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On special class of R-quadratic Finsler metrics
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Abstract. In this paper a special class of R-quadratic generalized (a, 3)-
metrics are considered. Some properties of this class of Finsler metrics are
investigated. In special case, the Riemann curvature of these metrics is cal-
culated. Moreover, it is proved that, in this class of metrics, there is not any
(non-Riemannian) R-quadratic metrics of non-zero scalar curvature.
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1. Introduction

Finsler geometry is a suitable extension of Riemannian geometry such that
the squared line element is not restricted to be quadratic in the displacements.
Considering Finsler geometry was already discussed by Riemann, in his lec-
ture in 1854 [8], Much later, the systematic study of these spaces appeared in
the dissertation thesis of Finsler in 1918 [5]. It seems that the class of («, §)-
metrics is a good candidate for more study and do computations in Finsler
spaces. They are computable and their patterns offer references. There are
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some classes of Finsler metrics which are not always (a, 3)-metrics such as

general (a, B)-metrics [14] or spherically symmetric Finsler metrics [16]. Be-
cause of the symmetry and computability of this class of Finsler metrics, many
interesting results have been acquired in the past years [3]. Moreover, (a, §)-

metrics provides several wonderful metrical models for physics and biology [1],
and the most important one is the so-called Randers metrics [7]. The concept
of (e, B)-metrics was introduced by Matsumoto in 1972 as a generalization of
Randers metrics which introduced by Randers. Introducing new Finsler metrics
which are not always («, 3)-metrics helps us to evaluate the patterns.

In this research we are going to concentrate on an important class of Finsler
metrics called general («, §)-metrics, which are given as

F= Oéd)(b2, S)a

where o = /a;j(z)y'y’ is a Riemannian metric and 8 = b;(z)y" is a 1-form on
M, respectively. b? = b'b;, s = g and ¢ is a smooth function. On a smooth
manifold, there are several interesting curvatures in Finsler geometry. Riemann
curvature is a central concept in Riemannian geometry and was introduced by
Riemann in 1854. Berwald generalized it to Finsler metrics. A Finsler metric
is said to be R-quadratic if its Riemann curvature is quadratic [4]. R-quadratic
metrics were first introduced by Béscé and Matsumoto [2]. They form a rich
class in Finsler geometry. There are many interesting works related to this
subject [10], [6]. This family of Finsler metrics contains Berwald and R-flat
metrics. For a Finsler space (M, F), the Riemann curvature is a family of
linear transformations

R, : T,M — T, M,

where y € T,,M, with homogeneity Ry, = AR, VA > 0. The the Finsler
metric (M, F) is R-quadratic if R, is quadratic in y € T, M. Here a special
class of general (o, §)-metric of R-quadratic type is considered. In general, it is
difficult to find the Riemann curvature tensor for general («, 3)-metrics. Then
we consider the metrics under the following assumption

Ry =p(a®8'y —yry'),  bip = c(x)ai, (1.1)

where ®R?;, denotes the Riemann curvature of the Riemannian metric o and
is the Ricci constant. In other words, we prove

Theorem 1.1. Let (M, F) be a general (a, 8)-metric satisfying (1.1). If F is
of R-quadratic type then

R;c = RQezi)kq(:E)ypyqa (12)

where

Gjikl(x) = (ajlb2 — bjbl)(slk — (ajkb2 — bjbk)éil + (blajk — ajlbk)bi,
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and Ry = Ra(r) is given by
Ry = —p(2x—5Xs)+C?[2(200p2 — 5025 ) —XssF2X (2X—5Xs) (0" —57) (2 X5 —X2)-

Theorem 1.2. There is not any (non-Riemannian) R-quadratic general («, 5)-
metric satisfying (1.1) of non-zero scalar curvature.

2. Preliminaries

A Finsler metric on a manifold M is a non-negative function F' on T'M
having the following properties
(a) Fis C* on TM \ {0};
(b) F(\y) = AF(y), VA>0, yeTM,
(c) For each y € T, M, the following quadratic form g, on T, M is positive
definite,

1
gy(u,v) := 3 [F2(y + su+ tv)] , u,v € Ty M.

s,t=0
At each point x € M, F, := F|r, v is an Euclidean norm if and only if g,
is independent of y € T, M \ {0}. To measure the non-Euclidean feature of F,
define
Cy:TuM xTyMxT,M — R
1d
Cy(ua v, w) = 5@ {gy-&-tw(ua ’l})] ‘t:o’

for u, v, w € T, M. The family C := {C, } ,eran j0} is called the Cartan torsion.

