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ABSTRACT. The concept of a ['-semihyperring is a generalization of
a semiring, semihyperring, I"-semiring. In this Paper we introduce
the notion of bi-interior I'-hyperideals, quasi-interior I’-hyperideals
and bi-quasi-interior I'-hyperideals in a I'-semihyperring as a gen-
eralization of I'-hyperideal, left-I'-hyperideal, right-I'- hyperideals,
bi I'-hyperideal, quasi I'-hyperideal, interior I'-hyperideals of I'-
semihyperring. We studied the properties of these I'-hyperideals
and characterized them in simple I'-semihyperring and regular I'-
semihyperring.
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1. INTRODUCTION

In normal algebraic structures the notion of operation is fundamen-
tal to develop the theory. It can be extended to define hyperoperation
which in consequence provide a rout to the development of hyperstruc-
tures. The generalization is already established in the year 1934 for an
algebraic structure called group theory by the French Mathematician
Frédéric Marty when he published the paper [7]. In this paper, Marty
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put forward the notion of hypergroups as a generalization of groups from
the analysis of their properties. Study of hyperstructures become more
exible as it is different from usual binary and ternary operations and
produces generalized results in addition to those existing in classical al-
gebraic theory. There are many researchers across the world who study
hyperstructures and extend their contributions through research articles
and books.

Davvaz et. al. defined the notion of [8] I'-semihyperring as a gen-
eralization of semiring, semihyperring and I'-semiring. Following which
Pawar et. al. [12] introduced regular (strongly regular) I'-semihyperrings
and presented it’s characterizations using ideals of I'-semihyperrings.

The quasi ideals are a generalization of left ideals and right ideals
whereas the bi-ideals are generalization of quasi ideals. The notion of
quasi-ideals in semirings without zero was introduced by K. Isaki [4].
He studied some properties of semirings with reference to quasi-ideals.
Shabir, Ali, and Batool [16] used the notion of quasi-ideals to charac-
terize semirings. Jagtap and Pawar[5] thoroughly discussed the concept
of quasi ideals in I'-semirings. As a generalization of the concept of
quasi-ideal in different algebraic systems, bi-ideal is introduced. The
notion bi-ideals in semigroups is first given by Good and Hughes [3]. In
1970, Lajos and Szsz [(] introduced the concept of bi-ideals in associative
rings. As a further generalization of ideals, M.K. Rao [15] introduced
the notion of bi-interior ideal in semigroup. He has also introduced
bi-quasi ideals in semiring, bi-quasi-ideals and fuzzy bi-quasi-ideals in
I-semigroups [11] and explored some of their properties [13, 14]. S. J.
Ansari and K.F. Pawar further studied various kinds of I'-hyperideals in
I-semihypergroups [1, 11]

The authors observed that ideals play important role in the study of
various properties of algebaric structures. Deriving a huge motivation
from the research work of Jagtap and Pawar, M. K. Rao and the fasci-
nating generalization of classical algebraic structures to that of various
hyperstructrues by Davvaz et. al, a need was felt to introduce and study
few more ideals in I'-semihyperrings.

In this paper we introduced bi-interior I'-hyperideals, quasi-interior I'-
hyperideals and bi-quasi-interior I'-hyperideals in a I'-semihyperring as a
generalization of I'-hyperideal, one-sided I'-hyperideals, bi I'-hyperideal,
quasi I'-hyperideal and interior I'-hyperideals in I'- semihyperring. We
study the properties of these ideals and later characterized them in sim-
ple I'-semihyperrings and regular I'-semihyperrings.
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2. PRELIMINARIES

In this section we recall some fundamental concepts and definitions
which are necessary for this paper. For more details it is suggested to
refer [8, 12].

Definition 2.1. [2] Let H be a non-empty set. A hyperoperation on H
ismapo: H x H — p*(H) where p*(H) is collection of all non-empty
subset of H.

The pair (H, o) is called a hypergroupoid.

For any two non-empty subsets A and B of H and x € H,
AoB= |J aob Ao{z}=Ao zand{z}oA=x0A.
a€AbeB

Definition 2.2. [2] A hypergroupoid (H,o) is called a semihypergroup
if for all a,b,c € H, (aob)oc=ao (boc), that is

U uoc= U aow.
uEaob vEboc
In addition, if for every a € Hyao H = H = H o a, then (H,o) is called
a hypergroup.

