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COMMON COINCIDENCE AND FIXED POINTS FOR
SEVERAL FUNCTIONS IN »-METRIC SPACES

JAYESH TIWARI AND DILEEP KUMAR SHARMA

ABSTRACT. The purpose of this research paper is to show the exis-
tence and uniqueness of coincidence and fixed points for more then
two functions on new contraction mapping and expansive mapping
in b-metric spaces. Also we give several corollaries in such spaces.
These results are extend many of the past results and will help to
research scholar in their advance works.
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1. INTRODUCTION

Foundational result of fixed point theory is Banach Contraction Prin-
ciple, is proposed by Banach[4] in 1922. Many researchers and scholars
studied it very deeply and gave its detailed and generalized form in
front of the Mathematics, Science and technical world. In this sequel,
I.A. Bakhtin[3] introduced and defined the concept of b-metric space in
1989, as a generalization of metric space and proved the analogue of
this fundamental result in b-metric space. While Stafen Czerwic[6] used
it extensively in 1993. Since then till now many analogue results have
been made in b-metric spaces. A lot of fixed point results were presented
for one function, two functions and three functions with different con-
traction mappings by many authors(see,.e.g.,[1],[2],[5], [8-10]. A detailed
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study is being done on various types of contractions.

In this sequence, we are inspired to prove the existence and uniqueness
of fixed point for three functions on contraction and expansive mapping
in bmetric spaces. Also we present an analogue result of Budi Nur-
wahyu[7] in b-metric spaces for three functions.

2. PRELIMINARIES

Definition 2.1.[1]. Let X (# ) be a set with a fixed real number s > 1,
then a function d is called b-metric if function d : X x X — R* satisfies
the following conditions:

(bmy) d(u,v) =0 iff u = v for all u,v € X.

(bma) d(u,v) = d(v,u) for all u,v € X.

(bms) d(u,w) <s [d(u, v) + d(v,w)} for all distinct u,v,w € X.
Then the pair (X, d) is called a b-metric space.

Every metric space is a b-metric space but converse is not necessary
true. We validate this by some following examples.
Example 2.2. X(# ®) be a set of natural numbers and define a func-
tiond: X x X — RT by

0, ifu=wv
d(u,v)= { cu, if (u,v) € {3,4} and u # v
1, otherwise.

where p >0 and ¢ > 2, V u,v € X.

Hence (X, d) is a b-metric space with coefficient s = § > 1.

But (X, d) is not a metric space, as
d(3,4) =cpu>2p =4d(3,2) +d(2,4).

Example 2.3. Let X (# ®)be a set of natural numbers and define a
function d : X x X — RT by
0, ifu=wv
5u, ifu=1v=4
2u, if (u,v) € {1,2,3} and u # v
1, otherwise.

d(u,v)=
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where p > 0 is a constant.
Then (X, d) is a b-metric space with coefficient s = g > 1.
But (X, d) is not a metric space, as

d(1,4) =5u > 3u=d(1,2) + d(2,4).

Definition 2.4.[7] Let X be a non-empty set and let f be a self map
on X, then f has a fixed point at u € X if fu = u.

Definition 2.5.[7] Let (X, d) be a b-metric space with coefficient s > 1.
Let f be a self map onto X itself then f is called a contraction mapping,
if it satisfies for 0 < A < 1

d(fu, fv) < Ad(u,v) forallu,v € X.
Definition 2.6.[7] Let (X, d) be a b-metric space with coefficient s > 1.

Let f be a self map onto X itself then f is called a expansive mapping,
if it satisfies 0 < A < 1

d(fu, fv) > Ad(u,v) forall u,v € X.

Definition 2.7.[7] Let X be a non-empty set and let f and g be two
self maps on to X itself, then f and g have a common coincidence point
at v € X if fu = gu = v and v € X is called a coincidence point of f
and g.

Definition 2.8.[7] Let X be a non-empty set and let f and g be two self
maps on to X itself, then {f, g} is called weakly compatible, if fu = gu,
then gfu = fgu for all u € X.

