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Abstract. In [12], authors introduced some geometric concepts such as (al-

most) product, para-complex, para-Hermitian and para-Kähler structures for

hom-Lie algebras and they presented an example of a 4-dimensional hom-Lie al-

gebra, which contains these concepts. In this paper, we classify two-dimensional

hom-Lie algebras containing these structures. In particular, we show that there

doesn’t exist para-Kähler proper hom-Lie algebra of dimension 2.

Keywords: Almost para-Hermitian structure, hom-Levi-Civita product, para-
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1. Introduction

Recently, hom-structures including hom-algebras, hom-Lie algebras, hom-

coalgebras, hom-bialgebra were widely studied. The concept of hom-Lie al-

gebras was firstly introduced by Hartwig, Larsson, and Silvestrov in [8], when

they are developing an approach to deformations of the Witt and Virasoro alge-

bras based on σ-derivations. In other words, the structure of Hom-Lie algebras

was used to study the deformations of Witt and Virasoro algebras [8, 9]. As

this algebraic structure has close relation to discrete and deformed vector fields

and differential calculus, it plays important role among some mathematicians

and physicists [8, 11]. For example, some authors have studied cohomology

and homology theories in [1, 7, 15], and representation theory in [13].
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An almost product structure on a manifold M is a field K of involutive

endomorphisms, i.e., K2 = IdTM . When the eigendistributions T±M with

eigenvalues ±1 have the same constant rank, then K is called almost para-

complex structure. An almost para-Hermitian structure is an almost para-

complex structure endowed with a pseudo-Riemannian metric g such that

g(·, ·) = −g(K·,K·). A manifold M is called almost para-Hermitian manifold

if it is endowed with an almost para-Hermitian structure (K, g). An almost

para-Hermitian manifold (M,K, g) is called para-Kähler, if its Levi-Civita con-

nection ∇ satisfies ∇K = 0 (see [10], for more details).

Recently, studying of geometric concepts over Lie groups and Lie algebras

has been done by many researchers. For example, complex product structures

have studied in [2], complex and Hermitian structures have studied in [3, 4],

contact geometry have studied in [6] and para-Kähler and hyper-para-Kähler

have studied in [5]. Inspired by these papers, Peyghan and Nourmohammad-

ifar introduced in [12] some geometric concepts on hom-Lie algebras such as

(almost) product, para-complex, para-Hermitian and para-Kähler structures.

The aim of this paper is the classification of (almost) product, para-complex

and pseudo-Riemannian structures on two-dimensional hom-Lie algebras. Also,

we prove that there exists no non-abelian para-Hermitian and para-Kähler

proper hom-Lie algebras of dimension 2. In particular, we classify non-abelian

para-Hermitian and para-Kähler Lie algebras of dimension 2.

2. Preliminaries

In this section, we present geometric concepts on hom-Lie algebra (see [12],

for more details).

Definition 2.1. [14] A hom-Lie algebra is a triple (g, [·, ·], ϕ) consisting of

a linear space g, a bilinear map (bracket) [·, ·] : g × g → g and an algebra

morphism ϕ : g → g satisfying

[u, v] =− [v, u],

[ϕ(u), [v, w]] + [ϕ(v),[w, u]] + [ϕ(w), [u, v]] = 0,

for any u, v, w ∈ g. The hom-Lie algebra (g, [·, ·], ϕ) is called regular (involu-

tive), if ϕ is non-degenerate (satisfies ϕ2 = 1).

It is known that a Lie algebra (g, [·, ·]) is a hom-Lie algebra with ϕ = id. We

call (g, [·, ·], ϕ) proper hom-Lie algebra if ϕ ̸= Id.

Definition 2.2. An almost product structure on a hom-Lie algebra (g, [·, ·], ϕ),
is a linear endomorphism K : g → g satisfying

K2 = Id, ϕ ◦K = K ◦ ϕ, ϕ2 = Id.
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The above equations deduce

(ϕ ◦K)2 = Id.

Thus g decomposes to g1 ⊕ g−1, where

g1 := ker(ϕ ◦K − Id),

g−1 := ker(ϕ ◦K + Id).

