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Abstract. In this paper a special class of R-quadratic generalized (α, β)-

metrics are considered. Some properties of this class of Finsler metrics are

investigated. In special case, the Riemann curvature of these metrics is cal-

culated. Moreover, it is proved that, in this class of metrics, there is not any

(non-Riemannian) R-quadratic metrics of non-zero scalar curvature.
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1. Introduction

Finsler geometry is a suitable extension of Riemannian geometry such that

the squared line element is not restricted to be quadratic in the displacements.

Considering Finsler geometry was already discussed by Riemann, in his lec-

ture in 1854 [8], Much later, the systematic study of these spaces appeared in

the dissertation thesis of Finsler in 1918 [5]. It seems that the class of (α, β)-

metrics is a good candidate for more study and do computations in Finsler

spaces. They are computable and their patterns offer references. There are
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some classes of Finsler metrics which are not always (α, β)-metrics such as

general (α, β)-metrics [14] or spherically symmetric Finsler metrics [16]. Be-

cause of the symmetry and computability of this class of Finsler metrics, many

interesting results have been acquired in the past years [3]. Moreover, (α, β)-

metrics provides several wonderful metrical models for physics and biology [1],

and the most important one is the so-called Randers metrics [7]. The concept

of (α, β)-metrics was introduced by Matsumoto in 1972 as a generalization of

Randers metrics which introduced by Randers. Introducing new Finsler metrics

which are not always (α, β)-metrics helps us to evaluate the patterns.

In this research we are going to concentrate on an important class of Finsler

metrics called general (α, β)-metrics, which are given as

F = αϕ(b2, s),

where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)y

i is a 1-form on

M , respectively. b2 = bibi, s = β
α and ϕ is a smooth function. On a smooth

manifold, there are several interesting curvatures in Finsler geometry. Riemann

curvature is a central concept in Riemannian geometry and was introduced by

Riemann in 1854. Berwald generalized it to Finsler metrics. A Finsler metric

is said to be R-quadratic if its Riemann curvature is quadratic [4]. R-quadratic

metrics were first introduced by Báscó and Matsumoto [2]. They form a rich

class in Finsler geometry. There are many interesting works related to this

subject [10], [6]. This family of Finsler metrics contains Berwald and R-flat

metrics. For a Finsler space (M,F ), the Riemann curvature is a family of

linear transformations

Ry : TxM → TxM,

where y ∈ TxM , with homogeneity Rλy = λ2Ry, ∀λ > 0. The the Finsler

metric (M,F ) is R-quadratic if Ry is quadratic in y ∈ TxM . Here a special

class of general (α, β)-metric of R-quadratic type is considered. In general, it is

difficult to find the Riemann curvature tensor for general (α, β)-metrics. Then

we consider the metrics under the following assumption

αRik = µ(α2δik − yky
i), bi|k = c(x)aik, (1.1)

where αRik denotes the Riemann curvature of the Riemannian metric α and µ

is the Ricci constant. In other words, we prove

Theorem 1.1. Let (M,F ) be a general (α, β)-metric satisfying (1.1). If F is

of R-quadratic type then

Rik = R2θ
i
pkq(x)y

pyq, (1.2)

where

θj
i
kl(x) = (ajlb

2 − bjbl)δ
i
k − (ajkb

2 − bjbk)δ
i
l + (blajk − ajlbk)b

i,



On special class of R-quadratic Finsler metrics 47

and R2 = R2(r) is given by

R2 = −µ(2χ−sχs)+c2[2(2ψb2−sψb2s)−χss+2χ(2χ−sχs)+(b2−s2)(2χχss−χ2
s).

Theorem 1.2. There is not any (non-Riemannian) R-quadratic general (α, β)-

metric satisfying (1.1) of non-zero scalar curvature.

2. Preliminaries

A Finsler metric on a manifold M is a non-negative function F on TM

having the following properties

(a) F is C∞ on TM \ {0};
(b) F (λy) = λF (y), ∀λ > 0, y ∈ TM ;

(c) For each y ∈ TxM , the following quadratic form gy on TxM is positive

definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]∣∣∣
s,t=0

, u, v ∈ TxM.

At each point x ∈ M , Fx := F |TxM is an Euclidean norm if and only if gy
is independent of y ∈ TxM \ {0}. To measure the non-Euclidean feature of Fx,

define

Cy : TxM × TxM × TxM → R

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]∣∣∣
t=0

,

for u, v, w ∈ TxM . The familyC := {Cy}y∈TM\{0} is called the Cartan torsion.

