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ON (®,V)-DERIVATIONS FOR BL-ALGEBRAS

LIDA TORKZADEH* AND LEILA ABBASIAN

ABSTRACT. In this paper, we define the concept of (®, V)-derivations
for BL-algebras and discuss some related results. We study this
derivation on boolean center B(A) of a BL-algebra A. Finally,
we investigate some properties of isotone (©®,V)-derivations on a
BL-algebra A and characterize the (®, V)-derivation on the Godel
structure [0, 1].
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1. Introduction

BL-algebras are the algebraic structures for Hdjek Basic Logic (BL-
logic) [10], arising from the continuous triangular norms (t-norms), fa-
miliar in the frameworks of fuzzy set theory. BL-algebras rise as Lin-
denbaum algebras from certain logical axioms in a similar manner that
Boolean algebras or MV -algebras do from classical logic or Lukasiewicz
logic, respectively. The properties of a BL -algebra were presented in
[4],[5],]7],[8],[10] and [16]. The notion of derivations, introduced from the
analytic theory, is helpful for the research of structures and properties
in algebraic systems. Several authors [1], [2], [3] and [13] have studied
derivations in rings and near rings. After that Jun and Xin [12] applied
the notion of derivations in ring and near ring theory to BCl-algebras.
Szasz introduced the concept of derivation on lattices in [14]. Recently
some author [6], [9] and [17] studied the properties of derivations for
lattices.
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In this paper, we define and study a derivation on BL-algebras which
comes in analogy with Leibniz’s formula for derivations in rings. The
paper is organized as follows.

In section 2, the basic definitions and results are summarized. In sec-
tion 3, we introduce (®, V)-derivations on BL -algebras and study their
properties. We show they are not isotone in general. Some conditions
are obtained such that (®, V)-derivations are isotone. Finally, we char-
acterize (®, V)-derivations on the Godel structure [0, 1].

2. Preliminaries

A BL-algebra is an algebra (A, A,V,®,—,0,1) with four binary op-
erations A, V,®,— and two constants 0, 1 such that:

(BL1) (A,A,V,0,1) is a bounded lattice,

(BL2) (A,®,1) is a commutative monoid,

(BL3) ® and — form an adjoint pair i.e, ¢ < a — b if and only if
a®c<b, forall a,b,ce A,

(BL4) aANb=a® (a — ), for all a,b € A,

(BL5) (a = b)V(b—a)=1,forall a,be A.
Let A be a BL-algebra. We set z~ = x — 0, for all z € A.
We define the following operations known in A:

r@y =@ Oy ) ,z0y:=x0y” forany z,y € A.

We denote the set of natural numbers by N and define a" = 1 and
a"=a""'®a,forn e N-{0} and a € A.

Theorem 2.1. ([4,5,8,10]) In any BL-algebra A, the following prop-
erties hold for all x,y,z € A:
(1) x <y if and only if xt -y =1,
2)rz—=(y—=2)=@0y) =2z=y—(x— 2),
(3) Ife <y,theny —»z2<z—z,z—or<z—-y,rz0z<ydzand
y =z,
(4)zy<(y—z)2zandzVy=((z—y) =y Ay —z) ),
(b)z0y<zAy,z00=0andzo®z” =0,
(6)l wz=z,z—z=1Lz<y—-z,z—1=1and0—z=1,
(7 z0y=0iff v <y,
(8)x@(yNz) =20y A (z@z2) andx® (yVz)=(x0y)V(z0O=2).