If g1 and g−1 have the same dimension n, then K is called almost para-complex

structure on g (in this case the dimensional of g is even). The Nijenhuis torsion

of ϕ ◦K is defined by

4Nϕ◦K(u, v) = [(ϕ ◦K)(u), (ϕ ◦K)(v)]− ϕ ◦K[(ϕ ◦K)(u), v]

−ϕ ◦K[u, (ϕ ◦K)(v)] + [u, v], (2.1)

for all u, v ∈ g. An almost product (almost para-complex) structure is called

product (para-complex) if Nϕ◦K = 0. In the following for simplicity, we set

N = Nϕ◦K .

Let (g, [·, ·], ϕ) be a finite-dimensional hom-Lie algebra endowed with a bilin-

ear symmetric non-degenerate form <,> such that for any u, v ∈ g the following

equation is satisfied

< ϕ(u), ϕ(v) >=< u, v > .

In this case, (g, [·, ·], ϕ,<,>) is called pseudo-Riemannian hom-Lie algebra. The

associated hom-Levi-Civita product on g is the product . : g× g → g, (u, v) →
u.v, which is given by Koszul’s formula

2 < u · v, ϕ(w) >=< [u, v], ϕ(w) > + < [w, v], ϕ(u) >

+ < [w, u], ϕ(v) > . (2.2)

The hom-Levi-Civita product is determined entirely by the following relations

[u, v] = u · v − v · u, (2.3)

and

< u · v, ϕ(w) >= − < ϕ(v), u · w >, (2.4)

for any u, v, w ∈ g (note that the hom-Levi-Civita product there exists, if ϕ is

an isomorphism).

Definition 2.3. An almost para-Hermitian structure of a hom-Lie algebra

(g, [·, ·], ϕ) is a pair (K,<,>) consisting of an almost para-complex structure

and a pseudo-Riemannian metric <,>, such that for each u, v ∈ g

< (K ◦ ϕ)(u), (K ◦ ϕ)(v) >= − < u, v > . (2.5)

Also, the pair (K,<,>) is called para-Hermitian structure if N = 0. In this

case, (g, [·, ·], ϕ,K,<,>) is called para-Hermitian hom-Lie algebra.
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Definition 2.4. A para-Kähler hom-Lie algebra is a pseudo-Riemannian hom-

Lie algebra (g, [·, ·], ϕ) endowed with an almost product structure K, such that

ϕ◦K is skew-symmetric with respect to <,>, and ϕ◦K is invariant with respect

to the home-Levi-Civita product, i.e., Lu ◦ ϕ ◦K = ϕ ◦K ◦ Lu for any u ∈ g.

Note that condition u.(ϕ ◦K)(v) = (ϕ ◦K)(u · v) equivalent with

(ϕ ◦K)(u) · (ϕ ◦K)(v) = (ϕ ◦K)((ϕ ◦K)(u) · v), (2.6)

or

u · v = (ϕ ◦K)(u · (ϕ ◦K)(v)), (2.7)

for all u, v ∈ g. The following statements are held for a para-Kähler hom-Lie

algebra (g, [·, ·], ϕ,<,>,K) (see [12]):

i) (g, [·, ·], ϕ,Ω) is a symplectic hom-Lie algebra, where

Ω(u, v) =< (ϕ ◦K)u, v >, (2.8)

ii) g1 and g−1 are subalgebras isotropic with respect to<,>, and Lagrangian

with respect to Ω,

iii) (g, [·, ·], ϕ,<,>,K) is a para-Hermitian hom-lie algebra,

iv) for any u ∈ g, u · g1 ⊂ g1 and u · g−1 ⊂ g−1 (the dot is the Levi-Civita

product),

v) for any u ∈ g1, ϕ(u) ∈ g1 and for any u ∈ g−1, ϕ(u) ∈ g−1.

3. Main results

In this section, we study (almost) product, para-complex, pseudo-Riemannian,

para-Hermitian and para-Kähler structures on two-dimensional hom-Lie alge-

bras.

