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ROUGH SOFT SETS AND ROUGH SOFT GROUPS
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ABSTRACT. In this paper we discuss some basic properties of rough
soft sets and hence we introduce the notion of rough soft group.
Basic properties of rough soft group are presented and supported
by some illustrative examples.
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1. INTRODUCTION

Problems in economics, engineering, environmental science, social sci-
ence, medical science and most of problems in every day life have various
uncertainties. To solve these imprecise problems, methods in classical
mathematics are not always adequate. Alternatively, some kind of the-
ories such as probability theory, fuzzy set theory [12], rough set theory
[10], soft set theory [9], vague set theory etc. are well known mathemat-
ical tools to deal with uncertainties. In 1982, Pawlak [10] introduced
the concept of rough sets. In 1999, Molodtsov [9] proposed the soft set
theory as a new mathematical tool for dealing with uncertainties which
is free from the difficulties affecting existing methods.

Presently, works on soft set theory are progressing rapidly. Maji et al. [7]
defined and studied several operations on soft sets. Aktas and Cagman
[1] related soft set to fuzzy sets and rough sets, providing examples to
clarify their differences and also defined soft groups and derived their
basic properties. Feng et al. [5] initiated the study of soft semirings
by using soft set theory. Ali et al. [2], A. Sezgin, A. O. Atagun [I1]
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introduced some new operations on soft sets and illustrated their inter-
connections. In recent year, Feng et al. [4] introduced rough soft set,
soft rough set, soft rough fuzzy set and examined related properties. D.
Meng et al. [8] proposed soft fuzzy rough set and surveyed their related
properties.

In this study we deal with the algebraic structure of group by applying
rough soft set theory and examine their properties with suitable exam-
ples. This paper is organized as follows. In section 3, we verify some
properties related to rough soft sets with respect to ’AND’ operation
and ’OR’ operation. In section 4, we introduce the notion of rough soft
group and focus on their algebraic properties with several illustrating
examples. Proofs of certain results in the sequel are routine. However,
we include them for the sake of completeness.

2. PRELIMINARIES

Throughout this paper, (U, R) denotes a Pawlak approximation space
and we write everywhere ”Pawlak approximation space” with capital
letter ”P”. This section contains some basic definitions and results which
will be needed in the sequel. The symbol [J marks the end of a proof.

Definition 2.1 ([4]). Let (U, R) be P and Q = (F, A) be a soft set over
U. The lower and upper approximations of € in (U, R) are denoted by
R.(Q) = (Fy, A) and R*(Q) = (F™*, A), which are soft sets over U with
the set valued mapping given by:

Fu(z) = Ro(F(2)) ={y €U:[ylr € F(z) },
Fia) = R (F(z)) ={yeU:[ylrNF(x) # ¢}

for all z € A. The operators R, and R* are called the lower and upper
rough approximation operators on soft sets. If R,(2) = R*(Q2), the soft
set Q) is said to be definable; otherwise €2 is called rough soft set.

Theorem 2.2 ([4]). Suppose that (U, R) is P and Q = (F, A) is a soft
set over U. Then we have
L. R Q)cac R*(Q)
R.(Ri(Q)) = Ru(Q
R*(R*( )) = RX(
) (
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)

)
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)
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Definition 2.3 ([2]). Let (F, A) and (G, B) be two soft sets over a com-
mon universe U.
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(1) The extended intersection of (F, A) and (G, B), denoted by (F, A)Mg

(G, B), is defined as the soft set (H,C'), where C = AUB, and Ve € C,
H(e) = F(e), if e A\ B,

= G(e), if e€ B\ A,

=F(e)NG(e), if e ANB.

(2) The restricted intersection of (F, A) and (G, B), denoted by (F, A)m
(G, B), is defined as the soft set (H,C), where C = AN B and
H(e) = F(e)NG(e) for all e e C.
(3) The extended union of (F, A) and (G, B), denoted by (F, A)U(G, B),
is defined as the soft set (H,C'), where C = AU B, and Ve € C,
H(e) = F(e), if ec A\ B,

= G(e), if ec B\ A,

=F(e)UG(e), if ec ANB.

(4) The restricted union of (F,A) and (G, B), denoted by (F,A)Ur
(G,B), is defined as the soft set (H,C), where C = AN B and
H(e) =F(e)UG(e) forall e C.