We now state our main results.

3. MAIN RESuULT

Theorem 3.1. Let (X,d) be a b-metric space with s > 1 and f,g,h
be three functions defined onto X itself such that f(X) C h(X) and
9(X) C h(X). If (hX,d) is a complete b-metric space and suppose the
following condition holds for all x,y € X :

(3.1) d(fx,gy) < ad(fx,hy) + Bd(gy, hy) + vd(hz, hy) + nd(fy, hy)

where o, 8, € [0,571) and v > 0 such that y+8+n < 1, sa+p+n < 1
and o+ 8+ v < 1. Then f, g and h have common unique coincidence
point in X.

Moreover, if {f, h}, {g,h} be weakly compatible, then f, g and h have
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a common unique fixed point.

Proof. Firstly we show the existence of fixed point of f, g and h.

Let z9 € X. Therefore fzg € f(X). Given that f(X) C h(X) then there
exists x1 € X such that fzg = hx;.

Since x1 € X, we have gr; € g(X). Given that g(X) C h(X) then
there exists z9 € X such that gz = hxs.

Again z9 € X, we have fzy € f(X). Since given that f(X) C h(X)
then there exists 3 € X such that fxo = hxs.

Now again z3 € X, we have gzrs € g(X). Since given that g(X) C
h(X) then there exists z4 € X such that gzs = hay.

Therefore we can take fx, = hz,41 and gz,y1 = hxzpeo for all
n=0,1,2,...

Choose a sequence {u,} such that u, = fx, = hx,y1 and up4 =
JTnt+1 = hxpyo forallm =10,1,2, ...

Now from inequality (3.1), we have
d(tn; Unt1) = d(fTn, gTn11)
< ad(frn, htni1) + Bd(gxnt1, htnt1) + yd(hapn, hepi1)
+nd(fTn+1, honi1)
= ad(un, un) + Bd(un+1, un) + ¥d(un-1, un) + nd(tni1, un).
Therefore
(1 =B = nd(un, unt+1) < vd(un—1, un).

d(una unJrl) < (Unfla Un)

Y
—d
1-8—n
= Hd(un—ly un)

where p = 17%777 < 1. Thus, we get
d(un, unJrl) < ,U/d(unfla un)
Continuing the above process, we receive

(3.2) d(tn,y Upt1) < p"d(ug, ur).
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Letting n — oo, we obtain that
(3.3) limpy,—0od(Un, Uny1) = 0.

Now we claim that {u,} is a b-Cauchy sequence in X.

Let m,n € N, m > n. Setting d,, = p"d(xg,x1).
Then by b-inequality, we obtain

IN

s[d(un, unt1) + d(Ung1, um)]

Sd(una un+1) + 32 [d(un—i—l; un+2) + d(un+27 um)]

d(tn, um)

IN N

Sd(una Un+1) + S2d(un+1a un-‘r?) + Sg[d(un-i-% un+3) + d(un-i-?n um)]
Sﬂndo + S2Mn+1d0 + 83un+2d0 N Smfnlulmfld0

< sp™{1+ sp+ 2+ o+ (sp)™ "
1

IN

< sp'do
1—su
n
=g
1—spu
Hence,
S n
(3.4) d(tin, ) < 7 _”S#do.
Letting n — oo, we find
(3.5) limp—0od(Un, U ) = 0.

Thus {u,} is a b-Cauchy sequence in hX.
Since function AX is complete, there exists u* € hX such that

(3.6) limp—ood(un, u*) = 0.
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Since u* € hX then there exists z* € X such that v* = hx*.
Now,

d(fz*, uny1) = d(fz*, gTni1)
< ad(fx*, hepi1) + Bd(gTni1, hept1) + yd(ha™, hay 1)
+nd(fTnt1, hni1)
= ad(fz", up) + Bd(un+1,un) +yd(u”, un) + nd(Unt1, un)
< asld(fz*, unt1) + d(unt1,un)] + (B + n)d(un+1, un)
+ yd(u®, uy).

