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INVARIANT SUBMANIFOLDS OF NEARLY
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ABSTRACT. In this paper, we study the geometry of warped prod-
uct semi invariant submanifold of a nearly (e,d)-trans-Sasakian
manifold M with a quarter symmetric non metric connection. We
see that warped product of the typeE | X, Er is a usual Riemannian
product of E; and Er , where E, and Er are anti-invariant and
invariant submanifolds of a nearly (g, d)-trans-Sasakian manifold
with a quarter symmetric non metric connection M, respectively.
We also obtain a characterization for such type of warped product.
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1. INTRODUCTION

The warped product manifolds have been studied by Bishop and
ONeill extensively for their constructing manifolds of non-positive cur-
vature, the most effective generalization of Riemannian product man-
ifold [1]. Chen extended the work of Bishop and ONeill and studied
the warped product CR submanifold of Kaehler manifolds ([2], [3]), this
study was also extended by many geometers in different settings ([4], [7],
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[6], [12]). The study of the differential geometry of semi-invariant or con-
tact CR submanifolds, as a generalization of invariant and anti-invariant
submanifolds, of an almost contact metric manifold was initiated by Be-

jancu [8] and was followed by several geometers (see [3], [9] and refer-
ences cited there). Several authors studied semi invariant submanifolds
of different classes of almost contact metric manifolds [[10], [I1]] given

in references of this paper. Xufeng and Xiaoli premeditated that these
manifolds are real hypersurfaces of indefinite Kahlerian manifolds [13].

The aim of the paper is to inquest the concept of warped product
semi-invariant submanifolds of a nearly (e, §)-trans-Sasakian manifold
M with a quarter symmetric non metric connection. We have shown
that the warped product in the form M = E| x, Er is simply Riemann-
ian product of F| and Ep where F| are anti-invariant submanifold and
FE7 is an invariant submanifold and invariant submanifolds of a nearly
(e, §)-trans-Sasakian manifold with a quarter symmetric non metric con-
nection M, respectively. We also obtain a characterization for such type
of warped product..

2. PRELIMINARIES

If M is an n-dimensional almost contact metric manifold with struc-
ture tensors (f,€,n,g) where f is a (1,1) type tensor field, § is a vector
field, n is dual of £ and g is also Riemannian metric tensor on M, then

(2.1) fPU=-U+nU) nE =1, f(=0,
(2.2) n(fU) =0, nU)=¢eg(US), g =c¢
(2.3) g(fU, fV) = g(U, V) —en(U)n(V)

where ¢ = g(¢,€) = +1, for any vector fields U,V on M, then M is
called (¢)-almost contact metric manifold. An (g)-almost contact metric
manifold is called (e, §)-trans-Sasakian manifold if

(24) (VufH)V = {g(U,V)E —en(V)U} + B{g(fU, V) — on(V) fU}
(2.5) Vyé = —eafU — Bof2U
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holds for some smooth functions o and 8 on M and ¢ = +1,§ = +1.
Further, an (g)-almost contact metric manifold is called a nearly (e, d)-
trans-Sasakian manifold if [12]

2.7) (Vo )lV+ (Vv U = of29(U,V)E —en(V)U —en(U)V'}
—B{n(V) fU +n(U)fV}

On other hand, a quarter symmetric non metric connection V on M is
defined by

(2.8) VoV =VyV +n((V)fU
such that
(Vug)(V, 2) = n(V)g(fU,Z) = 0(Z)g(fU,V)
Using (2.1), (2.2) and (2.3) in (2.4) and (2.5), we get respectively
(2.9) (Vo )V = o{g(U, V)¢ —en(V)U} = n(U)n(V)§
+B{g(fU.V)§ = on(V) fU} + n(V)U
(2.10) Vué = —cafU — B6f2U

In particular, an (g)-almost contact metric manifold is called a nearly
(g, 6)-trans-Sasakian manifold M with a quarter symmetric non metric
connection if
(2.11) (Vo )V + (Vv )IU = 2a9(U,V)E — (ae — 1)n(V)U