Note that restricted intersection was also known as bi-intersection in
Feng et al. (2008), and extended union was at first introduced and called
union by Maji et al. (2003).

Theorem 2.4 ([4]). Suppose that (U,R) is P and Q = (F,A), ¥ =
(G B) are soft sets over U. Then we have
R.(QM W) = R.(2) M R(V),
(Q Me ‘II) = R*(Q) Me R*(‘l/),
R*(QmW) C R*(2) m R*(V),
(Q Ne W) C R*(Q) Mg R*(P),
MOW)QRAWGRAWL
R*(QUR ¥) = R*(Q2) Ugr R*(V),
R*(QU ) = R*(Q) U R*(¥),
QCVU = R(Q) C R(¥), R*(Q) C R*(V).

© 90N S et 600

Definition 2.5 ([7]). For a soft set (F,A), the set Supp(F,A) = {z €
A : F(z) # ¢} is called the support of the soft set (F,A). Thus the

null soft set is a soft set with an empty support, and we say that soft
set (F,A) is non-null if Supp(F, A) # ¢.
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3. ON OPERATIONS OF SOFT SETS IN PAWLAK APPROXIMATION SPACE

Here we state two operations on soft sets, introduced by Maji et al.
[7] and then we prove a few theorems.

Definition 3.1. If (F, A), and (G, B), are two soft sets over a common
universe U, then (F,A)AND (G,B), denoted by (F,A)A (G,B), is
defined by (F,A) A (G,B) = (H,A x B), where H(x,y) = F(z)nN
G(y), V(z,y) € Ax B.

Definition 3.2. If (F, A), and
mon universe U, then (F, )O
is defined by (F,A) V (G, B) =
G(y), ¥V (z,y) € A x B.

Theorem 3.3. Suppose that (U, R) is P and Q = (F,A), ¥ = (G, B)
are soft sets over U. Then we have

(1) R*(QAT) C R*(Q2) A R*(V),

(2) Ri(QAT) = Ri(Q) AN R (D).

Proof. (1) Let QAV = (F,A) A (G,B) = (H,A x B). Then H(z,y) =
F(x)NG(y), V(z,y) € Ax B and R*(QAV¥) = (H*, A x B).

Again, let R*(Q) A R*(¥) = (H,A x B). Then H(z,y) = F*(z) N
G*(y), V(z,y) € Ax B. Now V(z,y) € A x B,

H*(z,y) = R*(H(z,y) ), by Definition [2.1]

= R*(F(z) N G(y))

C R*(F(z))NR*(G (y) ), by the property of upper rough approximation
= F*(z) N G*(y) = H(z,y).

So, R*(QAWT) C R*(Q) N R*(W).

(2) Since in proof of (1), Q AV = (H,A x B), then R, (Q A ¥) =
(H., A x B).

Let R.(Q)AR.(V) = (H,AxB). Then H(z,y) = Fi.(x)NG.(y), V (z,y) €
A x B.

Now for all (x,y) € A x B, we have

H.(z,y) = R.(H(z,y)), by Definition

—R(FzNGly))

= R.(F(x)) N R.(G(y)), by the property of lower rough approximation
— Fu(x) N Guly) = H(z,y).

So, R.(QA W) = R.(Q) A R(P). O

Theorem 3.4. Suppose that (U, R) is P and Q = (F,A), ¥ = (G, B)
are soft sets over U. Then we have

(G, B), are two soft sets over a com-
R (G, B), denoted by (F,A)V (G,B),
(H,A x B), where H(z,y) = F(z)U
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(1) R*(QV ) =R (Q)V E(V),
(2) R(QV V)2 R.(Q)V R (V).

Proof. (1) Let Qv ¥ = (F, ) (G,B) =(H,A X B). Then H(z,y) =
F(x) UG(y), V(z,y) € A x B and R*(QV\II):(H*,AXB).

Again, let R*(Q) V R*(V) = (H,A x B). Then H(z,y) = F*(z) U
G*(y), V(z,y) € Ax B. Now V(x,y) € A x B,

H*(z,y) = R*(H(z,y) ), by Definition [2.]]

= R*(F(z) UG(y))

= R*(F(2)) UR"(G(y)
= F*(x) UG™(y) = H(
So, R*(QV ¥) = R*(Q
(2) Since in proof of
(Hiy A X B).

