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BOLZA TYPE PROBLEMS IN INFINITE
DIMENSIONAL DISCRETE TIME

RAHMA SAHRAOUI

ABSTRACT. In this paper we study a discrete time version of deter-
ministic models in optimization in infinite dimensional. The func-
tionals are assumed to be merely lower semi continuous. We obtain
optimality conditions which are always necessary and which are also
sufficient in the convex case whenever the given problem satisfies a
qualification condition.

Key Words: Nonsmooth analysis, Subdifferential, Qualification condition, Normal com-
pacity, Epi-Lipschitz, Prox-regular set.
2010 Mathematics Subject Classification: Primary: 49J52; Secondary: 90C56.

1. INTRODUCTION

Our aim here is to treat optimization problems of Bolza type in
the context of infinite dimensional Banach spaces which can’t be con-
sequences of the results in the finite dimensional cases (see Sahraoui-
Thibault (2008)). Let X a Banach space and [ : X x X — RU {+o0},
Ly : X x X - RU{+oc}, forall t =1,--- ,T which is supposed to be
lower semi continuous (briefly, 1.s.c). For each vector x = (zg,--- ,z7) €
XTH+1 we associate the differences Az; = x; — ;1 and also the problem
which consist to minimize the function

T
J(x) =1U(zo,21) + Y Lewi—1, Ay)
=1
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over the space of all the vectors x € X7, We note that the function
j is Ls.c over XT*1 This is the problem of Bolza type on the Banach
space X and at discrete time.

In this problem of Bolza type, which is noted (Pget), the constraints
are implicit in the inequality j(z) < oco. Consider now a closed subset C'
of X x X and, forallt =1,---,T, let F; : X = X be a multifunction
with a closed graph. For the functions [ and L; with finite values and
locally Lipschitzian, we consider the problem with explicit constraints
Pc.r(l, L) described above but satisfying the constraints

(L.1) (xg,xzr) € C and Az € Fy(x4—1), Vt=1,---,T.

Implicitly in the dynamic constraint Axz; € Fi(x;—1) is the state con-
straint ¢,y € Z; for all t = 1,--- T or Z; = {z € R"|F(Z;) # 0}.

We will establish the optimality necessary conditions of those problems
in two contexts, the first one is when the Banach space X is an Asplund
space, and in the second context X is an arbitrary Banach space. We
have already remind the concept of the limiting subdifferential and a
tot of basic elements in the context of Asplund space (see Sahraoui and
Thibault (2008)). Outside the Asplund spaces, the limiting subdiffer-
ential, for all locally Lipschitzian functions, also can be empty at all
point of the domain. For the spaces which are not Asplund spaces, the
limiting subdifferential has not the calculus rules. So in this case we will
use the Clarke subdifferential.

2. DEFINITIONS AND PRELIMINARIES

To introduce the concept of Clarke’s subdifferential, firstly we need
to define the concept of tangent cone of Clarke. In all the rest X is a
real Banach space. Let C be a nonempty closed subset of X and z a
point of C'. We say that a vector v € X is in the tangent cone of Clarke
to C at the point Z see Clarke, Stern and Wolenski(1995), and we write

v € T.(C,Z), when there exist some sequences t, | 0, z, 9 % and
v, — v such that, for all n € N, we have z,, + t,v, € C. The normal
cone of Clarke to C' at the point z € C is given by the negative polar
cone of tangent cone, which means

N(C,z) = (Tc(C,2))° = {z" € X* | (z",v) <0, Yv € T.(C, Z)}.
Let now f: X — RU{+o0} be a l.s.c function and z a point where f

is finite. considering the normal cone to the epigraph epi f of f we can
define the Clarke subdifferential of f at Z by



42 R. Sahraoui

Ocf(2) :={a" € X" | (2%, 1) € Ne(epi f, (2, f(7)))}.
We define also the singular subdifferential of Clarke by