Definition 2.3. [3] Let R be a commutative semihypergroup and I" be
a commutative group. Then R is called a I'-semihyperring if there is a
map R x I' x R — p*(R) (images to be denoted by aab for all a,b € R
, a € I') satisfying the following conditions:

(1) ac(b+ c) = aab + aac
(2) (a+b)ac = aac + bac
(3) ala+ B)c = aac+ afc

(4) aa(bBc) = (aab)Bc;  for all a,b,c € R and for all a, B € T

Ezample 2.4. [8] Let (R,+,-) be a semihyperring such that z -y =
x-y+ -y and I' be a commutative group. We define zay — x - y for
every z,y € R and a € I" then R is a ['-semiyperring.

Definition 2.5. A T'-semihyperring R is said to be commutative if
aab = baa for all a,b € R and a € T'.
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Definition 2.6. [3] A I'-semihyperring R is said to be with zero if there
exists 0 € R such that a € a+ 0 and 0 € Oaa, 0 € aa0 for all a € R and
ael.

Let A and B be two non-empty subsets of a I'-semihyperring R and
z € R then

A+B={z|zrz€a+bacAbe B}
AT'B ={z | x € aab,a € A,be B,a €T}

Definition 2.7. [8] A non-empty subset R; of a I'-semihyperring R is
called a I'-subsemihyperring if it is closed with respect to the multipli-
cation and addition that is, Ry + R; € Ry and RiI'R; C R;.

Definition 2.8. [8] A right (left) ideal I of a I'-semihyperring R is an
additive I'-subsemihyperrring of (R, +) such that ITR C I (RT'I C I).
If I is both right and left ideal of R, then we say that I is a two-sided
ideal or simply an ideal of R.

Definition 2.9. [9] A non-empty set B of a I'-semihyperring R is a bi-
I-hyperideal of R if B is a I'-subsemihyperring of R and BI'R['B C B.

Definition 2.10. [10] A subsemihypergroup @ of (R,+) is a quasil'-
hyperideal of I'-semihyperring R if (RI'Q) N (QT'R) C Q.

Definition 2.11. A non-empty subset J of a I'-semihyperring R is an
interior I'-hyperideal of R, if J is I'-semihypergroup and RI'JTR C J.

Definition 2.12. [12] A subset A of a I'-semihyperring R is said to be
regular, if there exist I'y,I's C I'and B C R such that A C AI'yBI'2A. A
singleton set {a} of a I-semihyperring is regular if there exist I';,I's C T’
and B C R such that

{a} = a € aI'y Bl'ya = {zinR | zinaabfa, ainl'1, 3 € T'9,b € B}.

That is, a singleton set {a} of I'-semihyperring is regular if there exists
a,B €')b e R such that a € aabfa.

Definition 2.13. [12] A T'-semihyperring R is said to be regular I'-
semihyperring, if every element of R is regular.

3. BI-INTERIOR I'-HYPERIDEAL

Good and Hughes [3] defined the concept of bi-ideals of a semigroup.
In this section we introduce the notion of bi-interior I’-hyperideals in
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I'-semihyperrings as a generalization of bi I'-hyperideals and interior I'-
hyperideals. Moreover we characterize bi-I'’-hyperideal in regular as well
as in simple interior-I'-semihyperring.

Definition 3.1. A non-empty I'-subsemihyperring B of a I'- semihy-
perring R is a bi-interior I'-hyperideal of R if R BI'RN BI'RI'B C B.

Definition 3.2. A I'-semihyperring R is a bi-interior-simple I'- semihy-
perring if R has no proper bi-interior I'-hyperideal of R.

Theorem 3.3. In a I'-semihyperring R the following statements are
true.

(1) Every quasi I'-hyperideal of R is a bi-interior I'-hyperideal of R.

(2) Ewvery I'-hyperideal of R is a bi-interior I'-hyperideal of R.

(3) Ewvery bi-I'-hyperideal of R is a bi-interior I'-hyperideal of R.

(4) Ewvery interior I'-hyperideal of R is a bi-interior I'-hyperideal of
R.

(5) B = RiI'Ry is a bi-interior I'-hyperideal of R where Ry and Ro
are I'-subsemihyperrings of R.