For any BL-algebra A, B(A) denotes the Boolean algebra of all com-
plemented elements in the lattice L(A) (hence B(A) = B(L(A))) and it
is called boolean center of A.
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Theorem 2.2. [8,10] For x € A, the following are equivalent:
(i) © € B(4),
(i) Oz =x and x~~ =z,
(i) xOx =z, 27 - x =z,
(v) z= Ve=1,
(v) (x =€) > x=u, for any e € A.
Ifec B(A),thene®x =eAx,Vx € A.
We recall that a t-norm is a function ¢ : [0,1] x [0,1] — [0, 1] such
that (i) t is commutative and associative, (i7) t(z,1) = z,Vx € [0, 1],
and (7i7) t is nondecreasing in both components. If t is continuous, we
define z ©; y = t(x,y) and x —¢ y = sup{z € [0,1] | t(z,z) < y} for
z,y € [0,1], then I; := ([0, 1], min, max, ®¢, —4,0,1) is a BL-algebra.
There are three important continuous ¢-norms on [0, 1]:
(i) Lukasiewicz: L(z,y) = maz{z +y — 1} with x =, y = min{l —z +
y, 1}, and also the n-element set S, = {0,1/(n—1),...,(n—2)/(n—1),1},
for each integer n > 2, is a subalgebra of [0, 1],
(17) Godel: G(z,y) = min{z,y} and x —¢ y = 1 if z < y, otherwise
T —=aY =Y,
(7i7) Product: P(z,y) =zyandx —wpy=1ifz <yandzx —py=y/z
otherwise.[10]

Definition 2.3. [17] Let L be a lattice and d : L — L be a function.
Then d is called a derivation on L, if d(z Ay) = (d(x) Ay) V (x Ad(y)).

3. (®,V)-derivations on BL-algebras

Definition 3.1. Let A be a BL-algebra and d : A — A be a function.
We call d a (®, V)-derivation on A, if it satisfies the following condition:

d(z ©y) = (d(z) ©y) V (z © d(y))
for all z,y € A.

Now we give some examples and present some properties of (®,V)-
derivations on BL-algebras.

Ezample 3.2. (i) Let A be a BL-algebra. We define a functiond : A — A
by d(z) =0, for all z € A. Then d is a (®, V)-derivation on A, which is
called the zero (®, V)-derivation.

(7i) Let A be a BL-algebra. Then the identity function on A is a (®, V)-
derivation on A.
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(7i7) Let A = {0,a,b,1}, where 0 < a < b < 1. Define ® and — as
follows:

—=]0 a b 1 ®[0 a b 1
0Ol1 1 1 1 0/0 0 O O
a|0 1 1 1 al0 a a a
b|0 a 1 1 b|0 a b b
110 a b 1 110 a b 1

Then (A, A,V,®,—,0,1) is a BL-algebra [11] and all of the (®,V)-
derivations on A are:

(a1) di(0) =0, di(a) = di(b) = d1(1) = a,

(ag) dg(O) = dQ(l) = 0, dg(a) = dg(b) = a,

(ag) d3<0) = d3(1) = dg(b) = 0, dg(a) = a,

(a4) d4<0) = 0, d4(a) =a, d4(b = d4(1) = b,
(a5) d5(0) =0, d5(a) = ds5(1) = a, d5(b) =D,
(ag) d6(0) = ds(1) = 0, de(a) = a, ds(b) = b,
(a7) d7(0) = dr(1) = dr(a) = dr(b) = 0,

(G‘S) d8(0> = Oa d8(a) = a, dS(b) = bv dS(l) =1

Proposition 3.3. Let A be a BL-algebra and d be a (®,V)-derivation
on A. Then the following hold for all z,y € A:

(1) d(0) =0,

(2) d(z"™ )—:c" Lod(z), vn > 1,

(3) If <y, then d(x) <y~ ~. Hence x ®y = 0 implies d(z) ©y =0,
(4) d(x) < x~~, and moreover x € B(A) implies d(z) < z,

(5) d(z) =d(z) V (x ®d(1)) and so z ®d(1) ® (d(z))” =0,

(6) If d(1) = 1, then d(B(A)) = B(A),

(7) d(e™) < (d(x))",

(8) d(z ©y) < d(x)Vd(y) < d(x)®d(y),

(9) d(x) =1 implies z~ =0,

(10) d(1) =1 if and only if = < d(z), for all z € A.