O f(z) :={2" € X" | (2%,0) € Ne(epi f, (7, f(2)))}.
As usual, we put 0.f(Z) = 0 = 92°f(z) when f(Z) is not finite. Con-
trary to limiting subdifferential, the Clarke subdifferential can be found
through its suport function see Rockafellar(1980) and Clarke(1983). For
each vector v € X and Z € dom f, we consider the general directional
derivative of Rockafellar at the direction v defined by
d"(Z;v) := lim sup inf tf (x4t — f(x)],

z— TV
with

lim sup inf 9 (x,v") = inf sup inf sup  (z,v).
@ TV 0n>0  z -z <e  lv—vl<n

[f(z) = f(2)| <e

Rockafellar(1979) had proved that this directional derivative is a func-
tion of v which is sublinear and l.s.c and it was also proved that the
Clarke subdifferential is characterize by

Oef(Z) = {a* € X* | (z*,v) < d'f(Z;v) Yo € X}.

Concerning the calculus rules, we start by considering the case of the
composition with a linear continuous surjective mapping. Let A : Z —
X a linear continuous surjective mapping and z € Z with Az € dom f.
Then

(2.1) Delf 0 A)(2) = A"D.f(Az).

2.1. Around the Borwein property. We need also to remind the
Borwein property for the closed sets of a Banach space. So the closed
subset C' satisfies the Borwein property at & € C' (see Borwein(1982))
when there exist two reals numbers r, s €]0, 400}, a closed convex subset
W which the polar W¢ is weakly locally compact and a vector v € X
such that
CnB(z,r)+10,s](v+ W) CC,

when W := {z* € X*|(z*,2) <0, Vo € W}. If the dimension of X
is finite, obviously all closed subset has the Borwein property at each
its point. Although if C' has the Borwein property at € C, then C is
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compactly epi-Lipschitzian at x see Borwein(1987). Thus, and if X is
an Asplund space and if the set C has the Borwein property at x, then
this later is normally compact at the point z.

We can extended this notion for the functions by using their epigraph.
A function ls.c f : X — R is said to have the Borwein property at a
point Z when f(Z) is finite if its epigraph epi f has the Borwein property
at the point (z, f(Z)). This can be also translated by the fact that there
exist three reals 8 € R and r, s €]0, +00[, a closed convex subset W with
the polar W¢ is weakly locally compact and a vector v € X such that

sup t 7 [f(z + tv + tw) — f(2)] < B,
weW

for all ¢ €]0,s] et x € B(z,r) with |f(x) — f(Z)] <.

3. NECESSARY OPTIMALITY CONDITIONS

Through the functions satisfying the Borwein property we can state
the following result of Jourani and Thibault (1996).

Theorem 3.1. Let X be an arbitrary Banach space and let f; be l.s.c
functions around a point T where they are all finite, fori = 1,---, n.
We suppose that all these functions satisfy the Borwein property at T
possibly excepted one of them and assume that we have the following
qualification condition

(3.1)

[z] € O°fi,i=1,---,n/a] + ...+ 2, =0l= 2] =... =z, =0.

Then
(3'2) ac(fl + ...+ fn)(j) C (acfl + ...+ 8cfn)(*f)

We can now start the study of the problem of Bolza type in infinite
dimensional. Firstly, we establish the following fundamental result.

3.1. Basic theorem.

Theorem 3.2. Let X be an Asplund space and let € X7 be a solu-
tion of (Pget) with 1 and Ly 1.s.c. Assume that the function | is normally
compact at (Tg,z7) and that Ly is normally compact at (Ty—1, AZy) for
allt €1,---,T. We also suppose that the following qualification condi-
tion

Q(z) holds:
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The only vector y* = (y5,-- ,y5) € (X*)THL for which (v, —yi) €
0®l(zo, xr) and (Ayf,yf) € O°Ly(Z4—1,A%), YVt =1,--- T is the zero
vector in (X*)T+1,

Then there exists a vector p* = (p, -+ ,p%) € (X*)THL such that:

a) (pg, —pr) € 0l(Zo, ZTT)
b) (Apf,p;) € OLy(T¢—1,AZy) forallt =1,---,T.