Therefore,

(1 — as)d(fa" ) < (as + B+ n)d(tns1, wn) +yd(u’ ).

(2" umsr) < ast+p+m,
1—as

(Unt1, up) +vd(u”, upn).
Letting n — oo and using (3.3), (3.6), 1 — as > 0, we get
(3.7) limp—ood(f2*, uny1) = 0.

Now, we show that {f,h} has a coincidence point.

d(fx*v hx*) S S[d(f$*7 un—l—l) + d(un—i-b hl'*)]
sld(fa™, unt1) + d(ups1, u™)).

Letting n — oo and using (3.6), (3.7), we get
d(fx*, hz*) = 0.
Therefore, we get
(3.8) fz* = ha”.
Thus {f, h} has a coincidence point.

Claim that d(gz*, u,) — 0 for n — oo.
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Now from inequality (3.1)), we have
(g™, up) = d(gz*, fan) = d(fzn, gz~)
< ad(fxy, ha*) + Bd(gz™, ha™) + yd(hzy, ha™) + nd(fz*, ha™)
= ad(up, u*) + Bd(gz",u*) + yd(up—1,u”) + nd(fz*, hxa™)
< ad(up, u*) + Bs[d(gz™, up) + d(upn, u*)] + yd(up—1,u")
+nd(fz*, hz™).

Therefore,

(1= Bs)d(gx™, up) < ad(upn, u*) + Bsd(un, u*) + yd(up—1,u") + nd(fz*, ha™).

Since 1 — s > 0, letting n — oo and using (3.6),(3.8), we get

(3.9) limp—ood(gz™, uy) = o.

Again by b-inequality
d(gz*, ha*) < s[d(gx™, un) + d(un, ha™)]

[d(gz™, up) + d(up, u")].

Letting n — oo and using (3.6), (3.9), we have

(3.10) d(gz*, ha™) = 0.

Now from (3.8) and (3.10), we get
fr* = hx* =u* and gz* = ha* = u*.
Thus,

(3.11) fx* =gx* =ha* =u".

<s
<s

Hence functions f, g and h have common coincidence point u* for z* €
X.

Uniqueness of coincidence point. If possible, suppose that v* is
another coincidence point of functions f, g and h such that

fax* = ga* = ha* =",

From inequality (3.1), we have

d(u*,v*) =d(fx*, gz*)
< ad(fx*, hx™) + Bd(gz™, ha*) + vd(hz™*, ha™) + nd(fx*, hx™)
= ad(u*,v*) + pd(u*,v*) + nd(u*,v*).
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Therefore,
(1—a—-p—n)du*,v*) <0.

Since 1 —a — f —n > 0. Thus d(u*,v*) = 0.
Hence,

Now fz* = ha*and gx* = ha*. Given {f,h} weakly compatible, then
we have hfz* = fha*.

Therefore
(3.12) hu* = hfx* = fha™ = fu*.

Again since {g, h} weakly compatible, then we have hgz* = ghx*.

Therefore
(3.13) hu* = hgx™ = ghx™ = gu™.
By using inequality (3.1), we have
d(u*, hu*) = d(fz*, gu*)
< ad(fz*, hu®) + pd(gu*, hu*) + vd(hx™*, hu*) + nd( fu*, hu™)
= ad(u*, hu*) + pd(gu*, gu™) + ~vd(u*, hu™) + nd( fu*, fu*).
Therefore
(1 @ — y)d(u*, hu*) <

0
Since 1 — a — v > 0, then we get d(u*, hu*) =0,
implies that

hu* = u*.

Thus, we have
fu* = gu* = hu* =u".

Hence functions f, g and h have common fixed point u*.

Now we show the uniqueness of fixed point.
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If possible, suppose that w* is another fixed point of functions f, g
and h such that fw* = gw* = hw* = w*.
From inequality (3.1), we have

d(u*,w*) = d(fu*, gw*)
< ad(fu*, hw*) + pd(gw*, hw*) + vd(hu*, hw*) + nd(fw*, hw*)
= ad(u*,w") + Bd(w", w*) + vd(u*, w*) + nd(w*, w*).
Therefore,

(1—a—y)du",w*)<0.