—(az = Dn(U)V} = 2n(U)n(V)€

=B5{n(V)fU +n(U)fV}
The covariant derivative of the tensor filed f is defined as
(2.12) (?Uf)V = @va — f@UV

for all U, VeT' M. Now, if M is a submanifold immersed in M and delib-
erate the induced metric on M also denoted by ¢, then the Gauss and
Weingarten formulas for a warped product semi-invariant submanifolds
of a nearly (e, d)-trans-Sasakian manifold are given by

(2.13) VuV = VyV + (U, V)

(2.14) VuN = —ANU + VEN

for any U, V in TM and N in T+M, where TM is the Lie algebras of
vector fields in M and T+ M is the set of all vector fields normal to M.
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V+ is the connection on the normal bundle, & is the second fundamental
form and Ay is the Weingarten map associated with N as,

(2.15) g(ANU, V) = g(h(U,V),N).
For any UeT'M, we write
(2.16) fU=TU+ FU

where T'U is the tangential component and F'U is the normal component
of fU.
Similarly for any NeT-M, we write

(2.17) fN = BN +CN

where BN is the tangential component and C'N is the normal component
of fN. The covariant derivatives of the tensor fields 7" and F' are defined
as

(2.18) (VuT)V = VyTV — TV,V

(2.19) (VyF)V =VEFV — FVyV

forall U, VeT'M. If M is a Riemannian manifold isometrically immersed
in an almost contact metric manifold M, then for every ueM there exists
a maximal invariant subspace denoted by D,, of the tangent space T, M
of M. If the dimension of D, is the same for all values of ueM, then D,
gives an invariant distribution D on M.

A submanifold M of an almost contact metric manifold M with &eT'M
is called a semi-invariant submanifold of M if there exists two differen-
tiable distributions D and D+ on M such that

(i) TM =Da D" (¢),

(i) f(Du)C D,

(iii)  f(DL) C .M.

for any ueM, where T M denotes the orthogonal space of T,,M in T}, M.
A semi-invariant submanifold is called anti-invariant if D, = {0} and
invariant if Df; = {0}, respectively, for any ueM. It is called the proper
semi-invariant submanifold if neither D,, = {0} nor D> = {0}, for every
ueM.

If M is a semi-invariant submanifold of an almost contact metric man-
ifold M. Then, F(T,M) is a subspace of T;-M. Then for every ueM,
there exists an invariant subspace x,, of T,, M such that

(2.20) T-M = F(T,M) @ z,
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A semi-invariant submanifold M of an almost contact metric manifold
M is called Riemannian product if the invariant distribution D and anti-
invariant distribution D are totally geodesic distributions in M.

If (E1, g1) and (E», g2) are two Riemannian manifolds and y be a positive
differentiable function on F;. The warped product of £ and F is the
Riemannian manifold Eyx,FEy = (EyxE», g), where

(2.21) g=g91+v

A warped product manifold Fy x,E» is called trivial if the warping func-
tion y is constant. We recall.

Lemma 2.1. If M = E1x,E> is a warped product manifold with the
warping function y, then

(i) VuyVel(TEr), for each U VeTEy,

(ii) VyW =VwU = (Ulny)W, for each UeTEy and WeT Es,

(iti) VwX = VX —g(W,X)/y)grad y,

where ¥V and V2 denote the Levi-Civita connections on M and Fs
respectively.

In the above lemma grad y is the gradient of the function y defined by
g(grad y, X) = Xy, for each XeT'M. From the Lemma 2.1, the warped
product manifold M = Ej x,FE> are in the form
(i) FEj in M is totally geodesic ;

(ii) FEs in M is totally geodesic ;

Now, we denote by pyV and QuV the tangential and normal parts of
(Vuf)V, that is,

(222 (Vuf)V = puV +QuV

for all U,VeT'M. Making use of (2.13), (2.14), (2.16) and (2.19), the
above equation yields,

(2.23) puV = (VyT)V — ApyU — Bh(U,V)

(2.24) QuV = (VyF)V + hU,TV) — Ch(U,V)

It is quite simple to check the following properties of p and @), which we
write here for later use:

pi(@) puvX =puX +povX (i) QuivX =QuX+QvX
p2(i) pu(V+X)=puV+puX (i) QuV+X)=QuV+QuX
p3(i) g(puV,X) =—g(V,puX) (i) g(QuV,N)=—g(V,QuN)



On geometry of warped product semi invariant - - - 163

forall U, V, XeT'M. On a submanifold M of a nearly (g, §)-trans-Sasakian
manifold M with a quarter symmetric non metric connection, we deduce
from (2.12) and (2.22) that

(2.25) puV +pvU = 2ag(U,V)§ - (ae — ){n(V)U —n(U)V}
—B{n(V)TU +n(U)TV} —2n(U)n(V)§

(2.26) QuV +QvU = —po{n(V)FU +n(V)FU}
for any U,VelT'M.