A curve c(t) is called a geodesic if it satisfies

dQCv', i
e +2G*(¢(t)) =0,
where G'(y) are local functions on T'M given by
1 0?°F?* . OF?

i Ll _

G's called the coefficients of the associated spray G to (M, F). The projection
of an integral curve of G is called a geodesic in M. In local coordinates, a curve
c(t) is a geodesic if and only if its coordinates (c(t)) satisfy
&+ 2G(¢) = 0.
F is called a Berwald metric if G*(y) are quadratic in y € T, M for all x € M.
For y € T,, My, define
B, T,MQT,MQT,M— T, M

C 0
_ K Fak, 0
By (u,v,w) = Bj* u’v*w B’

where oy
R
Oy Oyk oyt
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and
E,:T,M ® T,M — T,M
E,(u,v) = Ejpuv”,
where
Ejr = %Bjmkma
u = u a?;i’ v =t 6‘27; and w = w' a{;;i' B and E are called the Berwald

curvature and mean Berwald curvature respectively. F' is called Berwald and
Weakly Berwald (WB) metric if B =0 and E = 0, respectively [9].

By means of E-curvature, we can define F-curvature as follow

E,:T,M®T,M®T,M — R

Ey(u,v,w) = Ejkl(y)uivjwk = El-j|kuivjwk.

It is remarkable that, E;;x is not totally symmetric in all three of its indices.

The S-curvature S(z,y) was introduced as follows [11]

d
S(a,y) = 2 [r(v (), 7' (B)]ji=o,
where 7(z,y) is the distortion of the metric F' and «(t) is the geodesic with
~(0) = 2 and 7/(0) =y on M. It is considerable that [11]
1
E;j = is.i,ja

where .i denotes the differential with respect to y°. The non-Riemannian quan-
tity E-curvature is denoted by = = Z;d2’ and is defined as

where ”|” and denotes the horizontal covariant derivative with respect to Berwald

connection [11]. The Finsler metric F' is said to have almost vanishing =-
curvature if

i =—(n+ 1)F2(%)_

where 6 is a 1-form on M and n = dimM.

(2.1)

i’

For y € T, M, the Landsberg curvature L, : T,M @ T, M @ T,M — R is

defined by

1

Ly(u,v,w) := —igy(By(u,v,w),y).

In local coordinates, L (u, v, w) := L (y)u'viw”, where
1
Lijk = _ilezl'jk'

Ly(u,v,w) is symmetric in u,v and w. L is called Landsberg curvature. A
Finsler metric F is called a Landsberg metric if L, = 0.
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In 2012, Yu and Zhu introduced a new class of Finsler metrics called general
(a, B)-metrics, which are given as

F = ag(b?,5),

for some C*° function ¢(b?,s), where o is a Riemannian metric and 8 is a
1-form.

Also F is called an («, 8)-metric, if F' can be expressed as F' = a¢(s) for
some C*° function ¢(s), Riemannian metric «, and 1-form S. For general
(a, B)-metric, F' = ap(b?, s), one has [11]

¢ —5¢0s >0, ¢—sps+ (b —s%)pss >0, for n>3,
or
¢ — sps + (b — s%)ss >0, for n=2,

where s and b are arbitrary numbers with |s| < b < by. Here ¢, denotes the
differentiation of ¢ with respect to s. The fundamental tensor g;; is given by

[14]

Gij = PGij + p()bibj + pl(biayj + bjOéyi) — splayiayj7
where p = ¢(¢ — 5¢5), po = PPss + D5, P1 = (¢ — 505) s — 5PPss.

Moreover,

det(gij) = ¢n+1(¢ - 5¢s)n72(¢ - 5¢s + (b2 - 82)¢55)d6t(aij).

Further, we have[9]
4 0
. — kO, = ;
I =¢"Ciji = oy (lm/det(gjk)).

Then for general («, 3)-metric, F' = ap(b?, s), one has
A s

L= —(bx — Eyk)’ (2.2)
where
_ _38¢ss + (b2 - 52)¢sss Cb/ 3¢ss
A= T PP TV T (AT

The notion of Riemann curvature for Riemannian metrics can be extended to
Finsler metrics. For y € T, My, the Riemann curvature R, : T, M — T, M is
defined by R, (u) = Rij(y)u” 8?:1? where The Riemann curvature R of G are
defined by

. 0G* . 92°GE - 02GE 0G* 0GY
R, =2—— —y/— 2G7 ——— — — —. 2.3
b ok Y OxI Oy + Oyioyk  Oyi Oyk (2:3)

A Finsler metric F' is said to be quadratic if R, is quadratic in y € T, M. At

each point x € M let
, 1 0 (OR, OR!
k= o= — 24
itk =35, { oyt Oyk } (24)
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where Rjik-l is the Riemann curvature of Berwald connection. Then we have
?c‘ = Rj'j(z,y)y’y!. Therefore Ri is quadratic in y € T, M if and only if
R;"1y are functions of position alone [9].