Proof. We follow the same procedures of the finite dimensional case as
in Sahraoui-Thibault (2008) introducing good number of modifications
and some new arguments. We will also make call at new results.

Step 1. Consider the function ¢ : X7+ — R

T
x— @(x) = l(xo,z7) + ZLt(:):t_l, Axy),
t=1
and put
wo(x) := l(zg,xt) = (I 0 Ap)(x),

and
ﬁpt(ﬂf) = Lt(ﬁ?t,l, A"Bt) = (Lt ° At)(x)’ fort = 17 T aTv

where Ag, A : XT+! — X2 are the linear continuous and surjective
mappings defined by:

Aoz := (o, z7) and Az := (z4—1,Axy) forallt =1,--- | T.

As z is a solution of the minimization problem (Pg), the point Z is a
minimum of the function ¢ and so

T
0 € 9p(T) = (o + Y _ 1)(E).
t=1

Step 2. Prove now the qualification condition in terms of singular
subdifferentials holds for the functions g, ¢1, ..., ©T.
In effect we will prove that, for all y* = (yg,...,v5) € (X*)TFL, such

that
T

ny = 0 with y; € 0%¢¢(z) forallt =0,--- , T,
t=0
we have necessary y* = 0.
First we fix an arbitrary y*. As the linear continuous mappings A;
are surjective for all t =0,--- ,T, we have

Yo € 0%¢po(x) = 0°(l o Ap)(z) C A5O™l(AoZ),



Bolza Type Problems in Infinite Dimensional Discrete Time 45

and

Yi € 07p(T) = 07 (Le o A)(T) C AjO™ Le(Aex), Vi=1,--- T,
so there exists some:
(3.3) 2 = (28, 28) € 0°U(Zo, Zr) such that y = Afz

and some
(3.4)
2f = (2},2%) € 0°Ly(%y_1, AZ;) suchthat yf = Afz; fort=1,---,T.

Now we must calculate Aj et A} forallt=1,---,T.
We have A} : (X*)?2 — (X*)T*+1 ¢t =1,... T and

(A5(z1s 23), ) (o = (2], 23), Aoh) (x2 = (21, 23), (ho, b)) (x+)2
= ((#7,0,...,0,23), (ho, h,- - ,hT))(X*)TH .
Then
Ab (25, 25) = (25,0,---,0,25) for all (27, 23) € (X*)?
Following the same procedures for A] we have

<A>{(ZT’Z§)’ h>(X*)T+1 = <(z>1kvz§)7A1h>(X*)2 = <(ZI’Z;)a (hO’ hy — h0)>(X*)2
= ((2] — #3,25,0,---,0), (ho, b1, - 7hT)>(X*)T+1 )
SO
Ai(27,23) = (27 — 23,25,0,---,0) forall (2}, 25) € (X*)2
And we can write:

Aj(21,25) =(0,---,0,2] — 25,25,0,---,0) forall t =1,--- | T.
Consequently, by the relations (3.3]) and (3.4) we have

* * *
Yo = (20,170, -0, Zo,z)
* * * *
Y1 = (21,1 — 21,23 217270, -, 0)
* * * *
Yy = (07 70721&,1 _Zt,27zt,2707”' 70)
* * * *
ypr = (0, 7072T,1 - ZT,272T,2)'

As ZtT:O y; = 0, we obtain
(@) 2°0,1+27; —215=0
(0) zi19+21—2p=0fort=2---T—-1

() 252+ 212 =0.
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We put: ¢j = 257 and ¢f = 2, for all ¢ = 1,---,T. Then for all
t=2,---,T—1wehave Aq; = ¢ —q;_1 = 2{5 — 2{_15 and so from
the equality (b) we have Ag; = 27;, from the equality (a) we have
Aqi = qi —q5 = 212 — 251 = 211 and from the equality (c) we also have

qr = 219 = —%) . If we substitute in the relations 1} and | , We
obtain

(45 —a1) € 0%U(Zo, T7) and (Aq;, ¢f) € 0% Ly(Tp—1, AZy), Ve =1,--- , T.