Remark 3.4. The converse of statement (1) in the Theorem 3.3 need
not be true. That is a bi-interior I'-hyperideal need not be a quasi
I-hyperideal of R.

Ezample 3.5. Let R = {a,b,c,d}. Then R is a commutative semihyper-
ring with hyperoperations @& and ® on R are defined as follows:

>, a b C d

a| {a} {a,b} {a,c} {a,d}

b | {a, b} {b} {b,c} {b,d}

c|{a,c} {b,c} {c} {c d}

d|{a,d} {b,d} {c,d} {d}
Q| a b c d
a|{at {a} {a} {a}
b|{a} {a} {a} {a}
c|{a} {a} {a} {a b}
d |{a} {a, d} {a, b} {c}

Define a mapping R xI' x R — p*(R) by pyq = p® q for every p,q € R
and v € T'. Then R is a I'-semihyperring. Observe that By = {a,b}
and By = {a,c} are bi-interior I-hyperideals but By is not a quasi I'-
hyperideal. Since (RI'Bg) N (B2I'R) = {a,b} ¢ {a,c}.
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Remark 3.6. The converse of a statement (2) in the Theorem 3.3 need
not be true. That is a bi-interior I'-hyperideal of R need not be a I'-
hyperideal of R.

FEzample 3.7. Consider the following sets:

R:{(x y) |x,y,z,w€R}
z w

aa 0
I'={z|z€eZ}, Aa—{(o ad> ]a,dER,aEF}

Then R is a I'-semihyperring under matrix addition and the hy-
peroperation MaN — MALN, for all M,N € R and a € T'. Let
B= {(8 2) | d € RyC R. Then B is a bi-interior I'-hyperideal of R
but B is not a I’-hyperideal of R because it is neither left nor a right
I-hyperideal of R.

Remark 3.8. The converse of the statements (3) and (4) of the Theorem
3.3 are also not true in general. That is a bi-interior I'-hyperideal of R
need not be a bi I'-hyperideal of R. Similarly, a bi-interior I'-hyperideal
of R need not be an interior I'- hyperideal of R.

FEzample 3.9. Consider the following sets:

R:{(a b>|a,b,c€R}, =R
0 ¢

Then R is a I'-semihyperring under matrix addition and the hyperoper-
ation AaB — AI'B for all A,B € Rand a €T

Let B = {(8 2) | a,c € R}. It is easy to see that BI'RI'B N
RT'BTR C B. Hence B is a bi-interior I'-hyperideal of R, but BTRI'B ¢
B this implies that B is not a bi I-hyperideal of R. Also RTBT'R ¢ B
this implies that B is not an interior I'-hyperideal of R, but BI'RI'B N
RT'BT'R C B. Hence B is bi-interior I'-hyperideal of R.

Theorem 3.10. Let R be a simple I'-semihyperring. Then every bi-
interior I'-hyperideal of R is a bi I'-hyperideal of R.

Proof. Let B be a bi-interior I'-hyperideal of a simple I'-semihyperring
R. Then RTBT'RN BI'RI'B C B. As RI'BT'R is a I-hyperideal of
R, by definition of a simple I'-semihyperring, we obtain RI'BI'R = R.
Therefore RI'BI'RI'B C B, hence BI'RI'B C B. This implies that B is
a bi I'-hyperideal of R. g
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Theorem 3.11. Let R be a I'-semihyperring. Then for all a € R,
RT'al' RN al’'RT'a = R if and only if R is a bi-interior simple I'- semi-
hypering.

Proof. Let R be a I'-semihyperring and for all a € R, RT'al'RNal'RT'a =
R. Let B be a bi-interior I'-hyperideal of R and a € B. We have
R = RT'a’'RNal’RT'a € RI'BI'R N BT'RI'B hence R C B and we
obtain R = B. Conversely assume that R is a bi-interior simple I'-
semihyperring and a € R. Then RT'al'R N al'RT'a is a bi-interior I'-
hyperideal of R, but R is bi-interior simple I'-semihyperring. Therefore
(RTal'R) N (aI'RT'a) = R, for all a € R. O

Theorem 3.12. Let R’ be a I'-subsemihyperring of a T'-semihyperring
R and B is bi-interior T'-hyperideal of R. Then BN R’ is a bi-interior
I'-hyperideal of R.