Proof. (1) Putting z = y = 0 in Definition 3.1, we have d(0) = d(0©0) =

(d(0) ®0) Vv (0©d(0)) =0.

(2) Setting z = y in Definition 3.1, we get d(2?) = d(z®z) = (z@d(x))V
(d(z) ®x) =z ®d(z). Then (2) can be easily proved by induction.

(3) Let  <y. Thenz®y~ =0,s0 0 =d(0) = (d(z) oy~ )V(z@d(y)).
Thus, d(z) ®y~ =0, that is d(z) < y~~ by Theorem 2.1.

(4) It follows from (3).

(5) By Definition 3.1, we obtain d(z) = d(z®1) = (d(x)®1)V(z®d(1)) =
d(xz) V (r ®d(1)). So z®d(l) < d(x), by Theorem 2.1, we get that
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r©d(l)od(z)” =0.

(6) If d(1) = 1, then by part (5), d(x) = d(x) V x, so x < d(x) for all
x € A. Also z € B(A) implies that d(z) < x, by part (4). Therefore
d(x) =z, for all z € B(A), that is d(B(A)) B(A).

(7) By part (4), we have 7=~ < (d(z))” and d(z7) < =~ ~. Thus
d(z~) < (d(z))"-

(8) By Theorem 2.1, we can conclude that zVy < x @y, for all x,y € A.
So d(z ) = (d(x) © 9) V (z © d(y)) < d(x) V d(y) < d(z) & d(y).

(9) It follows from (4).

(10) Let d(1) = 1. Then by part (5) we have z = x ® d(1) < d(z), for
all x € A. The proof of the converse is easy. O

In the following example, we show that the condition d(1) = 1 is
necessary in Proposition 3.3 part(6).

Ezample 3.4. Let A ={0,a,b,¢,d,1}, where 0 < ¢,d <a<1,0<c<
b < 1. Define ® and — as follows:

—10 a b ¢ d 1 ®|0 a b ¢c d 1
011 11 1 11 0|0 0 0O OO O
alc 1 b b a1l al0 d ¢ 0 d a
bld a1 a d 1 b|{0O ¢c b ¢c 0 b
cla 1 1 1 a 1 c|0 0 ¢ 0 0 c
d|/b 1 b b 11 dj{0 d 0 0 d d
110 a b ¢ d 1 10 a b ¢c d 1
Then (A, A,V,®,—,0,1) is a BL-algebra[16]. Define the function d on

A by:

d(0) =d(1) =d(c) =0, d(d) = d, d(b) = ¢, d(a) = d.
Then d is a (®,V)-derivation on A, while d(B(A)) = {0,¢,d,1} #
{0,b,d,1} = B(A). Also d is not a lattice derivation defined in Defi-
nition 2.3, since d(a Ab) =d(c) =0# c=cVO0=(aNc)V(dAD) =
(@A d(b))V (d(a) AD).

Proposition 3.5. Let d be a (®,V)-deriwation on a BL-algebra A.Then
the following hold for all x,y € B(A

):
(1) d(z ANy) = (d(z )Ay) (z Ad(y)),

(2) d(x) © d(y) < d(z ©y),
(3) (d(z))" < d(a"), for alln > 1,
(4) d(z) =z © d(z).

Proof. (1) By Definition 3.1, for z,y € B(A), we have:



156 L. Torkzadeh and L. Abbasian

dxAy) = dxOy) = (dz) Oy) Vv (rOd(y)) = (dz) Ay)V (z Ady))-
(2) Let 2,y € B(A). By Proposition 3.3 part(4) we have :

d(z) ©d(y) < d(z) ©y < (d(z) Oy) V (O d(y)) = d(z O y).
The proofs of (3) and (4) follow from (2) and Proposition 3.3 part(2),
respectively. U

In the following example, we give a (®,V)-derivation d such that
d(1) =1 and d(z) £ =, for some z € A.