Proposition 3.1. All non-abelian hom-Lie algebra of dimension 2 are as

(g, [·, ·], ϕ) with

(ϕ(e1) = e1+Be2, ϕ(e2) = Ce2) or (ϕ(e1) = Ae1+Be2, ϕ(e2) = 0), (3.1)

where C ̸= 0 and {e1, e2} is a basis of g such that [e1, e2] = e2.

Proof. Let (g, [·, ·], ϕ) be a two-dimensional hom-Lie algebra. It is easy to see

that there exists a basis {e1, e2} of g such that

[e1, e2] = e2

If {x, y} is a basis of g, then we have [x, y] = ax + by, where a and b are not

both zero. Without loss of generality it can be assumed that a ̸= 0 and so it

follows that [e1, e2] = e2, where e1 = −a−1y and e2 = x+ a−1by. In this basis,

we can write

ϕ(e1) = c11e1 + c21e2, ϕ(e2) = c12e1 + c22e2.

Condition ϕ[e1, e2] = [ϕ(e1), ϕ(e2)] implies

c12 = 0, c11c
2
2 = c22.
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If c22 = 0, then we get the second relation of (3.1), but if c22 ̸= 0 then we obtain

c11 = 1 and we deduce the first relation of (3.1). □

Corollary 3.2. All non-abelian involutive hom-Lie algebra of dimension 2 are

as (g, [·, ·], ϕg) with

(ϕ(e1) = e1, ϕ(e2) = ±e2) or (ϕ(e1) = e1 +Be2, ϕ(e2) = −e2), (3.2)

where B ̸= 0.

Proof. Obviously, the second relation of (3.1) can not be involutive. Thus, we

only study the first relation of (3.1). Condition ϕ2 = Id implies C = ±1 and

B(1 + C) = 0. If B = 0, then we get the first relation of (3.2). But if B ̸= 0,

then we conclude C = −1, which gives the second relation of (3.2). □

Proposition 3.3. All non-abelian pseudo-Riemannain hom-Lie algebra of di-

mension 2 are as (g, [·, ·], ϕ̂, <,>), (g, [·, ·], ϕ,≺,≻) and (g, [, ], ϕ̃,≪,≫), where

(ϕ̂(e1) = e1, ϕ̂(e2) = e2), (ϕ(e1) = e1, ϕ(e2) = −e2),

(ϕ̃(e1) = e1 +Be2, ϕ̃(e2) = −e2, B ̸= 0),

and <,> is an arbitrary bilinear symmetric non-degenerate form and ≺,≻, ≪
,≫ are bilinear symmetric non-degenerate forms with the following conditions

[<,>] =

[
< e1, e1 > < e1, e2 >

< e1, e2 > < e2, e2 >

]
, < e1, e1 >< e2, e2 > − < e1, e2 >2 ̸= 0,

[≺,≻] =

[
≺ e1, e1 ≻ 0

0 ≺ e2, e2 ≻

]
, ≺ e1, e1 ⊁= 0, ≺ e2, e2 ⊁= 0,

[≪,≫] =

[
≪ e1, e1 ≫ −B

2 ≪ e2, e2 ≫
−B

2 ≪ e2, e2 ≫ ≪ e2, e2 ≫

]
≪ e1, e1 ≫≪ e2, e2 ≫ −B2

4
≪ e2, e2 ≫2 ̸= 0.

Proof. Let (g, [·, ·], ϕ,<,>) be a two-dimensional pseudo-Riemannian hom-Lie

algebra. Then we have

< ϕ(ei), ϕ(ej) >=< ei, ej >, i, j = 1, 2.

According to Proposition 3.1, ϕ satisfies in (3.1). If we consider the second

relation of (3.1), then we deduce <,>= 0, that is contradiction with the non-

degenerate property of <,>. Thus ϕ only satisfies in the first relation of (3.1).

Using < ϕ(ei), ϕ(ej) >=< ei, ej >, i, j = 1, 2, we get

B(2 < e1, e2 > +B < e2, e2 >) = 0, (1− C2) < e2, e2 >= 0, (3.3)

(C − 1) < e1, e2 > +BC < e2, e2 >= 0. (3.4)
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According to the above equation, we consider two cases:

Case 1. B = 0.

