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Abstract. It is well-known that M. Matsumoto and R. Miron constructed an
orthonormal frame for an n-dimensional Finsler space and the frame was called
'Miron frame’. Then, T. N. Pandey and D.K. Diwedi and P. N. Pandey and
Manish Gupta studied four dimensional Finsler spaces in terms of scalars. P. N.
Pandey and Manish Gupta also studied four dimensional Berwald space with
vanishing h-connection vector. Gauree Shankar, G C. Chaubey and Vinay
Pandey studied the main scalar of a five-dimensional Finsler space. In the
present paper, we study a five dimensional Berwald space with vanishing h-
connection vector h;, J;, k;.

Keywords: Finsler space, main scalar, Berwald space, h- and v- connection
vectors.

1. Orthonormal Frame and Connection Vectors

Let L = L(z,y) be the fundamental function and g;;(«,y) be the funda-

mental metric tensor of a five - dimensional Finsler space F°. Let Siakim 1o

pqrst
12345

generalized Kronecker delta and v;jrim = 6ijklm, then the component of e-
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tensor are defined by
cijiim = V9P Vigrmande ™ = (y/|g[) 1y

where g = |g;;] is also called the Levi-Civita permutation symbol.
The Miron frame for a five- dimensional Finsler space is constructed by the

unit vectors (I*,m?,n’,p, ¢*), where 621) =" = “f is called the normalized
supporting element, 622) =m! = % is called the normalized torsion vector,

623) =n’, 624) =p', 625) = ¢* are constructed by

9i€(a)€(p) = Oacp
Here C is the length of torsion vector C; = Cijkgjk. The Greek letters «, 3,7, 6
vary from 1 to 5 throughout the paper. Summation convention is applied for
both the Greek and Latin indices.

In the orthonormal frame, an arbitrary tensor?’ = (T;) is expressed in terms
of scalar components as follows:

Tj = Tapei,yep);, (1.1)

The scalar components of the fundamental tensor g;; and e-tensor €;jrim are
given by 0. and Yap~sy respectively.

Let H,)s, and %Va) g~ be scalar components of the h- and v- covariant deriva-
tives e;)‘i and 6;) |; respectively of the vectors ey , i.e.

(a) 62)|j = Ha)ﬁ"/e,i@)ev)j’ (b) Legyli = Va)ﬁve%)ev)jv (1.2)
Hayp and V,)g, are called h- and v- connection scalars respectively and are
(0)p- homogenous. From the orthogonality of the frame, we have

Hoypy = —Hpgyary, Vaysy = —Vg)ays (1.3)

Also, we have

Hyypy = 0,Viygy = 0py — 056) (1.4)

v
We now define vector fields

h; = H2)3’ye'y)7,'a Ji = H2)4'ye'y)ia k; = H2)5'ye'y)ia

h; = H3)sy€4)is Ji, = Hg)s5y€4)5, 1/ = Hyysye)is
and

U; = ‘/Q)B'Ye’y)iavi = V2)4»y€y)z';wz' = Vz)sfyey)i»

! !’ !
u; = Vayay€)i, 0, = Vaysyeqyyss w; = Viysyeq),

From (1.2), we get

(a) ety =t =0,
(b) e3); = mi; =n'hj +p"J; + ¢'k;,
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(c) eé)lj = n‘ij = —m'h; —I—pih; + quj/-,
(d) 62)\]‘ = pllj =-m'J; —n'h; +q'k;,
(e) sy =4 = —m'kj —n'J; — p'k;.
(a)Leylj = LU'|; = m'mj +n'n; +p'p; + q'qj,
(b)Ley)|; = Lm'|; = ='m; + n'u; + p'v; + ¢'w;,
(e)Leky|; = Ln'l; = =I'ny — m'u; 4+ p'u; + q'v;, (1.5)
(d)Lelyl; = Lp'l; = ~l'p; — miv; — n'ad; + q'w),
(e)Leky|; = Lq'|; = —I'q; — m'w; — n'v; — p'w.
The Finsler vector fields h;, J;, k;, h;, J; , k:; are called h- connection vectors and
the vector fields u;, v;, w;, us, v,
The scalars H2)3’y7H2)4'yaH3)477H4)377H5)377H5)4'y and ‘/'2)377‘/2)477‘/2)@7
V3)ay: V3)5y, Va)s are considered as the scalars components hy, Jy, ky, by, J, k

v My

’ !’
p . .
and Un, Uy, Wey, Uy, U, W'y of the h-and v- connection vectors respectively. Be-

cause of (o)p-homogeneity of efl)7 (1.5) gives

’ .
v,;,w; are called v- connection vectors.

