) = Va(x), z € R.

= A’=B. O

Definition 2.12. Let A be a vague left (resp. right) ideal of near-ring
R, then it is said to be complete if it satisfies

i) A is normal vague left (resp. right) ideal of near-ring R.

ii) 3 y € R such that Va(y) = 0.

Theorem 2.13. Let A any vague left (resp. right) ideal of near-ring

R and a be a fized element of R. Let us define a vague set of R such
that Va=(x) = %, Vr € R. Then A* is a complete vague left
(resp. right) ideal of R.

Proof. . Vx,y,z € R,

Valx —y) —Va
Va(l) = Va(a

mm{VA(x)a Va(y)} — Va(a)

- Va(1l) — Va(a)

Va(z) = Vala) Va(y) —Va(a)
Va(l) = Va(a) " Va(1) — Va(a)

= min{Va«(x), Va=(y)

Va(zy) — Va(a)

Va(1) — Va(a)

mm{VA( ), Va(y)} — Vala)

- Va(1l) — Va(a)

Va(z) —Vala) Va(y) —Va(a)
() Va(a)" Va(l) = Va(a)

(y)

—~

a)

Vas(x —y) =

~—

:mi{

Vas(zy) =

:mz’{
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Valy+z —y) —Va(a)
Va(1) — Va(a)

S Va(@) = Va(a)

~ Va(1) = Va(a)

= Vy» (x)

Va(zy) — Va(a)

Va(1) — Va(a)

Va(y) — Va(a)

~ Va(1) = Va(a)

= Va=(y). (Stmilarly  Va=(zy) > Vax(x)).

Val(z +y)z — 2z] — Va(a)

Va(1) = Va(a)

Vas(y+x—y) =

Vas(zy) =

Vas[(z +y)z — 2] =

= A* is vague left (resp. right) ideal of near-ring R. Now at z = 1,
V(1) = % =1land at z = a,Va+(a) = 0. So A* € Fy(R) and
A* is complete vague left (resp. right) ideal of near-ring R. O

3. CONCLUSIONS

In this paper, authors have introduced the concepts of normal vague
ideals, complete vague ideals and mazximal vague ideals of near-ring R
with few properties.
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