In this case, (3.3) reduce to the following

(1− C2) < e2, e2 >= 0, (C − 1) < e1, e2 >= 0. (3.5)

If C = 1, then the above equations are hold and so <,> is arbitrary. Therefore

we have the pseudo-Riemannain hom-Lie algebra (g, [·, ·], ϕ̂, <,>) given by the

assertion. If C = −1, then the first equation of (3.5) holds and from the second

equation we deduce

< e1, e2 >= 0.

Therefore we obtain the pseudo-Riemannain hom-Lie algebra (g, [·, ·], ϕ,≺,≻)

given by the assertion. But if C ̸= ±1, (3.5) gives < e1, e2 >=< e2, e2 >= 0,

which is a contradiction.

Case 2. B ̸= 0.

In this case, we consider the possible cases for C and we study equations of

(3.3) (note that according to Proposition 3.1, C is nonzero). If C = 1, the third

equation of (3.3) yields < e2, e2 >= 0. Setting this in the first equation of (3.3)

we get < e1, e2 >= 0. Therefore we have < e1, e2 >=< e2, e2 >= 0, which is

a contradiction. Similarly, if C ̸= ±1, we obtain < e1, e2 >=< e2, e2 >= 0,

which is a contradiction. But if C = −1, then the second equation of (3.3)

holds and the first and third equations of (3.3) reduce to

2 < e1, e2 > +B < e2, e2 >= 0,

which gives

< e1, e2 >= −B

2
< e2, e2 > .

Therefore we obtain the pseudo-Riemannain hom-Lie algebra (g, [, ], ϕ̃g,≪,≫)

given by the assertion.

Since ϕ̂2 = ϕ
2
= ϕ̃2

g = idg, these structures are involutive. □

Proposition 3.4. The hom-Levi-Civita product on the pseudo-Riemannain

hom-Lie algebra (g, [·, ·], ϕ̂, <,>) is

e1 · e1 = 0, e1 · e2 = 0, e2 · e1 = −e2, e2 · e2 =
< e2, e2 >

< e1, e1 >
e1, (3.6)

if < e1, e2 >= 0, and

e1 · e1 =
< e1, e2 >2

det[<,>]
e1 −

< e1, e1 >< e1, e2 >

det[<,>]
e2, (3.7)
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e1 · e2 =
< e2, e2 >

det[<,>]
e1 −

< e1, e2 >

det[<,>]
e2, (3.8)

e2 · e1 =
< e2, e2 >

det[<,>]
e1 −

det[<,>]+ < e1, e2 >

det[<,>]
e2, (3.9)

e2 · e2 =
< e2, e2 >2

det[<,>] < e1, e2 >
e1 −

< e2, e2 >

det[<,>]
e2, (3.10)

if < e1, e2 > ̸= 0.

Proof. Using Koszul’s formula we have

2 < ei · ej , ϕ̂(ek) >=< [ei, ej ], ϕ̂(ek) > + < [ek, ej ], ϕ̂(ei) >

+ < [ek, ei], ϕ̂(ej) > . (3.11)

where i, j, k = 1, 2. Putting i = j = k = 1 in (3.11), we get

< e1 · e1, ϕ̂(e1) >= 0.

Let

e1 · e1 = A1
11e1 +A2

11e2. (3.12)

Then using the above equation we have

A1
11 < e1, e1 > +A2

11 < e1, e2 >= 0. (3.13)

On the other hand, considering i = j = 1 and k = 2 in (3.11), we imply

< e1.e1, ϕ̂(e2) >= − < e1, e2 > .

Applying (3.12) one can write

A1
11 < e1, e2 > +A2

11 < e2, e2 >= − < e1, e2 > . (3.14)

Let

e1 · e2 = A1
12e1 +A2

12e2.