Ezample 3.6. Let A = {—o0,...,—3,—-2,—1,0}, where —c0 < ... <
-3 < —-2< —=1<0. Define ® and — on A as follows:
— |- ... -3 -2 -1 0
- | 0 ... 0 0 0O
3 |-0c0 ... 0 0 0 O
2 |—-00 .. -1 0 0 O
-1 | -0 ... -2 -1 0 O
0 -0 ... -3 -2 -1 0
® | —00 a -3 -2 -1 0
-0 | —00 .. —00 —00 —00 —00
3 |—-00 .. -6 -5 -4 -3
-2 | —o0 ... -5 -4 -3 -2
-1 | —o0 ... -4 -3 -2 -1
0 —00 ... -3 -2 -1 0

Then (A4, A, V,®,—, —00,0) is a BL-algebra [11]. We define the function
don A by d(x) =z + 1, for all z # —o0, d(—oc0) = —o0 and d(0) = 0.
It is easy to check that d is a (®, V)-derivation on A. Also d(z) £ =,
Ve e A—{0,—o0}.

Consider the derivation d; in Example 3.2 part (iii). It is clear that
di(1) = a ¢ B(A). So the condition d(1) € B(A) may fail for a general
derivation d.

Proposition 3.7. Let d be a (®,V)-derivation on A. If d(1) € B(A) ,
then d(d(1)) =d(1).

Proof. Let d(1) € B(A). Then d(d(1)) < d(1) by Proposition 3.3
part(4). Also d(1) € B(A) implies that d(1) ® d(1) = d(1) and so
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by Proposition 3.3 part(5), we get that d(d(1)) = d(d(1)) v d(1), that is
d(1) < d(d(1)). Hence d(d(1)) = d(1). O

Proposition 3.8. Let A be a non-trivial BL-algebra and 0 # a € B(A).
Then the map d : A — A defined by d(0) = 0, d(z) = a, for all x €
A\ {0}, is not a (®,V)-deriwation on A.

Proof. Let a € B(A)\ {0} and d be a (®, V)-derivation on A. If a # 1,
then 0 =d(a®a™) = (d(a) ®a")V(a®da™))=(a®a")V(a®a) =
0V a? = a® = a. Thus a = 0, which is a contradiction.

Now, let @ = 1. Then d(z ® ) = d(z) ©® z = x, since d is a (®,V)-
derivation. On the other hand, since A is a non-trivial BL-algebra,
so there exists x € A\ {0,1}. If x © z = 0, then = = 0, which is a
contradiction. If z ® x # 0, we have d(z ® x) = 1, thus = 1, which is
a contradiction. The proof is complete. ]

Proposition 3.9. Let A be a BL-algebra and a ¢ B(A). If the map
d: A — A defined by d(0) = 0, d(z) = a, for all x € A, is a (®,V)-
derivation on A, then a < x ora <z~ forz € A\ {0}.

Proof. For any x € A\ {0}, we have d(x ® z) =d(z) ®x = a ® z. Now
we have two cases:

H)Ifz@x#0,thena®z =a,s0a <.

i) f x©x =0, thena®x =0 and thus a < z~.

Therefore a < z or a < z~, for all z € A\ {0}. O

The following example shows that the converse of the above proposi-
tion is not true in general.

Ezample 3.10. Let A = {0,a,b,1}, where 0 < a < b < 1. Define ® and
— as follows:

—>‘0ab1 @‘Oabl
01 1 1 1 0/0 0 0 O
a|b 1 1 1 al0 0 0 a
bla b 1 1 b|0O 0 a b
1/0 a b 1 110 a b 1

Then (A, A,V,®,—,0,1) is a BL-algebra[ll] and a < z, for every = €
A\ {0}. Also the map d defined by d(0) =0, d(z) = a, for all x € A, is
not a (©®, V)-derivation on A, otherwise we have a = d(a) = d(b ® b) =
b ® a =0, that is not true.

A function d : A — A is called an isotone function if, for every
z,y € A, <y implies that d(z) < d(y).
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Ezample 3.11. Consider the Example 3.2 part(iii). One can see that d; is
an isotone (®, V)-derivation, while da is not an isotone (®, V)-derivation.