Proof. Let R’ be a I'-subsemihyperring of a I'-semihyperring R and B
is a bi-interior I'-hyperideal of R. Suppose A = BN R’ then ATRTA C
RTRTR C R’ since R is a I'-subsemihypering and A C R/. Also
ATRTA C BI'RTB C BI'RI'B and RTAT'R C RI'BT'R. There-
fore ATRTAN RTATR C BTRI'B N RI'BT'R C B. Since B is a bi-
interior T'-hyperideal of R and ATRTA N RTATR C ATRTA C R
hence (ATRTA) N (RTATR) C BN R = A. Therefore BN R is a
bi-interior I'-hyperideal of R. 0

Theorem 3.13. If R is a regular I'-semihperring. Then the following
statements are true in R.
(1) Ewvery bi-interior T'-hyperideal of a T'-semihyperring R is a T-
hyperideal of R.
(2) B is a bi-interior I'-hyperideal of R if and only if RTBT'R N
BI'RI'B = B for all bi-interior I'-hyperideals of R.
(3) Every bi-interior T'-hyperideal of R is a bi I'-hyperideal of R.

Proof. (1) Let R be aregular I'-semihyperring and B be a bi-interior
I-hyperideal of R. Then BI'RI'B N RI'BI'R C B. Since R
is a regular I'-semihyperring we have B R C BT'RI'B. Also
BT'R C RI'BT'R, therefore BTR C BITRI'BN RI'BI'R C B.
Similarly, we can prove that RI'B C B. Hence B is I'-hyperideal
of R.

(2) Suppose RI'BI' RNBT'RI'B = B for all bi-interior I'- hyperideals
B of R. Let B=JNI, where [ is a left I'-hyperideal and J is a
right I-hyperideal of R. Since B is bi-interior I'-hyperideal of R
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we have, RI'(JNI)TRN(JNI)TRT(JNI)=(JNI). (JNI)C
JNITRTJNI C JI'RT'T C JT'T CJnN1. Thus JNI C I and
JNI C J hence JNI = JI'l and R is a regular ['-semihyperring.
Conversely assume that R is a regular I'- semiyperring and B
is a bi-interior I'-hyperideal of R. Let b € B then RI'BT'R N
BT'RI'B C B and there exist a € R and «,8 € I' such that
b = aabBa € BI'RI'B. Therefore b € RI'BR N BI'RI'B hence
RI'BTRN BI'RI'B = B.

(3) Let R be a regular I'-semihyperring and B be a bi-interior I'-
hyperideal of R. Then BT RI' BN RI'BI'R = B by statement (2).
Therefore BTRI'B C RT'BI'RI'BT'R C RI'BT'R and BI'RI'B N
RI'BI'B = B. Hence BITRI'B = B. Therefore B is a bi I'-
hyperideal of R.

O

Theorem 3.14. Let R be a I'-semihyperring. Then the intersection of
all bi-interior I'-hyperideals of R is a bi-interior I'-hyperideal of R.

Definition 3.15. An element ¢ of a I'-semihyperring R is said to be an
a-idempotent if ¢ € iai. In general an element ¢ of a I'-semihyperring R
is said to be a I'-idempotent or simply an idempotent if ¢ € ici for all
a €T that is 7 € il'i.

Theorem 3.16. Let R be a I'-semihyperring and B be a bi-interior
I'-hyperideal of R. Then the following statements are true in R.

(1) aI'B is a bi-interior I'-hyperideal where a is a B-idempotent ele-
ment and al'B C B.

(2) aI'R and RT'a are bi-interior I'-hyperideals of R where a is an
a-idempotent element.

(3) if a is an a-idempotent and b is a [-idempotent element then
al'RL'b is a bi-interior I'-hyperideal of R.

Proof. (1) Let R be a I'-semihyperring and B be an interior I'-
hyperideal. Suppose m € BN al'R then m € B and m = aan
where a € I',n € R. As m = aan = afaan = af(aan) =
apm € al'B hence BNal'lR C al'B. We have aI'B C B and
al'B C al'R. Therefore al'B C BNal'R. Thus aI'B = al'R.
Hence al'B is a bi-interior I'-hyperideal.