3. FOR M = FE| xyEr AND M = E7xyFE,, WARPED PRODUCT
SEMI-INVARIANT SUBMANIFOLDS OF NEARLY
(€,9)-TRANS-SASAKIAN MANIFOLD WITH CERTAIN CONNECTION

The warped product M = Eqx,F> is trivial when £ is tangent to Fo,
where E; and Fj are the Riemannian submanifolds of a nearly (e,0)-
trans-Sasakian manifold M with a quarter symmetric non metric con-
nection is the subject of our consideration throughout this section. Thus,
we deliberate the warped product M = FE;x,F>, when ¢ is tangent to
the submanifold E;. We have the following non-existence theorem.

Theorem 3.1. If M = Eyx,E> is a warped product semi invariant
submanifold of a nearly (g, 0)-trans-Sasakian manifold M with a quarter
symmetric non metric connection such that Ei and FEy are the Rie-
mannian submanifolds of M then M is a usual Riemannian product if
the structure vector field £ is tangent to Fo.

Proof. Consider any UeT'E and ¢ tangent to Fo, then we have

(3.1) Vué = Vué + h(U,¢)
From 2.10 and Lemma 2.1 (ii), we have
(3.2) —eafU + BoU — Bon(U)¢ = (Ulny)§ + h(U,§)

The tangential component of 3.2, we conclude that
(Ulny)§ = —eaPU + B6U — pon(U)E,

for all UeT'Ey, that is, y is constant function on Ej. Thus, M is the
Riemannian product.
O
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Now, we will explore the other case of warped product M = Ejx, Ej
when £€T'E, , where F7 and Es are the Riemannian submanifolds of M.
For any UeT Eo, we have

(3.3) Vué = Vué+ h(U,¢)
From 2.10 and Lemma 2.1 (ii), we get
(3.4) (i) &lny=—eaT —B6, (i) h(U,§) = —eaFU — pon(U)¢
Here there are two subcases such as :
(i) M=FE|x,Er
(i) M = Erx,E|
where E7 and E| are invariant and anti-invariant submanifolds of M,

respectively. In the following theorem we prove that the warped product
semi-invariant submanifold of the type (i) is CR-product.

Theorem 3.2. If M = ErxyE| be a warped product semi-invariant
submanifold of a nearly (e, §)-trans-Sasakian manifold M with a quarter
symmetric non metric connection, then the the invariant distribution D
and the anti-invariant distribution D are always integrable.

Proof. Consider U, VeD , then we have

(3.5) F[U, V]| = FVyV — FVyU

From (2.19), we have

(3.6) F[U, V] = (VyF)V — (VyF)U
Using (2.24), we get

(3.7) FlU,V] = QuV —h(U,TV)+ Ch(U,V)

—QvU + h(V,TU) — Ch(U,V)
Then from (2.26), we derive

(3.8) FIU,V] = 2QuV +h(V,TU) - h(U,TV)
+p{n(V)FU +n(U)FV}

Now, analyse U, VeD, then we have

(3.9) h(U,TV) +VyTV =VyTV =V fV

By means of the covariant derivative property of V f, we acquire

(3.10) WU, TV) 4+ VyTV = (Vuf)V + VgV
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From (2.13) and (2.22), we have
(3.11) U, TV) +VuTV = pyV + QuV + f(VuV + h(U,V))

Since Ep is totally geodesic in M see Lemma 2.1 (i), then from (2.16)
and (2.17), we get

(3.12) WU, TV) + VTV = puV +QuV +TVyV
+Bh(U,V) + Ch(U,V)