Lemma 3.12. Let A be a BL-algebra and a € A. Then the map d, :
A — A defined by do(x) = a ® z, for all x € A, is an isotone (®,V)-
derivation on A.

Proof. Let z,y € A. Then dy(x0y) = a®z0y = (a@zOy)V(a®zOy) =
(do(x) ©y) V (z © da(y)) and so d, is a (®, V)-derivation.
Now let  <y. Then z ®a <y ® a and so dy(x) < dy(y). O

In the following example we show that every isotone (®, V)-derivation
is not necessarily of the form of d, for some a € A.

Ezample 3.13. Let A = {0,a,b,1}, where 0 < a < b < 1. Define ® and
— as follows:

— ‘ 0 a b 1 ® ‘ 0 a b 1
O0j1 1 1 1 0j0 0 0 O
ala 1 1 1 al0 0 a a
b|0 a 1 1 b|0 a b b
10 a b 1 110 a b 1
Then (A, A,V,®,—,0,1) is a BL-algebra [11]. Define the function d on

A by d(0) = 0, d(z) = a, for all x € A. Then d is an isotone (®,V)-
derivation on A, while there is no t € A such that d(z) =t © «, for all
x e A

Lemma 3.14. Letd be a (®, V)-derivation on a BL-algebra A. Ifd(1) =
1, then A is an isotone (®, V)-derivation.

Proof. Let © < y. Then, by (BL4) and Proposition 3.3 part (10), we
have d(z) = d(z A y) = d(y© (y = ) = (d(y) © (y = 2)) V (y © d(y =
x)) < d(y) Vy = d(y). O

The converse of the above lemma is not true in general. The (®, V)-
derivation d; in Example 3.2 part (7i7) is isotone, while di(1) =a # 1

Proposition 3.15. Let A be a BL-algebra. If d is an isotone (®,V)-
derivation on A such that d(x) < z and d(x) = d(x) © d(z), for all
x € A, then the following hold for all x,y € A:

(i) d(xz) =d(1) ® z,

(i1) d(z © ) = d(z) © d(y),
(i) d(z A y)) = d(z) A d(y),
(iv) d(z v y)) = d(z) v d(y),
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(v) d(d(x)) = d(z),
(vi) d(z — y) < d(z) — d(y).

Proof. (i) By Proposition 3.3 part(5), we have (z ® d(1)) < d(z), for all
x € A. Since d(z) < z and d(x) < d(1), we get that d(x) = d(z)©d(z) <
x ®d(1), for all z € A. Therefore d(z) =z ® d(1).
(ii) By (i), we have: d(z ©®y) =d(1) © (z 0 y) =d(1) ©d(1) 0z Oy =
(1) 0 3)© (1) ©4) = d(x) © diy).

y (i) and Theorem 2.1, we have d(z A y) = d(1) ® (z A y)
d(l) © 13) (d(1) ©y) = d(z) Nd(y).
(iv) The proof is similar to that of (iii).
(v) By (i),(ii) we obtain, d(d(x)) = d(z) ©® d(1) = d(z ® 1) = d(x).
(vi) By (ii) and (BL4), we have: d(z) ©® d(x — y) = d(z © (x =
d(x ANy) < d(y), thus d(z — y) < d(z) — d(y). O

If an isotone (®, V)-derivation d satisfies the conditions of Proposition
3.15, d may not be a homomorphism, since d(z — y) = d(z) — d(y)
may fail. Consider the isotone (®, V)-derivation d; in Example 3.2 part
(737). Ome can see that dj(x) < z and di(z) = di(z) © di(x), for all
x e A, while dl(a — b) = dl(l) =a 75 1= dl(a) — dl(b)

Proposition 3.16. Let d be a (®,V)-derivation on the Gédel BL-
algebra A. Then the following hold for every x,y € A:

(1) d(z) < z,

(i1) if x < d(1), then d(x) =

(7i1) if © > d(1), then d(1) < d(x),

() if x <y, then d(x) =z or d(y) < d(z),

(v) d(d(1)) = d(1).