1) Y1)

Lm'|;l) = Ln'[;1 = Lp'[;1 = Lq'|;17 =0.
Consequently, we have the following.

Proposition 1.1. In a five-dimensional Finsler space, the first scalar compo-
- vs,w; vanish identically.

1) )

nents of v- connection vector u;, v;, w;, u

2. Main Scalars

Let %C’am be the scalar components of Cjj;, with respect to the Miron
frame, i.e.,
LCijk = C’aﬁwea)ieﬁ)jev)k, (2.1)
M. Matsumoto[1] showed that

(1) Cupy are completely symmetric,
(ii) Cjx =0,
(iil) Copp = LC,Cspp = Cappp = v = Chpp = 0 for n > 3, where C is the
length of C? and LC is called the unified main scalars.
Therefore in a five- dimensional Finsler space, we have

Cig, =0,
Caga + Co3z 4 Cogyq + Cas5 = LC,
C322 + C333 + Cs44 + C355 = 0, (2.2)

Ca22 + Cyz3 + Cyaq + Cys5 = 0,
Cs22 + Cs33 + Cs44 + Cs55 = 0,
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0234 7& 0, 0235 7& O, 0245 7é O, 0345 ?é 0 in general.

Thus putting
Cogy = H,Cosg = I,Cosy = K, Csgg = J,Caas = J

"

Caaa = H ,Cs3g = I ,Cogq = K, Cass = M, Cz5 = J

Cuss = M ,Csss = H ,Ca35 =1 ,Caas = K, Cazs = N,

"

Coss = N ,Cags = M,
we have

H4+I+K+M=LC

0223 _ 7(J+ J/ + J”)7C224 _ 7(H/ + I/ + M,)7C225 _ 7(H” + I// + M//)
The seventeen scalars H, I, J, K, H ,1',J K ,H ., I",J K" ,M,M ,M",N,N’

are called the main scalars of a five dimensional Finsler space.

3. Scalar Derivatives

Taking h- covariant differentiation of (1.1) , we get
Tjiw = OkTap)ebyen); + Tapeiynes)i + Tasehes)jiks (3.1)
if T,3,, are scalar components of T;‘k, ie.,
Tk = TapA€h)€8)j€x)ks (3.2)
then we obtain
Taﬁ,'y = (6kTQ5)e§) + TuﬁH,u)a'y + TauHH)ﬁfy, (33)
Similarly, the scalar components T,3., and LT}| k are given by
Tupry = L(OkTap)eX) + TuaVinany + TonVisys (3.4)

The scalar components Ty, g, and T,,g., are respectively called h- and v- scalar
derivatives of scalar components T, g of T'.
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4. Berwald Space

In term of Cartan CT' a Berwald space [1] is characterized by Cj;jx = 0.
We are concerned with the tensor C,;jj;, = 0. From (2.1) and (3.2), it follows
that

Chijlk = Capry,6€a)h€B)i€y)j€)k- (4.1)

In view of equation(4.1) , Berwald space is characterized by Cag,,s = 0, in
terms of scalars. According to the formula (3.3) ,Cqp,5 are given by

Caprys = (01Capy)es) + CupyHuyas + Copy Hyyps + CoppHpuyys
The explicit forms of C, 4,5 is obtained as follows :

(@)Cass =Hs+3(J+J +J Yhs+3H +I +M)Js+3H +1 +K ks,

(0)Casss =I5 — (3J +2J +2J Yhs — I Js — I ks — 2N J; — 2K hy,

(¢)Cosss = Kis5—J hs— (3H +2I +2M)Js + 2K hy — K ks — 2N kj,

(d)Csa2.6 = —(J+J +J )5+ (H—20hs — 2K Js —2Nks + (H +1I + M )hj
+(H +1 +K")Jj,

()Csss.5 = J5+3(Ths — I hy — I Jy),

(f)Cazos = —(H —I —M') 5 —2K hs+ (H —2K)Js —2N ks — (J + J + J )hj
+(H + I + K )k,