(2) Straightforward.
(3) Let a be an a-idempotent and b be a f-idempotent elements of
a I'-semihyperring R. Then aI’'RI'0 C aI'R and aI'RT'0 C RI'D,
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this implies that al’'RI'6 C al'R N RI'b. Let x € al'R N RI'b
then z = aar = rfBb, where r € R. Observe that z = aar =
acacar = aarfb € al’RI'b. Therefore al' R N RI'b C al' RT'D.
Hence al'R N RI'b = al’RI'D.

O

4. QUASI-INTERIOR-I'-HYPERIDEALS

Patil and Pawar [5] studied quasi I’-hyperideal in I'-semihyperring.
In this section we define quasi-interior-I'-hyperideals in I'-semihyperring
and study their properties in regular I'-semihyperring. We also analyze
converse statements and find suitable counter examples to support the
claim.

Definition 4.1. A non-empty I'-subsemihyperring @ of a I'- semihyper-
ring R is said to be a left quasi-interior-I-hyperideal of R if RTQTI'RI'Q C
Q@ and a right quasi-interior-I'-hyperideal of R if QI RI'QI'R C Q.

Q is said to be a quasi-interior if it is both left and right quasi-interior-
I'-hyperideal of R.

Remark 4.2. A quasi-interior-I'-hyperideal of a ['-semihyperring R need
not be a quasi I'-hyperideal, interior I'-hyperideal and bi-interior I'-
hyperideal of R.

Ezample 4.3. In the example 3.5 By = {a,c} is a quasi-interior I'-
hyperideal of R but not a quasi I'-hyperideal of R.

Example 4.4. Consider the following sets:

R:{@ 8) |m,yeR},

I'={z|z2€eZ}, Aa:{(ii 8) \a,beR,aeF}

Then R is a I'-semihyperring under matrix addition and the hyperopera-

tion MaN — MALN, forall M,N € Rand a € T. Let Q = { <g 8) |

a € R»C R. Then @ is a right quasi-interior I'-hyperideal of R but @ is

not a interior I'-hyperideal of R. Also @) is not bi-interior I’-hyperideal
of R.

Theorem 4.5. Let R be a I'-semihyperring. Then the following state-
ments hold in R.
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(1) Ewvery left (respectively right) I'-hyperideal of R is a left (respec-
tively right) quasi T'-hyperideal of R.

(2) Ewvery I'-hyperideal of R is a quasi-interior I'-hyperideal of R.

(3) The intersection of a right I'-hyperideal and a left T'-hyperideal
of R is a quasi-interior I'-hyperideal of R.

(4) If B is a quasi-interior T'-hyperideal and R’ is a T'- subsemi-
hyperring of R then B N R’ is a quasi-interior T'-hyperideal of
R.

(5) If B, and By are right and left quasi-interior I'-hyperideals of R
respectively then B, N By is a quasi-interior I'-hyperideal of R .

Theorem 4.6. Every quasi-interior I'-hyperideal of a I'-semihyperring
R is a bi-quasi I'-hyperideal of R.

Theorem 4.7. Let R be a I'-semihyperring then the following state-
ments hold in R.

(1) Ewvery left quasi-interior I'-hyperideal B of R is a bi-interior I'-
hyperideal of R.

(2) Every right quasi-interior I'-hyperideal B of R is a bi-interior
I'-hyperideal of R.

(3) Ewery interior I'-hyperideal of R is a left quasi-interior-I'- hy-
perideal of R.

(4) Let B be a left quasi-interior I'-hyperideal and J be a right T'-
hyperideal of R then B N J is always a left quasi-interior T'-
hyperideal of R.

(5) Let B be a right quasi-interior I'-hyperideal and J be a right
I'-hyperideal of R then B N J is always a right quasi-interior
I'-hyperideal of R.

(6) Intersection of a quasi-interior I'-hyperideal and a T- hyperideal
of R is always a quasi-interior I'-hyperideal of R.

Proof. Let R be a I'-semihyperring.

(1) Let B be a left quasi-interior-I'-hyperideal of R. Then RI' BT RI'B C
B. We have R'BTRN BI'RI'B C BI'RI'B C RI'BT'RI'B C B.
Hence B is an interior-I'-hyperideal of R.

(2) On the same line of proof (1). We can prove for right quasi-
interior I'-hyperideal.

(3) Let I be an interior-I'-hyperideal of R. Then RI'ITRI'I C
RTUITR C I. Hence [ is a left-quasi-I'-hyperideal of R.