According to the qualification conditions Q(z) that we have assumed,

we see that qj = ¢} = -+- = ¢} = 0, and then 0 = ¢}, = 2 ;0 = ¢f =
2720 = Agf = zf forallt = 1,--- ,T;0 = g} = —z,. This yields
ZS,l = ZS,Q :2';1 22;2 =0forallt=1,---,T and hence

yo =A"zy =0and yf = A%2f =0forallt =1,--- T,
which means
2/* = (y:)(ay;a ?y%) =0.

Etape 3 Through the surjectively of the linear continuous mapping
A; and the normally compact property of [ and L;, we verify that the
functions ¢; are normally compact at Z. As these functions are l.s.c over
the Asplund space XT*! for all t = 0,--- ,T and as the qualification
condition of the Step 2 above holds, we have by the calculus rules of

subdifferential of sum as in Mordukhovich-Shao (1996) and Sahraoui-
Thibault (2008)

T T
Apo+ D ) (®) C dpo(®) + > dpi(E),
t=1 t=1
which gives
T
0€0(loA)(E)+ Y O(LioA)(z).
t=1

This ensures the existence of {y € 9(l o Ap)(Z) and & € O(Lt o A¢)(T)
for all ¢ = 1,--- ,T such that ZtT:o & = 0. As the linear mappings
A; are continuous and surjective and that the functions [ and L; are
ls.cforallt=1,---,T, according to the calculus rule of subdifferential

of composition function as in Mordukhovich-Shao (1996) and Sahraoui-
Thibault (2008) we have

8(loAg)(T) C AZOL(AgT) and (Lo A,) (%) C ALy (Az), VE=1,--- ,T.
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Then & € A{Ol(Zo, Zr) and & € A70l(Ty—1,AZy) for all t = 1,--- T,
which ensures the existence of some uf; € 9l(Zo, Zr) such that { = Ajuf
and some uf € OLy(Z4—1, AZ;) such that & = Afuf forallt =1,--- ,T.
This can be translated in the form

(35) uEk) = (uah US,Q) € 8l(f07 ‘/ET) and 50 = (uah 07 T 707 an)

and forallt=1,---,T

(3.6)

u: = (u:,la u:‘f,?) € aLt(i‘tfl’ Ai’t) and § = (0, -0, u:,l - u;27 u:,2’ 0,--- 70)'

Putting pj = ug; and pf = uj, forall¢ =1,--- 7. We see that
T
0=>"0&=( ujy T UL U g U H UGy — UG,
* * _ * .. * + * _ * * + u* )
Us_ 19T Upq = Ugoy * Up_j 9+ Upy — Up o, Uy T,2)
which gives ug; + uj; — uj 5 = 0 for the first component, ¢ =2,---, T
* * * * x
and uf_q 5 +uyy — uyo = 0, finally ug 5 + upy = 0. Then
* % k * * *
Ap; =pf —pi_1 = Ugog — U712 = U1, Vt=2,---,T
and for ¢ = 1 we have Ap] = p] —pj = ujo —uj5; = uj,. Also we

have p%. = u% = —ug 9, then ug, = —pip. Finally, if we replace in lj
and (3.6) we obtain the existence of some vector p* = (p§, pi, - ,p}) €
Jr

(X*)"+1 such that (p§, —p¥) € 0l(Zo, Zr) and
(Apf,p,’f) EGLT(Et,l,AEt), Vt=1,---,T.
This completes the proof of the theorem. O

In the case of an arbitrary Banach space, using the results recalled
above for the subdifferential of Clarke and take again the appropriate
modifications in the procedure of the above theorem, we have the fol-
lowing result.