A curve c(t) is called a geodesic if it satisfies

d2ci

dt2
+ 2Gi(ċ(t)) = 0,

where Gi(y) are local functions on TM given by

Gi(y) :=
1

4
gil(y){ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl
}, y ∈ TxM.

Gis called the coefficients of the associated spray G to (M,F ). The projection

of an integral curve of G is called a geodesic inM . In local coordinates, a curve

c(t) is a geodesic if and only if its coordinates (ci(t)) satisfy

c̈i + 2Gi(ċ) = 0.

F is called a Berwald metric if Gi(y) are quadratic in y ∈ TxM for all x ∈M .

For y ∈ TxM0, define

By : TxM ⊗ TxM ⊗ TxM → TxM

By(u, v, w) = Bj
i
klu

jvkwl
∂

∂xi
,

where

Bijkl =
∂3Gi

∂yj∂yk∂yl
,
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and

Ey : TxM ⊗ TxM → TxM

Ey(u, v) = Ejku
jvk,

where

Ejk =
1

2
Bj

m
km,

u = ui ∂
∂xi , v = vi ∂

∂xi and w = wi ∂
∂xi . B and E are called the Berwald

curvature and mean Berwald curvature respectively. F is called Berwald and

Weakly Berwald (WB) metric if B = 0 and E = 0, respectively [9].

By means of E-curvature, we can define Ē-curvature as follow

Ēy : TxM ⊗ TxM ⊗ TxM −→ R

Ēy(u, v, w) := Ējkl(y)u
ivjwk = Eij|ku

ivjwk.

It is remarkable that, Ēijk is not totally symmetric in all three of its indices.

The S-curvature S(x, y) was introduced as follows [11]

S(x, y) =
d

dt
[τ(γ(t), γ′(t)]|t=0,

where τ(x, y) is the distortion of the metric F and γ(t) is the geodesic with

γ(0) = x and γ′(0) = y on M . It is considerable that [11]

Eij =
1

2
S.i.j ,

where .i denotes the differential with respect to yi. The non-Riemannian quan-

tity Ξ-curvature is denoted by Ξ = Ξjdx
j and is defined as

Ξj = S.j|my
m − S|j ,

where ”|” and denotes the horizontal covariant derivative with respect to Berwald

connection [11]. The Finsler metric F is said to have almost vanishing Ξ-

curvature if

Ξi = −(n+ 1)F 2
( θ
F

)
.i
, (2.1)

where θ is a 1-form on M and n = dimM .

For y ∈ TxM , the Landsberg curvature Ly : TxM ⊗ TxM ⊗ TxM → R is

defined by

Ly(u, v, w) := −1

2
gy(By(u, v, w), y).

In local coordinates, Ly(u, v, w) := Lijk(y)u
ivjwk, where

Lijk := −1

2
ylB

l
ijk.

Ly(u, v, w) is symmetric in u, v and w. L is called Landsberg curvature. A

Finsler metric F is called a Landsberg metric if Ly = 0.
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In 2012, Yu and Zhu introduced a new class of Finsler metrics called general

(α, β)-metrics, which are given as

F = αϕ(b2, s),

for some C∞ function ϕ(b2, s), where α is a Riemannian metric and β is a

1-form.

Also F is called an (α, β)-metric, if F can be expressed as F = αϕ(s) for

some C∞ function ϕ(s), Riemannian metric α, and 1-form β. For general

(α, β)-metric, F = αϕ(b2, s), one has [14]

ϕ− sϕs > 0, ϕ− sϕs + (b2 − s2)ϕss > 0, for n ≥ 3,

or

ϕ− sϕs + (b2 − s2)ϕss > 0, for n = 2,

where s and b are arbitrary numbers with |s| ≤ b < b0. Here ϕs denotes the

differentiation of ϕ with respect to s. The fundamental tensor gij is given by

[14]

gij = ρaij + ρ0bibj + ρ1(biαyj + bjαyi)− sρ1αyiαyj ,

where ρ = ϕ(ϕ− sϕs), ρ0 = ϕϕss + ϕsϕs, ρ1 = (ϕ− sϕs)ϕs − sϕϕss.

Moreover,

det(gij) = ϕn+1(ϕ− sϕs)
n−2(ϕ− sϕs + (b2 − s2)ϕss)det(aij).