(4) Suppose A= BnNJ. Then RTAT'RI'A C RIBI'RT'B C B. Also
RI'ATRI’'A C RI'JTRI'J C J. Since J is left I'-hyperideal of
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R. Therefore RTATRI'A C BN J = A. Hence A is left quasi-
interior-I'-hyperideal of R.

(5) On the same line we can prove for right quasi-interior-I’-hyperideal
of R.

(6) On similar lines as above.

O

Theorem 4.8. Let R be a I'-semihyperring. Then al'B is a left quasi-
interior I'-hyperideal of R where B is a left quasi-interior I'-hyperideal
and a € B is a f-idempotent element of R.

Proof. Let B be a left quasi-interior I'-hyperideal of R. Suppose z €
BnNal'R then x € B and = = aay, where a € I' and y € R. COnsider
x = aay = afacy = af(aay) = afzx € al'B. Therefore BNal'R C al'B
hence alI'B C B and al'B C al'R. This implies that aI'B C BNal'R and
hence al'B = BN al'R. Thus al'B is a left-quasi-interior I'-hyperideal
of R. ]

Theorem 4.9. Let R be a simple I'-semihyperring. Then every left (
respectively right ) quasi-interior I'-hyperideal of R is a left ( respectively
right ) T-hyperideal of R.

Proof. Let R be a simple I'-semihyperring and B be a left quasi-interior
I-hyperideal of R. Then RI'BI'RI'B C B and RI'BT'R is I'-hyperideal
of R. Since R is a simple I'-semihyperring. we have RI'BI'R = R.
Therefore R'BI'RI'B C B and hence RI'B C B. This implies that B
is a left I'-hyperideal of R. O

Theorem 4.10. Let R be a reqular I'-semihyperring. Then every left (
respectively right ) quasi-interior-I'-hyperideal of R is a left ( respectively
right ) I'-hyperideal of R.

Proof. Let B be a quasi-interior I'-hyperideal of R where R is a regular I'-
semihyperring. Then RI'BI'RI'B C B. Consider RI'B C RI'BI'RI'RI'B C
RI'BI'RT'B C B since R is a regular I'- semihyperring, which implies
that R is a left I'-hyperideal of R.

O

Theorem 4.11. A '-semihyperring R is reqular if and only if BTRTUBI'R =
B and RUBT'RI'B = B for all quasi-interior I'-hyperideals B of R.

Proof. Let R be a regular I'-semihyperring and B be a quasi-interior
[-hyperideal of R. Let b € B then RI'BITRI'B C B. Also for any
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element b € B there exist elements a € R, o, € I' such that b =
baafBbaafb € RI'BI'RI'B. Hence RI'BI'RI'B = B. Similarly one can
prove that BI'RI'BI'R = B. Conversely, assume that BT RI'BI'R = B
and RI'BT'RI'B = B for all quasi-interior I'-hyperideals B of R. Let
B = JnNI and C = JI'Il where J is a right I'-hyperideal and I is a
left I'-hyperideal of R. Then B and C are quasi-interior-I'-hyperideals
of R. Therefore (JNI)I'RI'(JNI)I'R = (JNI). Moreover, JNI =
(JNI)TRT'(JNI)I'R C JTRTITR C JTITR and JNI = (JNI)T'RT'(JN
TR C JTITRTJTITR C JI'I € JNI. The fact that J NI C J
and J NI C I implies that J NI = JI'I. Hence R is a regular I'-
semihyperring. O

5. BI-QUASI-INTERIOR I'-HYPERIDEAL

M. M. Rao [14] has done an extensive research in the field of ideal
theory in semirings. His research work on bi-quasi-interior in semiring
motivated us to study the parallel notion in I'-semihyperrings. In this
section we introduced the notion of a bi-quasi-interior I'-hyperideals in I'-
semihyperring as a generalization of bi I'-hyperideal, quasi I'-hyperideal
and interior I'-hyperideal of a I'-semihyperring. We study the properties
of bi-quasi-interior I'-hyperideals and presented few results.

Definition 5.1. A non-empty I'-subsemihyperring @ of a I'- semihyper-
ring R is said to be a bi-quasi-interior I'-hyperideal of R if QI' RI'QI'RI'Q C

Q.

Remark 5.2. Every bi-quasi-interior I'-hyperideal of I'- semihyperring R
need not be a bi I'-hyperideal, quasi I'-hyperideal, interior I'-hyperideal,
bi-interior I'-hyperideal and bi-quasi I'-hyperideal of a I'-semihyperring
R.