Let R.(Q)VR.(V) = (H,AxB). Then H(x,y) = Fi(x)UGL(y), V (z,y) €
Ax B.

Now for all (x,y) € A x B, we have

H,(z,y) = R.(H(z,y) ), by Definition [2.1]

), by the property of upper rough approximation
z,y)

)V R (W),

(1), Qv V¥ = (H,A x B), then R,(Q2V V) =

:R*(F(qu( )

O Ri(F(x )) R.(G(y)), by the property of lower rough approximation
= Fu(z) UG.(y) = H(z,y).

So, R.(2V ¥) D R.(2) V R.(7). O

4. ROUGH SOFT GROUPS

Throughout this section, G (as universal set) is supposed to be an
additive group and (G, R) is P where R is a congruence relation on
G . At first we describe the definition of congruence relation on G and
state important lemmas as in [3],[6].

Definition 4.1. An equivalence relation R on G is called a congruence
relation if (a,b) € R implies (a+z,b+2) and (z+a,z+0b) € R for all
x € G. Then [z]r denotes the congruence class containing the element
z €.

Lemma 4.2. Let R be a congruence relation on G, then (a,b) € R
and (¢,d) € R imply (a +¢,b+d) € R and (—a,—b) € R for all
a,b,c,d € @.

Lemma 4.3. Let R be a congruence relation on G. If a,b € G, then
(1) [alr + [b]r = [a + V],
(2) [-alr = —[a]r.
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Following the definition of soft semiring as in [5], we give the definition
of soft group. The definition of soft group was given also in [I].

Definition 4.4. A non null soft set (F,A) over G is said to be a soft
group over G if F(z) is a subgroup of G for all z € Supp(F, A).

Definition 4.5. A non null soft set = (F,A) over G is said to be
an upper rough soft group over G if R*(Q) is a soft group over G.

Theorem 4.6. Let (G,R) be P. If Q = (F,A) is a soft group over G,
then € is an upper rough soft group over G.

Proof. Since Q = (F, A) is a soft group over G, then F(z) is a subgroup
of G for all x € Supp(F, A), by Definition[f.4 Now R*(Q) = (F*, 4),
where YV € A,
Fra) =R (F(z)) ={y e G:[ylrn F(z) # ¢ }.

Let a,b € F*(x), this implies [a|g N F(x) # ¢ and [b]r N F(x) # ¢. So
there exist ¢ € [a]gNF(x), d € [b]rNF(z). Since F(x) is a subgroup of
G, c—d € F(z). By Lemma[4.3| we have c—d € [a]g — [b]r = [a — ]g.
Hence [a — blg N F(x) # ¢. This implies a — b € F*(z). So, F*(x) is
a subgroup of G, Vx € Supp(F*, A). Therefore R*(Q2) is a soft group

over G. Hence by Definition () is an upper rough soft group over
G. O

Example 4.7. Let Z¢ = {0,1,2,3,4,5} be the group of integers module
6 w.r.t +¢, taken as universal set and R be the congruence relation on
Z¢ with the congruence classes [0|r = {0,2,4}, [1]r = {1,3,5}. Let
Q= (F,A) be a soft set over Zg, where A =7Z¢g and F : A — P(Zg)

1s a set valued function defined by
F(:U):{yEZ6 P TPY S THeY C {07172}}7V.’IJ€A

Then F(0) = {0,1,2}, F(1) = {0,1,5), F(2) = {0,4,5}, F(3) =
{3,4,5}, F(4) = {2,3,4}, F(5) = {1,2,3} are not subgroups of G.
Hence Q is not a soft group over Zg. But by Deﬁm’tz’on R*(Q) =
(F*,A), where Vx € A,

F*(z) =R (F(z))={y€Zs: ylrNF(z) # ¢} = Zs.

So, F*(x) is a subgroup of Z¢, V& € A. Hence R*(2) is a soft group
over Zg.