(9)Cuss.s = Iy + 2K hs + 1Js + (J — 20 Yhs —2M " J5 — I ky,

(h)Casas = K5 — (I' — K Yhs — (J — K')Js — M ks — (K — I)hs — N J; (4.2)
— Nk,

(0)Caaas = J 5+ Khs + 2K Js — (H — 21 Yhs + K J5 — 2M ks,

(4)Caans = H g+ 3(K +J hs — K ky),

(k)Cazss = —(H +1 +K')5—2Nhs —2N Js+ (H —2M)ks — (J +J + J ) Js — (H
+1 + M)k,

()Cass5 =Ns— 21 +H +K')hg—M Js—(J+J +J ks — N b — (M — 1) J;
+ K'k;,

’

(m)Cosss = Ns— M hsg— (H +1 +2K")Js+ Nhg— (H +1 +2M ks + K Jg
— Mk;,
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(n)Cass,s = M5 — J hs — M Js + Nhy — (3H + 21" + 2K ks + 2N J5 + 2N k;,

(0)Ci35,6 = L5 + 2Nhs — 2M " h + (J —2J" ) J5 + Iks + I ks,

(p)Csas.6 = Mg+ 2N hs + 2N Js + (I — K Vhg + K ks + (I — M )J5+ (J — J ks,
(q)Cas5,6 = J 5 + Mhg + 2Nks — 2M hy — (H — 21’)J; + 2M k5 143)
(r)Cass,s = K 5+2N Js +2M hy + Kks+J Js + (H —2M )kj,

(s)Cuss,s = M s+ MJs + J hs +2N'ks +2M" Js — (H" — 2K )k;,

(

(

t)Css5,5 = H 5+3(Mk5+J J5+Mk5)

u)Cigy,s = 0.
Adding (4.2d),(4.2e), (4.21),(4.2q) and using (2.2), we get
C322,5 + C333,5 + C44,5 + C335,5 = LChs, (4.4)
Adding (4.2f), (4.2g), (4.2j).(4.2s) and using (2.2), we get
Ca22,6 + Ca33,5 + Casa,s + Cass,6 = LC s, (4.5)
Adding (4.2k), (4.20), (4.2r), (4.2s) and using (2.2), we get
Cs22,5 + Cs33,6 + Csaa,6 + Cs55,5 = LCks, (4.6)

Adding (4.2a), (4.2b), (4.2¢), (4.2n) and using (2.2), we get
Ca92.5 + Cazz s+ Cosa s+ Coss s = (H+IT+K+M)s=LCps, (4.7)
Thus, from(4.3), (4.4), (4.5), (4.6) and (4.7), we have.

Theorem 4.1. In a five - dimensional Berwald space, the h- connection vectors
hi, Ji and k; vanish identically. Also main scalar H and unified main scalar

. . . . ’ 7
LC is h-covariant constants. Furthermore, if h-connection vectors h;, J; and
/ . . .
k; vanishes then all the main scalars are h-covariant constants.

5. Ricci Identities

Now, we are concerned with the tensor ef,) 1, €/, ;|x and €, |js. From (1.2),
we have

€aljik = Hayp.5€5)€x)€6)k: (5.1)

Legy il = Haygyiselyeqyicsn, (5.2)

Lef))|j|k = Va)ﬁ'y,ée;})ew)je@kv (5.3)

According to the formulae (3.3) and (3.4), Hy)gy,5, Ha)gy:s, Va)sy,e are given
by
Hoypy5 = (0kHaysy)€5) + Hoyuy Hiuyps + HoypuHyyyss
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Haypyis = L(ékHa)Bv)elg) + Hayuy Vigs + HayppViss
Vaysy.s = (5kVa)57)e§) + Vayuy Huygs + Vaysutl s
The explicit form of these are obtained as follows :
Hy)sy6 = <5kH2)37)€§) + Hoyuy Hyyss + HoyzuH s
= (5kh7)€§) + Hayyy Hyyss + HaysyHs)zs + HayzH s
= (5khw>e§) + Jv(_hg) + kw(_J:s) + o H s
= b5 — Jyhs — kyJy