Theorem 3.3. Let X be an arbitrary Banach space and let 7 € XTT1
be a solution of (Pget) with | and Ly l.s.c.. Assume that | satisfy the
Borwein property at (To,Zr) and that L; satisfy the Borwein property
at (Ty—1,Axy) for allt € 1,--- | T. Also we suppose that the following
qualification condition
Q(z) holds:

The only vector y* = (y3,- -+ ,y5) € (X*)TTL for which (y5, —yk) €
0°l(Zo, Tr) and (Ayf,yf) € O°Li(T4—1, M%), YVt =1,--- T is the zero
vector in (X*)T+L,
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Then there exists some vector p* = (p§, -+ ,pi) € (X*)THL such that:

a) (g, —p7) € Ocl(Zo, T1)
b) (Ap;,p}) € OeL(T—1,A%) for allt =1,---,T.

Now we take again the discrete (Pc r (I, L)) which consist to suppose
that the functions [ and L; are locally Lipschitzian and to minimise the
above function j under the explicit constraints

(xo,xz7) € C and Azy € Fy(xy—1), Vt=1,---,T,

where C' is a nonempty closed subset of X x X and any F; is a multi-
function of X into X has a closed graph of X x X.

Corollary 3.4. Let # € XTI+ be a solution of the problem (Pc p(l, L).
We assume that the functions | and L; are Lipschitzian respectively
around (Zo,zr) and (Ty—1,AZy) for allt = 1,--- T, that the subsets
C and gph F} are closed in X x X, and that the following qualification
condition Q(Z) holds:

The only vector y* = (y5,-++ ,y5) € (X*)THL for which (v, —yh) €
Nc(.fo, .fT) and (Ayf, y;) S ngth (3_7,5_1, Ai’t), Vt=1,---,T is the zero
vector in (X*)T+1,

Then there exists some vector p* = (pf, -+ ,pin) € (X*)TTL such that:
a’)(pzk)v _pé“) € al(j()? jT) + NC(j07 jT)
b)(Ap;, ;) € OLy(Zt—1, A%t) + Nyphr, (Te—1, AZy) for allt =1,--- | T.

Proof. Putting Sy = gphlF;,Vt=1,--- ,T, we consider the functions

l(.CUQ, CCT) = l(x() xT) + (50(1‘0, J,‘T)

and
Li(ziq Axy) = Ly(zi1 Axy) 4 05, (x1-1, Axy),

where S; := gphFy; for allt =1,--- T, and we remark that they are l.s.c.
Also we can verify that, by our hypothesis, they are normally compact
at (Zo,z7) and (Z4—1, AZ;) respectively.

Now we show that the following qualification condition Q(Z) of the
Theorem holds for the functions [ et Ly for all t = 1,--- ,T. So let a
vector y* € (X*)T+! such that

(y87 _y;’) € 8OolN(jOﬂi’T) and (Ay:7y;fk) € 8001:;?5(‘%15—17 Ai‘t)? Vit = 17 o 7T-
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As | and L; are locally Lipschitzian around (Zg, Z7) and (Z;—1, AZy)
forallt =1,---,7T, we have on the one hand

(v, —yy) € 0%°1(%g, T1) C O°6c (o, T7)
and on the other hand
(Ay;,y;) € 0F°Ly(z4—1,ATy) C 0% 6eph F, (Tp—1, AZy), YVt =1,--- ,T.

By the qualification condition Q(Z) we have yw=yi=--=yp=0.
As et L; are ls.c. for allt = 1,---,T and normally compact at the
necessary points and as the qualification condition Q(z) relative at the
problem associated with [ and L; holds, we may apply Theorem to
obtain some vector p* = (pg,- - ,pi) € (X*)TH! such that

(pSa _p?) € 8[(3_707‘%71) and (Ap:,p?) € aEt(‘Tt—la Ai‘t)? Vit = 17 to 7T'

As [, L; are locally Lipschitzian functions satisfying the above property
forallt=1,---,T, and according to the calculus rule of subdifferential
of sum functions see Mordukhovich-Shao (1996) and Sahraoui-Thibault
(2008).
dl(zo, a7) C Ol(wo, 27) + B3¢ (20, 27
and
OLy(xi1, A%y) C OLy(wi1, A%y) + 035, (w1, Ady), Ve =1,--- ,T.