Theorem 4.8. Let (G,R) be P and Q = (F,A) be a soft group over
G. If R.(Q) is non null, then R.(Q) = Q.
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Proof. Clearly, by Theorem R.(Q) C Q. To prove the theorem we
have only to prove Q C R,(Q2). Suppose R.(2) is non null. This implies
Supp(Fy,A) # ¢. Let Fi(x) # ¢, then there exists ¢ € Fi(x). So,
[0]r = [c+(=c)|r = [c]r+[~c|r = [Jr+(=[dr) C F(z)+F(z) = F(z).
Let a be an arbitrary element of F(x). Since F(x) is a subgroup of
G, then a+[0]g Ca+ F(x) = F(x). Again

y€a+0lpey—ac0lpe (y—a,0) € RS (y,a) € RSy € [a]g.
So, we get [a|g C F(z), which implies a € Fi(z). Therefore F(x) C
F.(x) for all x € Supp(F,,A). Hence Q C R.(Q). O

Definition 4.9. A non null soft set 2 = (F, A) over G is said to be
a rough soft group over G if R.(Q2) and R*(Q2) are both soft groups
over G.

Corollary 4.10. If Q = (F, A) is a soft group over G and R.() is
non null, then Q is a rough soft group over G.

Some parts of the following theorem are proved earlier in [I] and
in other research articles by some authors, we shall give a proof for
completeness.

Theorem 4.11. Let (F, A) and (H, B) be two soft group over G. Then
(1) (F,A)m (H,B) is a soft group over G if it is non null.

(2) (F,A)Ng (H,B) is a soft group over G if it is non null.

3) (F,A)Ug (H, B) is a soft group over G if either (F,A) C (H,B)
r (H,B) C (F,A).

4) (F,A)U (H, B) is soft group over G if either ANB = ¢ or (F,A) C

(H,B) or (H,B) C (F,A).

(5) (F, ) (H, B) is a soft group over G if it is non null.

Proof. (1) From Definition [2.3] we can write (F, A) @ (H, B) = (K, C),
where C = AN B and K(e) = F(e) N H(e), Ve € C. By hypothesis
(K,C) is non null. If e € Supp(K,C), then K(e) = F(e) N H(e) # ¢.
As F(e) and H(e) are subgroups of G, K(e) is a subgroup of G.
Hence (F,A)m (H,B) is a soft group over G.

(2) From Definition [2.3] we can write (F, A) Mg (H, B) = (K, C), where
C=AUB and K(e) =F(e) if ec A\ B, K(e)=H{(e) if e€ B\ A,
K(e) = F(e)N H(e) if e € AN B. By hypothesis Supp(K,C) # ¢. If
e € Supp(K,C), then e € A\ B or B\ A or AN B. For all of the
cases respectively F'(e), H(e), F'(e)NH(e) are nonempty. As F(e) and
H(e) are subgroups of G, K(e) is a subgroup of G for all of the cases.
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Hence (F,A)Ng (H, B) is a soft group over G.

(3) From Definition [2.3] we can write (F, A)Ug (H, B) = (K, C), where
C = ANB and K(e) = F(e) U H(e), Ye € C. By hypothesis if
(F,A) C (H,B), then AC B and F(e) C H(e), Ve € A. Hence C = A
and K(e) = H(e),Ve € C. As H(e) is a subgroups of G, K(e) is a
subgroup of G. Therefore (F,A)Ug (H,B) is a soft group over G.
Similarly the result follows if (H,B) C (F, A).

(4) From Definition we can write (F,A)U(H,B) = (K,C) where
C=AUB and K(e) =F(e) if ec A\ B, K(e)=H(e) if e€ B\ A,
K(e) = F(e)UH(e) if e € AN B. By hypothesis if AN B = ¢, then
Ve e Supp(K,C), either e € A\ B or e € B\ A. For both cases K(e)
is a subgroup of G, as F(e), H(e) are subgroups of G. By hypothesis
if (F,A) C (H,B), then A C B and F(e) C H(e),Ve € A. Hence
C = B and K(e) = H(e), Ve € C. Therefore K(e) is a subgroup of
G, Ve € Supp(K,C). Similar result follows if (H,B) C (F,A). Hence
(F,A)U(H, B) is soft group over G.