where
hys = (5kh7)e§) + hyH s

Hyyor 5 = —Jy 5 + hoyhys — ko ks,
Hsyoy 5 = —ky s + J;h(s + kr;th,
H3)yy 5 = h/ — Jyhs — Jlk;,
Haysy 5 = J., 5 — hoyks + L kS,
Haysy6 = k'y,é = Jyks — h’yJ(S’
Hy)zyis = Nyss — Jv“is - k«/v:s;
Hyyoys = —Jys + hiyuts - k;w(g,
Hyyo5 = —koss + Jous + kvs,
H3yyys = h hyvs — J;w;,
H3ys6 = JW; — hyws + h;w;,
Huysy 5 = ks — Jyws — hyvg,
V2)3y.6 = Uy,6 — th; - ww]:ﬁ
Viyzys = —Usy5 + uyhs — w) ks,
Vs)2y,6 = —Wq5 + U;h5 + w;J(;,
Vayay,s = U:Y7§ —uyJ5 — v kg,
Va)sy,6 = UI —u ks + u;k:;,
Viysy,s = w7 s — Uyks — u;J[;,
In terms of scalar components , the Ricci identity
eoilk = ealils = €l Prik — €6)nCir — €y lrClijos
is expressed as
Hoygyss = Vayssy = Payprs = HaypuCuve = Vaysubins,
For Berwald space [1] Phijr, = 0 , therefore (5.5) becomes

HO‘),B’Y?(S - Va)ﬁé,’y = _H(x)ﬁp,C,u'y&

75
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which is explicity written as
(hyss — Jv“; - kvvnli) — (usy — U5hlv - w(;J;) =~ Cs,
(—Jyis + h;u(s — k;wé) — (—vsy + u:;hv - w;Sk’v) = JuCurs,
(—kos + Jous + kL vs) — (—ws,y + Vshy +wsds) = kuCruns,

(I

’ ’ ! ! ’ 7’
v;d h’Y’U5 - J’yw5) - (U‘&,'y - u5J’Y - Uék'y) = _h,uC#’Y(S’

(J;;é — hyws + h:ywz;) - (”:5,7 — usky + u:;k;) = *J;Ou’yév

(ks = Jyws — hoyvs) = (ws o — voky + us ) = =k, Cuys,

From theorem 4.1, we see that in a Berwald space h; = J; = k; = 0. If we take
h; = JZ-/ = k; = 0, then above equation become

’ ’ ’
Usy = V5y = W5y = U5y = Vs, = W5, = 0.
Thus, we have

Theorem 5.1. In a five - dimensional Berwald space with vanishing h- con-

R ’ ’ ’ 3 ’
nection vectors h;, J;, k;, the v- connection vectors w;, v;, w;, u,;, v;andw, are h-

RN v

1) 7

covariant constants.

From the Ricci identity
T;\k\h - T;\h\k = TJTRikh - Tf ;kh - Tf|rR2h7 (5.6)
we have
Caplilk ~ Carli = oy Brjk — €olr Ri (5.7)
which is expressed as
Hoygy,s — Haygs,y = Rapys — Vayge Rinys- (5.8)

Now, we propose.

Proposition 5.1. Let T;; be a skew - symmetric tensor of a five- dimensional
Finsler space. If we put *T7% = LeldkImTy . then, we obtain
Tyq = €pqijh * Tk,
Proof. «Tk = LetiktmTy implies
Tiik o 1 ijkim T — 15ijklmT —T
* Pqijk — 56 pqijk+im = 5 pqijk Ilm = 4pq-

This completes the proof. O
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Since Ry is skew- symmetric in h and i as well as in j and k, in view of
proposition(5.1), Ry, i may be written as

t !’
Rhijk = €hirst€ikpqr! * RetPar (59)
where,
tpgr’ 1 thi "jk
* RPN — 2—56” tePIT I Rpijr, (5.10)
e scalar components R,g~s of Ry, are written as
Th 1 P ts Ragy f R j tt

Ropys = YapurnTysere * Ruxnore, (5.11)

in terms of scalar components xR, x,9-¢, of Rrstrar,
The scalar components Rg+s of %Rijk are given by

Rpgys = v1punnVyoore * Ruxnore, (5.12)

Therefore,(5.8), may be written as

Ho)py,s = Haypsy = (Yapusn = VaygrYimuan) Vysore * Rurnore.