Since 1 — a —~ > 0. Thus d(u*,w*) = 0.
Hence,
vt =w

This completes the proof. [J

Corollary 3.1. Let (X,d) be a b-metric space with s > 1 and f, g
be two functions defined onto X itself such that the following condition
holds:

d(fx,gy) < ad(fx,y) + Bd(gy,y) + ~vd(z,y) +nd(fy,y)

where o, 3,1 € [0,57!) and v > 0 such that y+5+n < 1, sa+8+n < 1
and o+ 8+ < 1. Then f, g and h have common unique coincidence
point in X.

If f, g are weakly compatible then f and g have common unique fixed
point in X .
Proof. In Theorem3.1 substitute h = I, where [ is an identity function
on X.
Corollary 3.2. Let (X,d) be a b-metric space with s > 1 and f, g, h
be three functions defined onto X itself such that
f(X) Ch(X) and g(X) C h(X). If (hX,d) is a complete b-metric space
and suppose the following condition holds for all x,y € X :

d(fx,gy) < ad(fx, hy) + vd(hz, hy) +nd(fy, hy)

where a,n € [0,s7!) and v > 0 such that a +~+n < 1 then f, g and h
have common unique fixed point in X.

Theorem 3.2. Let (X,d) be a b-metric space with s > 1 and f, g,
h be three functions defined onto X itself such that f(X) C h(X) and
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9(X) C h(X). If (hX,d) is a complete b-metric space and suppose the
following condition holds for all x, y € X :

(3.14) d(hx,hy) > ad(fz, hy) + Bd(gz, gy) + vd(fx, hx) + nd(fy, hy)

where «, 8,7 > 1 and 0 < v < 1 such that s(1 —v) < f+n then f, g
and h have common unique coincidence point in X.

Moreover, if {f,h},{g,h} weakly compatible then f, g and h have
common unique fixed point in X.
Proof. Firstly we show the existence of fixed point of f, g and h.

Let zop € X. Therefore fzg € f(X). Given that f(X) C h(X) then
there exists 1 € Xsuch that fxg = hxy.

Since z1 € X, we have gzo € g(X). Given that g(X) C h(X) then
there exists o9 € X such that gx1 = hxs.

Again z9 € X, we have fzy € f(X). Since given that f(X) C h(X)
then there exists x3 € X such that fzs = hxs.

Again z3 € X, we have gzg € g(X). Since given that g(X) C h(X)
then there exists x4 € X such that gzs = hxy.

Therefore we can take fx, = hxpy1 and grpy1 = hapyo for all
n=20,1,2,...

Choose a sequence {u,} such that u, = fx, = hx,41 and up4q =
gTpt+1 = hxyyo for allm =10,1,2, ...
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Now, using inequality (3.14), we have
d(up—1,upn) = d(hey, htpt1) > ad(fry, htpt1) + Bd(gTn, gTni1)
+yd(fxn, hay) +nd(fpi1, hani)
= ad(Un, up) + Bd(tn, unt1) + Yd(Un, Up—1)
+ nd(Unt1, Un).
Therefore, (1 —y)d(un—1,un) > (B + n)d(tn, un+1).

19
d(Un, unt1) < d(un—1,up).
(tn, Unt1) 5+U(u 1, Un)
l—v
d(Un, Un < Ad(up—1,un h A= — < 1.
(Uny Unt1) (Uup—1,un) where 510