Equating normal parts, we get

(3.13) h(U,TV) = QuV + Ch(U, V)
Similarly,

(3.14) hV,TU) = QyvU + Ch(U,V)
Using (3.13) and (3.14), we get

(3.15) h(V,TU) — h(U,TV) = QuV — QvU

In view of (2.26), we have
(3.16)  h(V,TU) — h(U,TV) = —2QuV — B6{n(V)FU + n(U)FV}

Then, it shows from (3.4) and (3.16) that S[U,V] =0, for all U,VeD.
This establishes the integrability of D. Now, for the integrability of D+,
we deliberate any UeD and W, XeD~+, and we have

g(W, X],U) = g(Vw X — VxW,U)
(3.17) =—g(VwU, X)+ g(VxU W)

From Lemma 2.1 (ii), we acquire
(3.18)  g([W,X],U) = =(Ulny)g(W, X) + (Ulny)g(W, X) = 0
Then from (3.18), we conclude that [W, X]eD*, for each W, XeD+. O

Lemma 3.3. If a nearly (e, §)-trans-Sasakian manifold M with a quar-
ter symmetric non metric connection admits a warped product semsi in-
variant submanifold M = Mpx,M, , then

(@) glpwV,U) = g(h(W,V),FU) =0

(@) glpwU,X) = 2ag9(W,U)n(X) — (fWiny)g(U, X)
—g(h(W,U), FX) — 2n(X)n(W)n(U)
—(ag = D)(g(W, X)n(U) + g(U, X)n(W))
=B(g(fW, X)n(U) + g(fU, X)n(W))
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(iii)  g(h(fW,U),FU) = (Winy)||U|[*> + 2ag(fW,U)n(U)
—(ae = n(U)g(fW,U) — Bén(U)g(W,U)
+B85n(U)n(U)n(W)

for all W VeT'Ep and U, XeT'E | .

Proof. Assume that M = M7 x,M,, be a warped product submanifold
of a nearly (g,d)-trans-Sasakian manifold M with a quarter symmetric
non metric connection such that My is totally geodesic in M. Then
using (2.18) and (2.23), we get

for any W, VeT'Ep. The left-hand side of (3.19) is skew symmetric in
W and V whereas the right hand side is and symmetric in W and V,
which gives (i). Next by using (2.18) and (2.23), we have

(3.20) puW = -TVyW — ApwU — Bh(U, W)

for any UeT'Ep and WeTE| . In view of Lemma 2.1 (ii), the first term
of right-hand side is zero. Thus, taking the product with XeTE |, we
obtain

(3.21) 9(pwU, X) = —g(AruW, X) — g(BR(W,U), X)
Using (2.3) and (2.15), we get
(3.22) 9(pwU, X) = —g(h(W, X), FU) + g(h(W,U), F X)

which gives the first equality of (ii). Again, from (2.18) and (2.23), we
have

(3.23) puW = VyTW — TVyW — Bh(W,U)

Then from Lemma 2.1 (ii), we deduce

(3.24) puW = (TWiny)U — Bh(W,U)

Taking inner product with XeT'E| and using (2.3), we acquire

(3.25) 9(puW, X) = (TWiny)g(U, X) + g(h(W,U), FX)

Using (2.26), we get

(3.26) g(pwU, X) = 2ag(W,U)n(X) — (fWiny)g(U, X)
—g(h(W,U), FX) = 2n(X)n(W)n(U)
—(ae = 1)(g(W, X)n(U) + g(U, X)n(W))
=B5(g(fW, X)n(U) + g(fU, X)n(W))

~—
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which gives the second equality of (ii). Now, from (3.20) and (3.24), we
have

(3.27) pwU + puW = —TVwU — ApgW + (TWiny)U — 2Bh(W, U)

Using (2.26) and Lemma 2.1 (i), we get left-hand side and the first term
of right-hand side are zero. Thus the above equation takes the form