Example 5.3. Consider the following sets:
a b
RZ{(C d)|a,b,c7d€N}, I'={z|2€Z} and

Ma:{4<aa ab)a,b,c,dEN,aeF}.
ac  ad

Then R is a I'-semihyperring under matrix addition and the hyperoper-
ation Xay - X +M,+ Y, forall X,Y € Rand a €T.
Let B = gz ;Z | a,b,c,d € N;C R. Then B is a bi-quasi-

interior I’-hyperideal of R but B is not a bi I’-hyperideal, not a quasi
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I-hyperideal, not an interior I'-hyperideal, not a bi-interior I'-hyperideal
and not a bi-quasi I'-hyperideal of R.

Theorem 5.4. Fvery bi I'-hyperideal of a I'-semihyperring R is a bi-
quasi-interior I'-hyperideal of R.

Proof. Let R be a I'-semihyperring and B be a bi I'-hyperideal of R.
Then BI'RI'B C B. Therefore BT RI'BI'RI'B C BI'RI'B C B. Hence
B is a bi-quasi-interior I'-hyperideal of R. 0

Theorem 5.5. Every Interior I'-hyperideal of a I'-semihyperring R s
a bi-quasi-interior I'-hyperideal of R.

Proof. Let R be a I'-semihyperring and I be an interior I'-hyperideal of
R. Then ITRI'ITRI'I C RI'ITR C I. Hence I is a bi-quasi-interior
I'-hyperideal of R. O

Proposition 5.6. Let R be a bi-quasi-interior simple I'-semihyperring
if and only if al RU'al’'RI'a = R, for all a € R.

Proof. Let R be a bi-quasi-interior simple I'-semihyperring and a € R.
Therefore al' R['al'RT'a is a bi-quasi-interior I'-hyperideal of R. Hence
al'RT'al’'RT'a = R, For all a € R. Conversely, let al'Rl'al'R'a = R for
all a € R. Let Q be a bi-quasi-interior ['-hyperideal of R and a € ). Now
R =al'RT'al’'Rl'a C QT RI'QT RI'Q) C Q. This implies that R C @ and
@ C R holds always. Hence R = @, then R is simple bi-quasi-interior
I'-semihyperring. ]

Theorem 5.7. Let R be a I'-semihyperring. The notions of bi I'-
hyperideals and bi-quasi I'-hyperideals in R coincides if and only if R
s a simple I'-semihyperring.

Proof. Let R be a simple I'-semihyperring and ) be a bi-quasi-interior
[-hyperideal of R. Then QTRI'QI'RI'Q C @ and RI'QI'R is a I'-
hyperideal of R. As R is a simple I'-semihyperring, therefore RTQT'R =
R . Hence QI'RI'Q C @, this implies that @ is a bi-I'-hyperideal of
R. Converse part of this theorem we can prove by using proposition
(5.6). O

Theorem 5.8. Let R be a I'-semihyperring. Then R is a bi-quasi-
interior simple I'-semihyperring if and only if al' RU'al’' RT'a = R for all
a € R.

Proof. Let R be a bi-quasi-interior simple I'-semihyperring and a € R.
Therefore al'’ RI'al'RI'a is a bi-quasi-interior I'-hyperideal of R. Hence
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al’RT'al'RT'a = R for all a € R. Conversely, let al'R['al'RT'a = R for
all ¢ € R and @) be a bi-quasi-interior I'-hyperideal of R with a € Q.
We obtain R = al’'RI'al'Rl'a C QIT'RT'al'RT'a C @ and hence R = Q.

Therefore R is a simple bi-quasi interior I'-semihyperring. O

Theorem 5.9. In a regular Commutative I'-semihyperring R. Following
are holds
(1) Ewvery bi-quasi-interior I'-hyperideal is a T'-hyperideal.
(2) Let I be an interior I'-hyperideal 0f R. Then RUITR = I.
(3) Let Q is a bi-quasi-interior T'-hyperideal of R if and only if
QTRI'QT'RI'Q = Q.

Proof. (1) Let R be a I'-semihyperring with B is bi-quasi-interior I'-
hyperideal of R. BI'RI'BI'RI’'B C B. This implies that BI'R C
BI'RI'B, since R is regular. Hence BI'R C BTRI'BI'RI'B C B.