For different values of «, 3, this gives
(hos — Johy — kyJ5) — (hsy — Jshy, — ksJ.)

= (6,50 — u2l,y

Y — U35

u/\’r] uAn u45u)\n u56/i2/\37)7’y597'§ * Ru,\nefg,
(=6 + Byl — k) — (Js. + hshl, — ksk)

_ 135 345 425 235 324
- (_(;,u)\n - UQ(S#)\U - U3§#>\n - ’U4§#)\n - U55,L>\n)’7w6975 * Rp,)\ne'r&

(fk5+J%y+Hk)fhm7+lﬁ¢+@L)

— (_5134 _ ’LU25

324
uAn - w36u)\77 w46u>\n - w55u}wy)7759T§ * RHATIGTf’

HAN
(hv,é — Jyhs — kwja) - (hé,'y — Jshy — k:;J;)

— (8135 — updB48 — w5838 — uy5% — w53 ys0re * Runnore,
(=5 — hoks + hyks) = (J5., — hok, + hsk.)

_ 124 ! $345 ! <425 ! ¢235 ! ¢324
- (_(;p)\n - 25#)\77 - 36#)\77 - 46;1)\77 - 'U55;¢)\77)’Y'y59‘r§ * R;L)m@‘rfv

(=K, 5 + Jyks — W J5) — (ks — Jsky — hgJ.)

_ /5123 " ¢425 ! ¢235 ! ¢324
- (6u>\n 2614)\?7 W30,y — Wady 5 — w55#>\n)%6975 * Ryngre

For Berwald space with h; = J; = k; = 0, above equation becomes

145 345 425 235 _
(6#)\77 — U20, %y — U30,%, — U4, %) — u55u>\n) * Ryxnore =0,

135 345 425 —
(5;0\7] - 7)25;1)\17 - 7)35;1)\17 045;1)\17 1)55#)\71) * R,u)\nO‘r& =0,

134 425 235 _
(5H/\,7 - wgdwn — w30,y — Wab, 5\, — w55u/\n) * Ryanore =0,

125 345 ! 425
(6Mn B “25u>\n - u35#>\n u46u>\n

(5.13)
“55 ) * Ryxnore = 0,
124 " $345 " £425
(_5uAn - 25uAn - US(SM)\U 5u>\n )
123 ! ¢345 ! ¢425 235
(5;0\77 - 25;LA77 - 35;0\7] - 46;1)\7] - ,u)\n)

’()5(5 * RM)\nng = 0,

* R,u)\nH‘rE =0.
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Now, applying the Ricci identity (5.6) to v- connection vectors vi(p ) we have
ol — o) = P R — o) Ry (5.14)
where
(2 (3 (4 6
(() @ ,6) @ ()vg))

YU 50 U 7, (U/“U“wl,u U ’LU)

i) Yo

In terms of scalars, (5.14) may be written as

v,g,)')yﬁ /(317()5 v = *(Ufrp)'YﬁmMn + ngﬁlmkn)%éer& * Ryxnore = 0.

We have shown in Theorem(5.1) that in a Berwald space with &, = J; = k; = 0,
the v- connection vectors are h- covariant constants, therefore above equation
becomes

( (p)’YﬁmMn + Ug;){}/lﬂu)\n) * R;u\r]@rg =0. (5.15)
Because of v(p ) — vT(rp ), the above is trivial for 8 = 1 and thus from the above

obtain only
(08" 3 0l 030 s 83 oy s 00,30 U 0+ U R s ) X Ryungre = 0,

(o 014 o705 o 835 o, o)+l A0E) o0 s Rusane =

(0 5150 8134 513 5,102 o L0 o8 X By =0

(0" 8350 0" 8,30 —oi 8,30, 0l 0,5, o0 ) Hushd 0% — ol 80 ) X * Ryagore = 0.