So we conclude that
a) (py, —p7) € 0l(Zo, ZT) + No(ZTo, Tr) and
b) (Ap;,pf) € OLi(T4—1,AZs) + Neph , (Te—1, AZy), YVt =1,---,T. [

Remark 3.5. A similar corollary has also place in the context of an
arbitrary Banach space. We leave the care to the reader to formulate it.

Now we study the case where the function [ can be dissociated in a
locally Lipschitzian function of 7 only through a constraint on zg. So
we consider a nonempty closed subset Cp of X and the minimization
problem (Pc, r(g, L)) where the objective is to minimize the function

T
x> g(zr) + Z Li(xi—1, Axy)
=1

under the initial constraint xg € Cy and the inclusion constraints Ax; €
Fi(xg—q) fort=1,---,T.



50 R. Sahraoui

Corollary 3.6. Let X be an Asplund space and let 7 € X' be a
solution of the problem (Pc,.r(g,L)). We assume that the functions g
and Ly are locally Lipschitzian around To and (Ti—1, AZy) respectively
forallt=1,--- T, that the subset Cy is closed in X, normally compact
at To and that the subsets gph F} are closed in X x X and normally
compacts at (Ty—1, AZy). We also suppose that the following qualification
condition Q(Z) holds:

The only vector y* = (y5,- -+ ,y5) € (X*)TF for which y € N, (%),
yp = 0 and (Ayf,yi) € Ngphr, (Ti—1, AZy)Vt =1,--- T is the zero vector
in (X*)T+1,

Then there exists a vector px = (p, -+ ,pir) € (X*)THL such that:

a) py € Nc,(To), Py € 0g(Zr)

b) (Ap:;,pzk € aLt(a’:t,l, Aii‘t) + ngth (fi’tfl, Afft) fOT’ allt=1,---,T.
Proof. Put l(zo,x1) := g(xr) and C' := CyxX. Then the normal cone to
C is given by N¢(Zo, 1) = N¢, (To) X {0} and the function [ is obviously
Lipschitzian around (Zo, Zr) with the equality 0l(Zo, Zr) = {0} xdg(z7).
Further, it is easy to see that the qualification condition Q(Z) holds.
Thus, the result is a consequence of the precedent corollary. ]

We also can take again the frame work relative at the case when
the images of the set-valued mappings F; are prox regular which is not
studied in this paper because we estimate that the methods used in
the proofs above are made the reader to know the changes which are
introduce by the arguments evoked in the context of finite dimensional.
We restrict our study to the problems with convex data.

Corollary 3.7. Let X be an arbitrary Banach space. Assume that the
functions | and Ly are convex (non necessarily l.s.c.) foralli =1,--- T
and assume also that there exists some vector z = (zp,-++ ,27) € X111
such that (z0,2r) € doml and such that the functions L; are contin-
uous at (z_1,Az) for all t € {1,...,T}. Then a point T € XT*!
is a solution of the problem (Pge) if and only if there exists a vector
p* =5, ,ph) € (X*)TTL satisfying the two relations (a) and (b) of
Theorem [3.3.

Proof. Assume that Z is a minimum of the problem (Pge;) and consider
the linear mappings Ay, A; and the functions g, ¢; of the first step
of the proof of Theorem We see that these linear mappings are
continuous and surjective and that the functions ¢, for t =0,1,--- T,
are convex. Since T is a minimum, we have
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T
0€dpo+ 3 w0)@).

t=1

Following the procedure used in the finite case as in Sahraoui and
Thibault(2008), we obtain that

dom o N (NL_;cont ;) # 0,

such that cont ¢; means the set of point of X7 *! when the function ¢;
is continuous.

This ensures that the subdifferential of the above sum is equal to the
sum of subdifferential and so we can follow in the proof of the finite
dimensional see Sahraoui and Thibault (2008). O
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