Proof. (i) For x € A, we have d(z) = d(z®x) = d(z) ©x = min{d(z), z}
and so d(x) < z.

(13) Let © < d(1). Then d(z) = d(z ® 1) = d(x) V (z ©®d(1)) = d(x)
(min{z,d(1)} = d(z) Vz and so z < d(x). By (i), we get that d(z)
(731) Let > d(1). Then similar to the proof (7i), we have d(x
d(x) Vv d(1), thus d(1) < d(x).

(tv) Let # < y. Then by (i), d(z) < y, and so d(z) = d(z ©y) =
d(z) V (x ©®d(y)). Now we have tow cases:

(1) If < d(y), then d(z) = d(x) V x, therefore d(z) = =.
(2) If d(y) < z, then d(z) = d(x) V d(y) and so d(y) < d(z).
(v) Since d(1) < d(1), then by (ii), d(d(1)) = d(1). O

e <
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Proposition 3.17. Let A be a Gédel BL-algebra and a € A. The map
d: A — A defined by d(z) = a ifz > a and d(z) =z ifx < a is a
(®, V)-derivation on A.

Proof. For x,y € A, we have the following cases:

Case 1, z,y <a. Thenzoy<a=d(zoy) =20y = (dz)0y)V(xE®
a(y).

Case 2, z,y > a. Then x ©®y > a and thus d(x ©®y) = a =aVa =
(d(x) ©9) V (2 © d(y)).

Case 3, x < a and y > a. Then x < y and so d(x ®y) = z. On
the other hand,(d(z) ® y) V (z ©®d(y)) = (x ®y) V (z ® a) = x. Thus

d(z ©y) = (dz) ©y) V (z ©d(y)).
Case 4, z > a and y < a. Similar to (c¢), we get that d(z © y) =
(d(z) ©y) vV (z © d(y))- 0

Proposition 3.18. The map d : S,, — Sy, for n > 2, defined by d(x) =
0ifw# =L and d(z) = L if 2 = =1L is a (®, V)-derivation on S,.

n

Proof. For every x,y € S,, we have the following cases:
Case 1, If r =00r y =0, then d(z ©y) =0 = (d(x )@y) (x @ d(y)).
Case 2, Ifz = land y = £ then d(z @ y) = d(1 o k) =

the other hand, (d(z) ®y) V (z ® d(y)) = 0V d(%) d(%) Hence
dz©y) = (dz) ©y) V(2 © d(y)).

Case 3, f r =y ="— then dz 0y) =d(®=L o =) = d(maz {1 +
o=l _ 1 0}) = d(m ax{” ,0}). Since 2 < =L 50 d(z O y)

the other hand, (d(z) ® y) V (x ® d(y)) ol =1
maz{% + =1 — 2 0} = 0. Thus d(:v@y) =(d(z)Oy)V(zO
Case 4, If x = 2— 1 an dy—%< - 2=l then d(z®y) =
0=0V(;0 ;) = (z©dy)) Vv (d(z) ©y).
Case51fx—m<”771andyzk 2=l then d(z © y) = 0 =

(d(x) ©y) V (z © d(y)). O

QU
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4. Conclusion and Future Research

In this paper, we applied the notion of derivation in rings to BL-
algebras and we have introduced the notion of a (®, V)- derivation. We
have also presented many important properties of this derivation on BL-
algebras. We showed that a (®, V)- derivation d may not be isotone and
found some conditions under which d is isotone. Finally, we character-
ized (®, V)- derivations on the the Godel structure [0, 1].
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Since BL-algebras and residuated lattices are closely related, we will use
the results of this paper to study derivations on residuated lattices and
related algebraic systems. Some important issues for future works are:
(1) developing the properties of a derivation, (ii) defining new deriva-
tions which are related to given derivations on BL-algebras, (ii7) finding
useful results on the other algebraic structures.
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