In view of (5.13), these equation takes the forms :

(v (p)+u v(p)+02v(p)+w2v(p))5345 (U£3+u3v§p)+vgv( +w3vép))5425

/Mn 1A
+ (vg;i + U4’U(p) + 1)41)1(l 2 w4v(p))6i§§7 (vé;g + U5v§p) + 1151)4(l 2 w5v5 )6/0\77] * Ryxnore = 0,
(058 — vl + uyvil” — oo, + (058 — uaod” + ugefl” — vsol)53,
O ) R R R
(o =)=+ kD + )~ ) )l 5 |

) ;5

+ (v} — vavy” — u4v§ Yt wgo)0% + (0l — vses” + u5v§, Y+ wiey )50 * Rusngre = 0,
+

N
+ (Uépi - w4”§p) - U4U( +w4vép)) 23:\577

Put

vépg — ’lUg’U(p) v;vép) w vip))éﬁ%\‘?}
(») ' (p)

(p) _
+ (vs.4 55 — Wsly  — UzU3 w5114 )5u>\n] * Ryxnore =0,.

VE =V VOV s

Then equations (5.16) become

(Vad 6343 4+ Vi §4% 1 VP 623 Va®) 6334 ] % Rynnore = 0,

(Vg 0330, + Vag 0,30, + VA 0330, + Vad 630) # Ryanore = 0,

]
[V(p)5345 +V(p)5425 +V(p)5235 +V ) 532 ]*R -0 (5.17)
42 %uxn 43 Yuxn 44 Yudxn 45 Yudn pAnfTE — Yy
Ve 535 + VAP 6135, + Vi 6535 + Vi 5338 ] % Ryunmore = 0.
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Again, applying the Ricci identity (5.6) to the main scalars A9, we have

Ay, — Ay = — AU R, (5.18)

where

(AD AP AB) 4D A6 A©) AT A®) AO) 4010 AL 4(2) 413) - 4(14)
AR QO ACT) = (M. LK, J.J 1 1K M. M B I K" NN M),

In terms of scalars (5.18) assumes the form:

A?WS o A?&W - A(\In’ylmtkn'Yvéerf * Ryxnore =0

‘We have seen in Theorem4.1 that all the main scalars are h- covariant constant
in a Berwald space with h; = 0, J, =0 and k, = 0. Therefore above
equation becomes

(A 0345 + AW512 1+ A28 + AL 653 )  Rynnore = 0. (5.19)

We now discuss Berwald space with vanishing h- connection vectors, considering
the rank p of the matrix (xR,apor¢), where (uAn) and (67€) show the number
of rows and columns respectively. From (5.13) , it is clear that the rank p is
less than 5.

(i) If p =0, then xR, ,0-¢ = 0. This means «Rj;jr = 0 and therefore the
space is locally Minkowskian.

(ii) If p = 1, then from (5.17) and (5.19) , we have

Aéq) : qu) : Aflq) : Aéq) = ’Uég) : vég) : véi) : U%)

o) ol o) o)
—off) o) o o)

— ol o) ol

(5.20)

(p=1,2,3,4,5,6¢ =1,2,3, ....., 17)
(iii) If p = 2, then from (5.17)

such that condition (5.20) do not hold.

(iv) If p = 4, then from (5.17) and (5.19) , v((fﬁ) =0;a,8 = 2,3,4,5 and
Ag) = Afg) = Afff) = Afg) = 0, so that all the main scalars are v- covariant
constants and therefore they are constants.

Summarizing the above, we conclude :
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Theorem 5.2. In a five - dimensional Berwald space with vanishing h- con-
nection vectors h;,J;, k; the rank of the (Rpiji), where(hi) and(jk) shows the
number of rows and columns respectively, is less than five.

Further,

(i) If p = 0, the space is locally Minkowskian.
(ii) If p = 1, we have the condition (5.20).
(iil) If p=2,

such that condition (5.20) do not hold.
(iv) If p = 4, all the main scalars are constants and vipﬁ) = 0 and A;(g) =

AP =AY =AY =0, (p=1,2,....,6;¢ = 1,2,3...., 17,30, f = 2,3,4,5).
6. Conclusion

This paper is devoted to the study of a five dimensional Berwald space
in terms of scalars. Some properties of five dimensional Berwald space with
vanishing certain connection vectors are investigated which is useful for further
research workers.
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