Thus, we get
d(Up, unt1) < Ad(up—1,un)Vn =0,1,2, ...
Continuing the above process, then we have
d(un, unt1) < AN'd(ug,u1)Vn=0,1,2, ...
Letting n — 0o, we obtain that
(3.15) Lm0 d(Up, Up+1) = 0.
Now we claim that {u,} is a b-Cauchy sequence in X.
Let m,n € N, m > n. Setting d,, = p"d(xq,x1).
Then by b-inequality, we obtain
A(Uny Upn) < 8[d(Un, Unt1) + d(Unt1, Up,)]
< 8d(up, Un+1) + 82 [d(Uns 1, Unta) + d(Untas um)]
< 8d(tn, Unt1) + 82d(Uny1, Unr2) + 82 [d(Uny2, Uni3) + d(Unt s, Um))]
< spdg + 2y + sy 4+ .+ s ™ N
< sp™(1 4 sp A+ s2p® + o+ (sp)™ " Hdy

1
< sp'dy
1—su
su”
= dp.
1—su 0
Hence,
n
(3.16) d(tn, um) < —E—dy.

1—su
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Letting n — oo, we find
(3.17) LM — 00 d(Unp,, Up,) = 0.

Thus {u,} is a b-Cauchy sequence in hX.
Since function hX is complete, there exists u* € hX such that

(3.18) limy—ood(tp, u*) = 0.
Since u* € hX then there exists z* € X such that v* = hx*.

Now we show that functions f, g and h have a coincidence point in X.

Here we show that d(fz*,u,) — 0
d(u*,up) = d(hx™,uy) = d(hx™, hep41)
> ad(fa*, hini1) + Bd(ga*, gzns1) +¥d(fa*, he*) + nd( [, hans)
> ad(fo*, un) + Bd(g", wns1) + Ad(f2*, 0 + nd(tns1, )
> ad(fx*, up) + nd(Up41, up).
Therefore
ad(fx* uy) < d(u®, up) — nd(tnt1, Un).
d(fz*,u*) < sld(fz*, up) + d(un, u*)].

Letting n — oo and using, we get

d(fx*,u*) = 0.
Therefore,
fx* =u.
Thus,
(3.19) fx* = ha* = u™.
Hence, {f, h} has a coincidence point.
Again now

d(u*,up—1) = d(ha™, hxy,)
> ad(fa*, han) + Bd(ga*, gwn) + 7d( ", ha) +nd(Frn, ha)
> ad(u®, up—1) + Bd(gx™, up) + yd(u*, u*) + nd(tn, un—1)
> ad(u®, up—1) + Bd(gz™, upn) + nd(tn, un—1).

Therefore,

d(gz*,u*) < (1 —a)d(u*,up—1) — nd(tn, Un—1).
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Letting n — oo, we get, d(gz*, u*) = 0. Therefore,
gr* =u*.
Thus,
(3.20) gr* = hz™ = u*.

Hence, {f, h} has a coincidence point.

Now from (3.19) and (3.20), we get fz* = ha* = u*
and gz* = hx* = u*.
Thus,

fx* =gx* = hx* =u".

Hence functions f, g and A have common coincidence point u* for
x* e X.
Uniqueness of coincidence point If possible, suppose that v* is an-
other coincidence point of functions f, g, h then, we have

d(u*,v*) = d(fz*, gz*)
> ad(fz*, ha™) + pd(gz*, gz™) + vd(fz*, ha™) + nd(fz*, ha™)
= (a+v+n)d(u*,v").
Therefore,
(a+~v+n—1)du*v*) <0.

Since av+y +1n —1> 0. Thus d(u*,v*) = 0.
Hence,
ut ="
Now fz* = hz* and gz* = ha* and since {f, h} weakly compatible, then
we have hfz* = fha*. Therefore

hu* = hfz* = fha* = fu*.
Again since {g, h} weakly compatible, then we have hga™ = ghx*.
Therefore,

hu* = hgz* = gha™ = gu”.
By using (3.14), we have
(u*, hu*) = d(hz™*, hu™)
> ad(fz*, hu®) 4 Bd(gz™, gu”) + vd(fz*, hz™) + nd(u”, hu®)
= ad(u*, hu™) + pd(u*, hu™) + yd(u*, u™) + nd(u*, hu*).
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Therefore, (« + f+n— 1)d(u*, hu*) < 0.
Since a+f+n > 1, then we get d(u*, hu*) = 0, implies that hu* = u*.