(3.28) (TWiny)U = —(ea—1)(n(U)W +en(W)U}
+2ag(W,U)€ — Bo{n(U)TW +n(W)TU}
=2n(W)n(U)¢ + ApgW + 2BRh(W,U)
Taking the product with X and on using (2.3) and (2.15), we get
B29)(fWiny)[|U|* = —(ae —1)(g(W,U)n(U) — g(U,U)n(W))
—g(h(W,U), fU) + 2ag(W,U)n(U)
=B6(n(U)g(fW,U) —n(W)g(fU,U))
=2n(W)n(Z)n(Z)
Replacing W by fW and using (2.1), we acqire
(3.30) {-=W + n(W)&}ny||U|* = —g(h(fW,U), FU)
+2ag(fW,U)n(U) — (ac = 1)(n(U)g(fW,U))
+Bon(U)(g(W,U) = n(W)n(U))
Then from (3.4) (i), the above equation reduces to
g(h(fW,U),FU) = (Winy)||U|[* + 2ag(fW,U)n(U)
—(ae = D)n(U)g(fW,U) = on(U)g(W,U)
+Bon(U)n(U)n(W)
This proves the lemma completely. O
Theorem 3.4. If M = E| X,Er is a warped product semi invariant
submanifold of a nearly (g,0)-trans-Sasakian manifold M with a quarter
symmetric non metric connection such that E| is a anti-invariant and

Er is a invariant submanifolds of M , then M is a usual Riemannian
product.

Proof. When &€T' Ep, then by Theorem 3.1, M is a Riemannian product.
Thus, we consider £eT'E | . Consider WeT Ep and UeT E |, then we have

(3.31)g(h(W, fW),FU) = g(h(W, fW), fU) = g(Vw fW, fU)
= g(fVwW, fU) + g(Vw /)W, fU)



168 Shamsur Rahman, Sabi Ahmad and Niranjan Kumar Mishra

From the structure equation of nearly (g, d)-trans-Sasakian manifold

with a quarter symmetric non metric connection, the second term of

right hand side vanishes identically. Thus from (2.3), we derive

(3-3%0(W, fW),FU) = —aen(W)g(W, fU) — g(W,VwU)
+en(U)g(W, V&) +n(W)g(W, fU)

Using then from (2.13), Lemma 2.1 (ii) , and (2.5), we obtain

(3.33) g(h(W, fW), FU) = (Boen(U) —Ulny)|[W||* — Béen(W)g(W,U)

Replacing W by fW in (3.33) and by use of the fact that (eT'E, |, we

obtain

(3.34) g(M(W, fW), FU) = (Béen(U) — Ulny)||W|?

It follows from (3.33) and (3.34) that Ulny = 0, for all UeTE,. Also,

from (3.4) we have &lny = —ead — B6T2.

From the above theorem we have seen that the warped product of the

type M = E| x,Er is a usual Riemannian product of an anti-invariant

submanifold | and an invariant submanifold Er of a nearly (e, d)-trans-

Sasakian manifold M with a quarter symmetric non metric connection.

Since both E| and Er are totally geodesic in M, then M is CR-product.

Now, we study the warped product semi-invariant submanifold M =
E| xyEr of a nearly (e, 0)-trans-Sasakian manifold M. O

Theorem 3.5. For a proper semi-invariant submanifold M of a nearly
(€, 9)-trans-Sasakian manifold with a quarter symmetric non metric con-
nection M is locally a semi-invariant warped product if and only if some
function p on M satisfying V(1) = 0 for each VeD>, then

(3.35) AW = —(fWiny)U 4+ 2ag(W,U)& + (ae — 1)n(U)W
—(2a+ ag = n(W)n(U)§ + Bon(U) fW

Proof. Direct part shows from the Lemma 3.3 (iii). For the converse,

assume that M is a semi-invariant submanifold of a nearly (e, §)-trans-

Sasakian manifold M with a quarter symmetric non metric connection,
satisfying (3.35) then we have