(2) Trivial

(3) Let B is a bi-quasi-interior I'-hyperideal of R. Then BT RT' BT RI'B C
B. For b € B, there exist r € R and «o,8 € I'. We get z =
zarfrarBx C BI'RI'BI'RI'B. Therefore ©+ € BI'RI'BI'RI'B.
Hence BT RI'BI'RI'B = B. Conversely, suppose BI'RI' BI'RI'B =
B. Let B = R' N L' where R’ is a right I-hyperideal and L’ is
a left I'-hyperideal of R. Then B is bi-interior I'-hyperideal.
Then (R N LT'(R'NnL)YTRT(R'NnL)=(RNL). RnL =
(R'NL)TRT(R'NL)TRI(R'NL) C RTRTL'TRTL' C RTL' C
RTNL. As RTL' C R and RTL' C L' this implies that
R'NL'= RTL'. Hence R is regular I'-semihyperring.

O

Theorem 5.10. In a I'-semihyperring R. Following are holds.

(1) Intersection of a bi-I'-hyperideal and an interior I'-hyperideal is
a bi-quasi- interior I'-hyperideal of R.

(2) Intersection of bi-quasi-interior I'-hyperideals is a bi-quasi- in-
terior I'-hyperideal of R.

(3) Ewvery bi-interior I'-hyperideal of R is a bi-quasi-interior T'- hy-
perideal of R.

(4) Intersection of a bi-quasi-interior T'-hyperideal and a right T'-
hyperideal is always bi-quasi-interior I'-hyperideal of R

Proof. (1) Let Bisa bi-I'-hyperideal and I is an interior-I"-hyperideal
of R. Suppose Q@ = BN I, then @ is a ['-subsemihyperring of R.
Then QI'RI'QTRI'Q € BQURI'QI'RI'QI'R C I. Hence we get
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QI RTQT'RQT'R C . Therefor Q = BN 1 is a bi-quasi-interior
I'-hyperideal of R.

(2) Trivial.

(3) Suppose B is bi-interior I'-hyperideal of a I'-semihyperring R.
Then BTRT'BT'RI'B C RI'BT'R and BTRI'BT'RI'B C RI'BT'R.
Hence we get BTRI'BI'RI'B C RI'BI'RN RI'BT'R C B. There-
fore B is a bi- quasi-interior I'-hyperideal of R.

(4) Let B is bi-quasi-interior I'-hyperideal and C' is a right I'- hyper-
ideal of a I'-semihyperring R. Now (BN C)I'RI'(BNC)I'R(BN
C) C BTRTBI'RI'B C B and (BNC)I'RT'(BNC)I'R(BNC) C
CTRITCTRIC C C. Therefore (BNC)I'RT'(BNC)I'R(BNC) C
BNC'. Hence intersection of a bi-quasi-interior I'-hyperideal and
right I'-hyperideal is bi-quasi-interior I'-hyperideal of R.

O

Theorem 5.11. Let e be a idempotent element of a I'-semihyperring
R. Such that eI'B C B, where B is bi-quasi-interior I'-hyperideal of R.
Then el'B is a bi-quasi-interior I'-hyperideal of R.

Proof. Let e is §-idempotent element of R. Then ede = e for some § € I'.
Let x € BNel'R. Then x € B and x = eab where a € I')b € R. Now
x = eab = edeab = ed(eab) = edx € eI'B. Therefore BN el'R C el'B.
Now eI'B C B and eI'B C eI'R. Hence we get eI'B C BN el'R, then
e'B = BNnel'R. By Theorem 4 we get el'B is a bi-quasi-interior I'-
hyperideal of R. ]

6. CONCLUSIONS

As a further generalization of I'-hyperideals, we introduced the notion
of bi-interior I'-hyperideals, quasi-interior I'-hyperideals and bi-quasi-
interior I'-hyperideals in a I'-semihyperring. Which are generalization
of I'-hyperideal, left-I"-hyperideal, right-I'-hyperideals, bi I'-hyperideal,
quasi I'-hyperideal, interior I'-hyperideals in I'-semihyperring. Also char-
acterized simple I'-semihyperring and regular I'-semihyperring using bi-
interior, quasi-interior and bi-quasi-interior I'-hyperideals.
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