Thus, we have
fu* = gu* = hu* = u”.

Hence, functions f, g and h have common fixed point u*.
Uniqueness of fixed point If possible, suppose that w* is another
fixed point of functions f, g and h such that fw* = gw* = hw* = w*.
From (3.14), we have
d(u*,w*) = d(hu*, hw")

> ad(fu*, hu) + Bd(gu*, gu*) + vd( fu*, hus) + nd(fo*, hw')

= ad(u”,w) + fd(u”, w") + yd(u*, u*) + nd(u”, w").
Therefore,

(a+B+n—1))d(u",w*) <0.

Since o + B +n > 1. Thus d(u*,w*) = 0.
Hence,

This completes the proof. [J

Corollary 3.3. Let (X,d) be a b-metric space with s > 1 and f, h be
two functions defined onto X itself and satisfies the following condition
forallx,y e X :

d(hx, hy) > ad(fx, hy) + Bd(x,y) + vd(fz, hx) + nd(fy, hy)

where o, 5,7 > 1 and 0 < v < 1 such that s(1 —~) < 8+ n and {f, h}
weakly compatible then f and A have common unique fixed point in X.

Proof. In Theorem 3.2 substitute h = I, where [ is an identity function
on X. U

4. CONCLUSION

In this paper, we proposed and proved some fixed point results in b-
metric spaces for three functions on contraction mapping and expansive
mapping. We extended the result of Budi Nurwahyu[7] on contraction
mapping and expansive mapping in such spaces.

Acknowledgments



Common coincidence and fixed points for ... 129

The authors wish to thank to Professor K. N. Rajeshwari and Professor
Mahesh Dumaldar, Devi ahilya University, Indore for their useful sug-
gestions.

REFERENCES

[1] S. Agrawal, K. Qureshi and J. Nema, A fized point theorem for b-metric spaces,
International journal of Pure and Applied Mathematical Sciences, 9(1)(2016),
45-50.

[2] H. Ayde, M.F.Bota, E.Karasinar and S.Moradi, A common fized point for weak
@ contractions on b-metric spaces, Fixed Point Theorem, 13(1)(2012), 337-346.

[3] 1. A. Bakhtin, The contraction mapping principle in quasi metric spaces, Func-
tional Anal. Unianowsk Gos. Ped. Inst., 30(1989), 26-37.

[4] S. Banach, Surles operations dans les ensembles abstract et leur application auz
equation integral, Fund. Math., 3(1)(1922), 133-181.

[5] M. Boriceanu, K. Qureshi and J. Nema, Strict fized point theorem for multivalued
operatorsb-metric spaces, Inter. J. Mod. Math., 4(1)(2009), 285-301.

[6] S. Czerwik, Contraction mappings in b-metric spaces, Acta. Math. Inform. Univ.
Ostraviensis, 1(1993), 5-11.

[7] B. Nurwahyu, Common fized point theorems for three functions on contraction
mapping and expansive mapping in b-metric space, IOP Conf. Series: Journal of
Physics, 1218 (2019), 012060.

[8] K. Soumeyeh, New fized point results in Fuzzy metric space, Journal of Hyper-
structures, 10 (2) (2021), 150-171.

[9] J. Tiwari, D. K. Sharma, P. kotti NVV Vara, Some fized point theorems on
b-metric spaces, Bulletin of pure and applied sciences, 40(1) (2021), 18-25.

[10] O. Tarkan and O. Degirmenci, Some results on the topology of Fuzzy metric type
spaces, Journal of Hyperstructures, 6 (2) (2017), 128-135.

Jayesh Tiwari

Department of Computer Science, Devi Ahilya University, Shri Vaishnav Institute of
Management, Indore, M.P., India

Email: jayesh_tiwar2005@yahoo.com

Dileep Kumar Sharma

Department of Mathematics, Devi Ahilya University, Indore, Govt. Polytechnic Col-
lege Mandsaur, M.P.,; India

Email: dileepk.sharmadec1972@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main Result
	4. Conclusion
	References