Further, we have[9]

Ii = gjkCijk =
∂

∂yi

(
ln
√
det(gjk)

)
.

Then for general (α, β)-metric, F = αϕ(b2, s), one has

Ik =
A

α
(bk −

s

α
yk), (2.2)

where

A =
−3sϕss + (b2 − s2)ϕsss
ϕ− sϕs + (b2 − s2)ϕss

− (n+ 1)
ϕ′

ϕ
− (n− 2)

sϕss
ϕ− sϕs

.

The notion of Riemann curvature for Riemannian metrics can be extended to

Finsler metrics. For y ∈ TxM0, the Riemann curvature Ry : TxM → TxM is

defined by Ry(u) = Rik(y)u
k ∂
∂xi where The Riemann curvature Rik of G are

defined by

Rik := 2
∂Gi

∂xk
− yj

∂2Gi

∂xj∂yk
+ 2Gj

∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
. (2.3)

A Finsler metric F is said to be quadratic if Ry is quadratic in y ∈ TxM . At

each point x ∈M let

Rj
i
kl :=

1

3

∂

∂yj

{
∂Rik
∂yl

− ∂Ril
∂yk

}
, (2.4)
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where Rj
i
kl is the Riemann curvature of Berwald connection. Then we have

Rik = Rj
i
kl(x, y)y

jyl. Therefore Rik is quadratic in y ∈ TxM if and only if

Rj
i
kl are functions of position alone [9].

Theorem 2.1. [9] Every compact R-quadratic Finsler metric is a Landsberg

metric.

Theorem 2.2. [15] Riemann curvature of general (α, β)-metric F = αφ(b2, s)

satisfying 1.1 is given by

Rik = α2
{
R1

αhik + αR2s.kb
i +R3s.ky

i
}
, (2.5)

where

R1 = µ(1 + sψ) + c2[ψ2 − 2sψb2 − ψs + 2χ(1 + sψ + uψs),

R2 = −µ(2χ−sχs)+c2[2(2ψb2−sψb2s)−χss+2χ(2χ−sχs)+(b2−s2)(2χχss−χ2
s),

R3 = −µ(2ψ−sψs)+c2[2(2ψb2 −sψb2s)−ψψs−ψss+2χ(ψ−sψs+(b2−s2)ψss)

−χs(1 + sψ + (b2 − s2)ψs)],

and

ψ =
φs + 2sφb2

2φ
− χ

φ
[sφ+ (b2 − s2)φs],

χ =
φss − 2(φb2 − sφb2s)

2(φ− sφs) + (b2 − s2)φss
,

ψb2 = ∂ψ
∂b2 , ψs = ∂ψ

∂s , ψss = ∂2ψ
∂s2 , c

2 = k − µb2 for some constant k and
αhik = δik − ℓkℓ

i.

Note that here we denote by ℓk = α.k and lk = F.k.

3. On a Special Class of General (α, β)-Metrics of R-quadratic type

In this section, we are going to study some new interesting properties of a

special class of general (α, β)-metrics of R-quadratic type. First we show the

following lemma.

Lemma 3.1. Let (M,F ) be a general (α, β)-metric satisfying (1.1). If F is of

R-quadratic type then

ImR
m
k = 0. (3.1)
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Proof. First note that we have the following identity [9]

Rij kl.m = Bj
i
ml|k −Bj

i
mk|l,

where ”|” denotes the horizontal derivative with respect to Berwald connection.

Contracting the above equation by − 1
2yi yields

Ljmk|l − Ljml|k = −1

2
yiRj

i
kl.m.

But F is of R-quadratic type then one has

Ljmk|l = Ljml|k. (3.2)

By contracting the above equation by yl and gjm, respectively, one gets

Ljmk|0 = 0, (3.3)

Jk|l = Jl|k. (3.4)

In other words, we have the following identity for a Finsler Metric F (the

identity (10-13) in [9])

Lijk|ly
l = −CijpRpk −

1

2
gpjRi

p
kl −

1

2
gipRj

p
kl.

By contracting the above equation by gij one has

Jk|0 = −IpRpk −Rmm kly
l.