Theorem 2.1. [9] Every compact R-quadratic Finsler metric is a Landsberg
metric.
Theorem 2.2. [15] Riemann curvature of general («, B)-metric F = ap(b?, s)

satisfying 1.1 is given by
R’y = a® {R1°W', + aRos b’ + Rasxy'}, (2.5)
where

Ry = p(1+ s) + A% — 292 — s + 2x (1 + 59 + ug)y),
Ry = _M(QX_SXS)+CQ [2(2%2 _wa28)_XSS+2X(2X_SXS)+(()2_SQ)(2XXSS_X§)7
R3 = 7:“(21/} - 511[}8) +62 [2(21701)2 - 81/1528) 7@[)1;[}9 7’¢)ss +2X(¢ - 57/15 + (b2 - 52)1/155)

_Xs(]- + 3"/} + (b2 - S2)¢s)]a

and
_ Ps + 25052

(4 59

— Xsp+ (07 - 7).
2
Pss — 2(90172 - S@b%)
2(p — sp5) + (b2 — 32)90557
2

2
hp2 = %, P, = = %Tf, 2 = k — pb® for some constant k and

Os’ SS

Opiy = 8t — 000

X:

Note that here we denote by {x = aj and Iy = F.

3. On a Special Class of General (o, 5)-Metrics of R-quadratic type

In this section, we are going to study some new interesting properties of a
special class of general (a, 8)-metrics of R-quadratic type. First we show the
following lemma.

Lemma 3.1. Let (M, F) be a general («, 8)-metric satisfying (1.1). If F is of
R-quadratic type then

I,R™), = 0. (3.1)



On special class of R-quadratic Finsler metrics 51

Proof. First note that we have the following identity [9]
Ré‘ kiom = Bj'mik — Bi' miis

where ”|” denotes the horizontal derivative with respect to Berwald connection.
Contracting the above equation by —%yi yields

1 .
Lt — Lijmik = —5Yi R kiom-

2
But F is of R-quadratic type then one has
Ljmk)t = Ljmi|k- (3.2)
By contracting the above equation by y* and ¢/™, respectively, one gets
ijk|0 =0, (33)
i = Jyjg- (3.4)

In other words, we have the following identity for a Finsler Metric F' (the
identity (10-13) in [9])

1 1
Lijepy' = —CijpRP) — 59pi ikt = 5 9ip "kt
By contracting the above equation by g% one has
Juo = —I, R, — R )

Then based on (3.4) we have

LnR™ = =Ry (3.5)
But F is of R-quadratic type. Then
(ImR™ k) 1 = =R (). (3.6)

On the other hands, based on (2.2) and Theorem (2.2), for general (a, f)-
metrics satisfying (1.1), one gets

I, R™: = oPws i,

where
_ 2 2 _ B _ b S
w—A{Rl—i—(b —S )Rg}, S'k_(a)'k_g_?yk'
Then
(IR =2ws.pyi + Oéz(ws.k.l + wsS.kS.1),s (3.7)
where
0428,]” = —bpl; — bily, + 3slpl; — sagy,

azs,ks_l = —sbpl; — sbily + 32£k£l + brby,

Then by 3.6 one finds
—Rmmkl(fﬂ) = (w—sws)(bk&)—(w—i—sws)(blék—s@k&)—(swakl—wsbkbl), (38)
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which one easily concludes
w—sws =0, and w+ sws =0,

and then w = 0. It means that I, R™; = 0.

3.1. Proof of Theorem 1.1. Now, we could prove the Theorem 1.1. Accord-
ing to the above lemma, we find that

w=A{R, + (b* — s*)Ry} = 0.
But F is non-Riemannian, then A # 0 and we have
Ri+ (b* — s*)Ry = 0. (3.9)
On the other hands, for every Finsler metric we have

and
FTTL - (¢ - 3¢s)€7n + ¢5bm
Then
0= FmRmk = ((b - S(bs)szmk + ¢smemk~

But

b R™ = a3(3R2 + R3)s .k,

b R™), = o®(Ry + b*Ry + sR3)s .
Therefore

(R + sRy) + ¢s(Ry + (b — s*)Ry) = 0,
which by (3.9) we have
Ry = —sR,. (3.10)
Putting (3.9) and (3.10) in Theorem 2.2 one gets

Ry = _OZQRQ{(b2 — 3 —a(b' — séi)s,k}.