(3.36(h(W. V), fU) = g(ApW,V)
= —(fWu)g(V,U) + 2an(V)g(W,U)
+(ag — D)n(U)g(W, V) + Bén(U)g(fW,V)
—(2a 4 ag — 1)p(W)n(V)n(U)¢
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Now, from (2.13) and the property of covariant derivative of V, we have
(3.37) g(h(W, V), fU) = g(VwV, fU)=—g(fVwV,U)
= —g(Vw fV,U) + g(Vw )V, U)
Using (2.13), (2.22), and (3.36), we get
(3.38y(VwTV.U) = g(pwV.U) = 2an(V)g(W,U)
+(2a + ag = Dn(U)n(V)n(W)§
—(ae = Ln(U)g(W, V) = Bon(U)g(fW, V)
Using (2.18) and (2.23), we acquire
(339 9(VwIV,U ) =g(VwTV,U)—g(ITVwV,U)
—g9(Bh(W,V),U) = 2an(V)g(W,U)
—(ae = 1)n(U)g(W, V) = Bén(U)g(fW,V)
+(2a+as = DnU)n(V)n(W)§

Then from (2.3), the above equation reduces to
(340)g(TVwV,U ) = g(h(W,V), fU) = 2an(V)g(W,U)
—(ae = )n(U)g(W, V) = pon(U)g(fW, V)
+(2a + ag = Dn(U)n(V)n(W)E
Hence using (2.15) and (3.36), we get
(3.41) g(ITVwV,U) = g(AjuW, V)

which indicates Vi VeD@®{{}, that is, D®{{} is integrable and its leaves
are totally geodesic in M. Now, for any U, XeD+ and WeD & {¢}, we
have

(342)  g(VuX,fW) = g(VuX,fW)=—g(fVuX,W)
=g(Vu )X, W) —g(VufX,W)

Using (2.14) and (2.22), we acquire

(3.43) 9(Vw X, fU) = g(pw X, U) + g(Asx W, U)
Then from (2.13) and the property ps, we arrive at

(3.44) 9(VuX, fW) = —g(X, puW) + g(h(U, W), fX)
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Again from (2.13) and (2.26), we get

(3.45) g(Vu X, fW) = glpwU, X) — 2ag(W,U)n(X)
—(ae = Dn(U)g(W, X) +n(W)g(U, X))
—Bo(n(U)g(TW, X) +n(W)g(TU, X)
+9(ApxW,U)

On the other hand, from (2.18) and (2.23), we get

(3.46) pwU = —TViwU — ApyW — BR(W,U)

Taking the product with XeD+ and using (3.36), we acquire

(3.47) glpwU,X) = —g(TVwU,X)+ (fWn)g(U, X)
—pon(U)g(fW, X) — 2ag(W, U)n(X)
—(ae = Dn(U)g(W, X) + g(Ayx W, U)
+(2a+ as = Dn(U)n(W)n(X)

The first term of right-hand side of above equation is zero using the fact

that TX = 0, for any XeD'. Again using (2.15), we get

(348) g(pwU,X) = (fWp)g(U,X) = 2ag(W,U)n(X)
—(ae = Dn(U)g(W, X) + g(AsxW,U)
+(2a + ae = 1)n(U)n(W)n(X)

Then from (3.36), we deduce

(3.49) 9(pwU,X) =0

Using (3.36), (3.45) and (3.49), we get

(3.50)9(Vu X, fW) = —(fWn)g(X,U) — (ae = )n(W)g(U, X)
+(2a+ ag + )n(U)n(X)n(W)
—pon(U)g(TW, X)

If M+ is a leaf of D, and let h' be the second fundamental form of
the immersion of M~ into M, then for any W, XeD', we have

(3.51) g(h(U, X), fW) = g(Vu X, fWV)
Thus, from (3.50) and (3.51), we conclude that
(3.52)g(h* (U, X), fW) = —(ac—1)n(W)g(U, X)

—Bén(U)g(TW, X) — (fWn)g(X,U)
—(2a + ae + )n(W)n(X)n(U)
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The above relation shows that integral manifold M| of D is totally um-
bilical in M. Since the anti-invariant distribution D+ of a warped prod-
uct semi-invariant submanifold of a nearly (e, §)-trans-Sasakian manifold
with a quarter symmetric non metric connection M is always integrable
Theorem (3.2) and V() = 0 for each VeD*, which indicates that the
integral manifold of D' is an extrinsic sphere in M ; that is, it is totally
umbilical and its mean curvature vector field is nonzero and parallel
along M, . Hence by virtue of results acquired in [8] , M is locally a
warped product Epx,E |, where B and E| denote the integral man-
ifolds of the distributions D @ (¢) and D™, respectively and y is the
warping function. O
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