Then based on (3.4) we have

ImR
m
k = −Rmm kly

l. (3.5)

But F is of R-quadratic type. Then

(ImR
m
k).l = −Rmm kl(x). (3.6)

On the other hands, based on (2.2) and Theorem (2.2), for general (α, β)-

metrics satisfying (1.1), one gets

ImR
m
k = α2ωs.k,

where

ω = A
{
R1 + (b2 − s2)R2

}
, s.k = (

β

α
).k =

bk
α

− s

α2
yk.

Then

(ImR
m
k ).l = 2ωs.kyl + α2(ωs.k.l + ωss.ks.l), (3.7)

where

α2s.k.l = −bkℓl − blℓk + 3sℓkℓl − sakl,

α2s.ks.l = −sbkℓl − sblℓk + s2ℓkℓl + bkbl,

Then by 3.6 one finds

−Rmmkl(x) = (ω−sωs)(bkℓl)−(ω+sωs)(blℓk−sℓkℓl)−(sωakl−ωsbkbl), (3.8)
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which one easily concludes

ω − sωs = 0, and ω + sωs = 0,

and then ω = 0. It means that ImR
m
k = 0.

3.1. Proof of Theorem 1.1. Now, we could prove the Theorem 1.1. Accord-

ing to the above lemma, we find that

ω = A
{
R1 + (b2 − s2)R2

}
= 0.

But F is non-Riemannian, then A ̸= 0 and we have

R1 + (b2 − s2)R2 = 0. (3.9)

On the other hands, for every Finsler metric we have

lmR
m
k = F.mR

m
k = 0,

and

F.m = (ϕ− sϕs)ℓm + ϕsbm.

Then

0 = F.mR
m
k = (ϕ− sϕs)ℓmR

m
k + ϕsbmR

m
k.

But

ℓmR
m
k = α3(sR2 +R3)s.k,

bmR
m
k = α3(R1 + b2R2 + sR3)s.k.

Therefore

ϕ(R3 + sR2) + ϕs(R1 + (b2 − s2)R2) = 0,

which by (3.9) we have

R3 = −sR2. (3.10)

Putting (3.9) and (3.10) in Theorem 2.2 one gets

Rik = −α2R2

{
(b2 − s2)αhik − α(bi − sℓi)s.k

}
.

And

Ric = (n− 2)(b2 − s2)α2R2.

Then

Rik = −R2

{
(apqb

2 − bpbq)δ
i
k − (akpb

2 − bpbk)δ
i
q + (bqakp − apqbk)b

i
}

(3.11)

= −R2θp
i
kq(x)y

pyq,

where

θj
i
kl(x) = (ajlb

2 − bjbl)δ
i
k − (akjb

2 − bjbk)δ
i
l + (blakj − ajlbk)b

i. (3.12)

It is clear that

θj
i
kl = −θjilk, θj

i
kl + θk

i
lj + θl

i
jk = 0.
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Now, we show that (R2)s = 0. According to (2.4), one could get

Rikl =
1

3
(R2).s[θ0

i
k0s.l − θ0

i
l0s.k] +R2θ0

i
lk,

where θ0
i
l0 = θp

i
lqy

pyq. But noting (3.12)

θ0
i
kls.l = [sbkbl +

s

α
b2ykyl − αβs.ks.l]− [

b2

α
blyk +

s2

α
bkyl].

Then

θ0
i
k0s.l − θ0

i
l0s.k = 0

and one has

Rj
i
kl(x) = R2θj

i
lk(x).

It means that R2 = R2(r). □

3.2. Proof of Theorem 1.2. Here we give a proof that, in this special class

of Finsler metrics, every non-Riemannian metric of scalar curvature and R-

quadratic type is of zero flag curvature. In other words, we prove Theorem 1.2.

Now, assume that the R-quadratic general (α, β)-metric F is of scalar flag

curvature, then

Rik = λ(x, y)F 2hik = λ(x, y)(F 2δik − yiyk).

According to the above equation and lemma 3.1, one finds

ImR
m
k = λ(x, y)F 2Ik = 0,

But F is not Riemannian then I ̸= 0 and consequently λ = 0.
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3. S. Bácsó, X. Cheng and Z. Shen, Curvature properties of (α, β)-metrics, In ”Finsler Ge-

ometry, Sapporo 2005-In Memory of Makoto Matsumoto”, ed. S. Sabau and H. Shimada,

Advanced Studies in Pure Mathematics 48, Mathematical Society of Japan, (2007), 73-

110.

4. S.S. Chern and Z. Shen, Riemann-Finsler Geometry, World Scientific Publishers, 2005.
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