(5) From Definition we can write (F,A) A (H,B) = (K,A x B),
where K(z,y) = F(x)NH(y), ¥V (z,y) € Ax B. By hypothesis, Supp(XK,
AXB) # ¢. Then V (z,y) € Supp(K,Ax B), K(z,y) = F(x)NH(y) #
¢. As F(z) and H(y) are subgroups of G, K(z,y) is a subgroup of
G. Hence (F,A) A (H,B) is a soft group over G. O

Theorem 4.12. Let (G, R) be P. Also let Q= (F,A), ¥V = (H,B) are

soft sets over G such that R.(Q2), R«(¥) are soft group over G.

(1) If R«(Q2) M Rx(W) is non null then R (LM W) is a soft group over
G.

(2) If Re(2)Mg Ri (W) is non null then R.(QMNg W) is a soft group over
G.

Proof. (1) By hypothesis R.(2) M R,(¥) is non null, hence by Theorem
R.(Q)MR. (V) is a soft group over G. From Theorem[2.4] R, ()M
R.(¥) = R.(QM¥), hence R,(2m V) is a soft group over G.

(2) By hypothesis R.(€2) Mg R.(¥) is non null, hence by Theorem
R.(Q)Ng R, (V) is asoft group over G. From Theorem[2.4] R, (QMz¥) =
R.(2) Mg Ry (V), hence R.(2Mg V) is a soft group over G. O

Theorem 4.13. Let (G, R) be P. Also let Q= (F,A), ¥V = (H,B) are
soft sets over G such that R*(2), R*(¥) are soft group over G.

(1) If R*(2) C R*(¥) or R*(¥) C R*(2), then R*(QUg V) is soft
group over G.
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(2) If either ANB =¢ or R*(Q) C R*(V) or R*(V) C R*(QY), then
R*(QUY) is a soft group over G.

Proof. (1) If R*(2) C R*(¥) or R*(V) C R*(f?), then by Theorem
R*(Q2)Ur R*(V) is a soft group over G. By Theorem [2.4] we have
R*(QUr ¥) = R*(2) Ug R*(¥). So, R*(QUg V) is a soft group over
G.

(2) If either ANB = ¢ or R*(2) C R*(V) or R*(¥) C R*(Q2), then by
Theorem R*(Q) U R*(¥) is a soft group over G. By Theorem
we have R*(QUW) = R*(Q)UR*(¥). So, R*(QUWV) is a soft group
over G. O

Theorem may not be true for upper rough approximation as seen
in the following example.

Example 4.14. Let G be a Klein’s 4-group. Composition table is given

by:
Olelal|b]c
elelalblc
alalelc|bd
blblclela
clelblale

Let R be a congruence relation on G given by

R= {(67 e), (6,[)), (ava)v (a7c>7 (b, e)? (b, b)a (C7a)a (C7C>}'
Hence the R-congruence classes are [e]r = [blr = {e,b}, [a]lr = [c|r =
{a,c}.
Let Q= (F,A), ¥ = (H, B) be two soft set over G, where A= B =G,
and
Flz)={yeG:zpy < xyc{eal}},
H(z)={yeG:zpy=zy € {ec}},
Ve € G. Then F(e) = F(a) = {e,a}, F(b) = F(c) = {b,c} and
H(e) = H(c) = {e,c}, H(a) = H(b) = {a,b}. So, Q, ¥ are not soft
groups over G.
From Definition [2.1, R*(Q) = (F*, A) and R*(V) = (H*,B), where
F*(x) =G Vx € A and H*(z) = G Yz € B. Hence R*(Q2), R*(V)
are both soft groups over G. Also it can be shown from Definition
R*(2) m R*(V), R*(Q) Mg R*(¥) are non null. Hence from Theorem
R (Q)MR*(¥), R* (Mg R*(Y) are soft groups over G. Now from
Definition[2.5, we can write QM = (K, C), where C = ANB =G and
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K(e) = {e}, K(a) = {a}, K(b) = {b}, K(c) = {c}. From Definition[2.1],
R (Qm¥) = (K*,C), where K*(e) = K*(b) = {e, b}, K*(a) = K*(c) =
{a,c}. Since K*(a), K*(c) are not subgroups of G, hence R*(2m ¥)
s mot soft group over G.

Again from Deﬁm'tion we can write QMg W = (L, D), where D =
AUB = G and L(e) = {e}, L(a) = {a}, L(b) = {b}, L(c) = {c}.
From Definition [2.1, R*(Q Mg V) = (L*, D), where L*(e) = L*(b) =
{e,b}, L*(a) = L*(c) = {a,c}. Since L*(a), L*(c) are not subgroup of
G, hence R*(Q2Mg W) is not soft group over G.