And
Ric = (n—2)(b* — s*)a’Ry.
Then
R’y = —RQ{(aqu2 - bpbq)(sik - (akpb2 - bpbk)aiq + (bgarp — aquk)bi} (3.11)
= _R29pik:q(x)ypyqa
where

jikl(.’t) = (a]—lb2 — bjbl)(slk — (akjb2 — bjbk)éil + (blakj — ajlbk)bi. (312)
It is clear that
0;' = =01, 0,k + 01"+ 0" ;5 = 0.
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Now, we show that (R2)s = 0. According to (2.4), one could get

. 1 , , ,
R'y = g(RQ).s[eolkOS‘l —00'108.5] + R2600" 11,

where 6o%10 = 6,"1,yPy?. But noting (3.12)

i I b? 52
00" k150 = [sbrbi + =0 yryr — aBsksa] — [—biyx + —bryi].
o a o

Then
00" k051 — 0o'105.k = 0

and one has
Rjikl(l') = Rgejilk($>.
It means that Ry = Ra(r). O

3.2. Proof of Theorem 1.2. Here we give a proof that, in this special class
of Finsler metrics, every non-Riemannian metric of scalar curvature and R-
quadratic type is of zero flag curvature. In other words, we prove Theorem 1.2.
Now, assume that the R-quadratic general (o, )-metric F' is of scalar flag
curvature, then

Ry = Aa,y) F2R', = M, y) (F28', — y'yi)-
According to the above equation and lemma 3.1, one finds
I;mR™ = Mz, y)F?I;, = 0,

But F is not Riemannian then I # 0 and consequently A = 0.

REFERENCES

1. P. L. Antonelli, R. S. Ingarden and M. Mastumoto, The theory of sprays and Finsler
spaces with application in physics and biology, Kluwer Academic Publishers, 1993.

2. S. Bacsé and M. Matsumoto, Randers spaces with the h-curvature tensor H dependent
on position alone, Publ. Math. Debrecen, 57 (2000), 185-192.

3. S. Béacsd, X. Cheng and Z. Shen, Curvature properties of (o, 3)-metrics, In ”Finsler Ge-
ometry, Sapporo 2005-In Memory of Makoto Matsumoto”, ed. S. Sabau and H. Shimada,
Advanced Studies in Pure Mathematics 48, Mathematical Society of Japan, (2007), 73-
110.

4. S.S. Chern and Z. Shen, Riemann-Finsler Geometry, World Scientific Publishers, 2005.

5. P. Finsler, Uber Kurven und Flichen in allgemeinen Rdumen, Ph.D. thesis, Georg-
August Universitdt zu Gottingen, 1918.

6. B. Najafi, B. Bidabad and A. Tayebi, On R-quadratic Finsler metrics, Iranian Journal
of Science and Technology A, 31 (A4) (2007), 439-443.

7. G. Randers, On an asymmetric in the four-space of general relativily, Phys. Rev., 59
(1941), 195-199.

8. B. Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, Abhandlun-
gen der Kniglichen Gesellschaft der Wissenschaften zu Guttingen, 13 (1868), 133-152.

9. Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic Publish-
ers, Dordrecht, 2, 2001.



54

10

11.

12.

13.

14.

15.

16.

Nasrin Sadeghzadeh and Najmeh Sajjadi Moghadam

. Z. Shen, On R-quadratic Finsler spaces, Publication Mathematicae Debrecen, 58 (2001),
263-274.

Z. Shen, On some non-Riemannian quantities in Finsler geometry, Canadian Mathe-
matical Bulletin, 56 (2013), 184-193.

A. Tayebi and H. Sadeghi, On generalized Douglas-Weyl (a, B)-metrics, Acta Mathe-
matica Sinica-English Series, 31 (2015), 1611-1620.

B. Tiwari, R. Gangopadhyay and G. K. Prajapati, On general (o, 8)-metrics with some
curvature properties, Khayyam Journal of Mathematics. 5(2) (2019), 30-39.

C. Yu and H. Zhu, On a new class of Finsler metrics, Differ. Geom. Appl. 29 (2011),
244-254.

Q. Xia, On a Class of Finsler Metrics of Scalar Flag Curvature, Results in Mathematics.
71 (2017), 483-507.

L. Zhou, Spherically symmetric Finsler metrics in R™, Publ. Math. Debrecen. 80 (2012),
67-77.

Received: 14.03.2023
Accepted: 22.05.2023



	1. Introduction
	2. Preliminaries
	3. On a Special Class of General (, )-Metrics of R-quadratic type
	3.1. Proof of Theorem 1.1
	3.2. Proof of Theorem 1.2

	References