Theorem may not be true for lower rough approximation as seen
in the following example.

Example 4.15. Let Zio be the group of integers module 12 w.r.t.
412, taken as universal set and R be the congruence relation on Zio
with the congruence classes [0]gr = {0,4,8}, [1]lr = {1,5,9}, [2]r =
{2,6,10}, [3|r ={3,7,11}. Let Q= (F,A), ¥ = (H, B) be two soft set
over Zya, where A= B ={0,4,8} and F : A — P(Z12) is a set valued
function defined by

F(0)={0,1,4,5,8}, F(4) ={0,2,6,8}, F(8) ={0,1,4,8,9},
and H : B — P(Z12) is a set valued function defined by
H(0)={0,1,4,8,9}, H(4) ={0,2,6,8}, H(8) ={0,1,4,5,8}.
Obviously, Q = (F,A), ¥V = (H, B) are not soft group over Zi3. Now

from Definition [2.1, we can write R.(Q) = (Fy, A), R.(¥) = (H,, B),
where

F,(0) = F.(8) = {0,4,8}, Fi(4) = ¢; H,(0) = H,(8) = {0,4,8}, H,(4) = 6.

So, R.(Q), R.(V) are soft group over Zis. Also it can be shown from
Theorem R.(Q) Ur R.(V), R.(Q)UR.(¥) are soft group over
Z1z. Again from Definition[2.3, we can write QUg ¥ = (K,C), where
C=ANB = {0,4,8) and K(0) = K(8) = {0,1,4,5,8,9}, K(4) =
{0,2,6,8}. From Definition[2.1, R.(QURY) = (K.,C), where K,(0) =
K,.(8) ={0,1,4,5,8,9}, K.(4) = ¢. Since K*(0), K*(8) are not sub-
group of Zi2, hence R*(Q2Ur W) is not soft group over Zis.

Theorem 4.16. Let (G,R) be P. Also let Q = (F,A), U = (H, B)
are soft sets over G such that R.(Q), R.(¥) are soft group over G. If
R.(Q) A R.(V) is non null then R.(Q A W) is a soft group over G.
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Proof. By hypothesis R, (2) A R.(¥) is non null, so by Theorem
R.(Q) AR.(T) is a soft group over G. Now from Theorem we have
R(QAT) = R, (Q) A R.(V). Therefore R,(2A W) is a soft group over
G. O

Theorem may not be true for upper rough approximation as seen
in the following example.

Example 4.17. Let (G, R) be P asin E:cample where R -congruence
classes are [e]r = [b]r = {e,b}, [a]r = [c|r = {a,c}. Let Q= (F,A), ¥ =
(H,B) be two soft set over G, defined in Example[{.14} Then F(e) =
F(a) ={e,a}, F(b) = F(c) = {b,c} and H(e) = H(c) ={e,c}, H(a) =
H(b) = {a,b}. So, Q, ¥ are not soft group over G, but from Example
R*(Q2), R*(¥) are soft group over G. Now from Definition it
can be shown that R*(Q) A R*(V) is non null. Hence by Theoremh
R*(2) A R*(V) is a soft group over G.

Now from Definition we can write QAN Y = (K, A x B), where
A =B =G and K(z,y) = F(z) N H(y), ¥ (z,y) € A x B. So, we
have K(e,e) = K(e,c) = K(a,e) = K(a,c) = {e}; K(e,a) = K(e,b) =
K(a,a) = K(a,b) = {a}; K(bja) = K(b,b) = K(c,a) = K(c,b) =
{b}; K(b,e) = K(b,c) = K(c,e) = K(c,c) ={c}.

From Definition[2.1, R*(QA W) = (K*, A x B), where

K*(e,e) = K*(e,c) = K*(a,e) = K*(a,c) = K*(b,a) = K*(b,b) =
K*(c,a) = K*(c,b) = {e, b}; K*(e,a) = K*(e,b) = K*(a,a) = K*(a,b) =
K*(b,e) = K*(b,c) = K*(¢c,e) = K*(c,c) = {a,c}. Since {a,c} is not
a subgroup of G, therefore R*(QL A W) is not a soft group over G.
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