Then using (3.11) and similar calculations as the above, we obtain

A1
12 < e1, e1 > +A2

12 < e1, e2 >=< e1, e2 >, (3.15)

A1
12 < e1, e2 > +A2

12 < e2, e2 >= 0. (3.16)

Similarly, if we consider

e2 · e2 = A1
22e1 +A2

22e2,

then using (3.11) we deduce

A1
22 < e1, e1 > +A2

22 < e1, e2 >=< e2, e2 >, (3.17)

A1
22 < e1, e2 > +A2

22 < e2, e2 >= 0. (3.18)

For the above equations we can consider the following possible cases :

Case 1. < e1, e2 >= 0.
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In this case we have < e1, e1 > ̸= 0 and < e2, e2 > ̸= 0. Thus from (3.13) and

(3.14) we obtain A1
11 = A2

11 = 0, and consequently we get the first equation of

(3.6). Similarly, (3.15) and (3.16) imply

A1
12 = A2

12 = 0.

Thus we deduce the second equation of (3.6). From [e1, e2] = e1 · e2 − e2 · e1
we obtain the third equation of (3.6). Finally (3.17) and (3.18) give

A1
22 =

< e2, e2 >

< e1, e1 >
, A2

22 = 0.

Thus we have the fourth equation of (3.6).

Case 2. < e1, e2 > ̸= 0.

In this case, (3.13) gives

A2
11 = −A1

11

< e1, e1 >

< e1, e2 >
.

Setting it in (3.14) yields

A1
11 =

< e1, e2 >2

det[<,>]

and so

A2
11 = −< e1, e1 >< e1, e2 >

det[<,>]
.

Thus we have (3.7). Similarly, we can obtain (3.8)-(3.10). □

Proposition 3.5. The hom-Levi-Civita product on pseudo-Riemannain hom-

Lie algebra (g, [·, ·], ϕ,≺≻) is as follows

e1 • e1 = e1 • e2 = 0, e2 • e1 = −e2, e2 • e2 = −≺ e2, e2 ≻
≺ e1, e1 ≻

e1.

Proof. Using Koszul’s formula we have

2 ≺ ei • ej , ϕ(ek) ≻=≺ [ei, ej ], ϕ(ek) ≻
+ ≺ [ek, ej ], ϕ(ei) ≻ + ≺ [ek, ei], ϕ(ej) ≻, i, j, k = 1, 2. (3.19)

Let

ei • ej = A1
ije1 +A2

ije2.

Using the above equation and definition of ϕ, we get

≺ e1 • e1, ϕ(e1) ≻= 0.

Since ≺ e1, e2 ≻= 0, we get A1
11 ≺ e1, e1 ≻= 0 and consequently A1

11 = 0.

Similarly, we obtain ≺ e1 • e1, ϕ(e2) ≻= 0 which gives A2
11 = 0. Therefore, we

have e1 • e1 = 0. Similarly, using (3.19) we get

≺ e1 • e2, ϕ(e1) ≻=≺ e1 • e2, e1 ≻= 0
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which implies A1
12 = 0. Also (3.19) gives ≺ e1 • e2, e2 ≻= 0 and consequently

A2
12 = 0. Thus e1 • e2 = 0. Since [e1, e2] = e2, using [e1, e2] = e1 • e2 − e2 • e1

we deduce

e2 • e1 = −e2.

Again, using (3.19) we get

2 ≺ e2 • e2, ϕ(e1) ≻= −2 ≺ e2, e2 ≻

which gives

A1
22 = −≺ e2, e2 ≻

≺ e1, e1 ≻
.

Also, we obtain

2 ≺ e2 • e2, ϕ(e2) ≻= 0,

which implies A2
22 = 0. Thus we have

e2 • e2 = −≺ e2, e2 ≻
≺ e1, e1 ≻

e1.

This completes the proof. □

Proposition 3.6. The hom-Levi-Civita product on the pseudo-Riemannain

hom-Lie algebra (g, [·, ·], ϕ̃g,≪,≫) is as follows

e1 ⋆ e1 =
−B2 ≪ e2, e2 ≫

4A
e1 +

2B ≪ e1, e1 ≫ −B3 ≪ e2, e2 ≫
4A

e2, (3.20)

e1 ⋆ e2 =
B ≪ e2, e2 ≫

2A
e1 +

B2 ≪ e2, e2 ≫
4A

e2, (3.21)

e2 ⋆ e1 =
B ≪ e2, e2 ≫

2A
e1 +

B2 ≪ e2, e2 ≫ −2 ≪ e1, e1 ≫
2A

e2, (3.22)

e2 ⋆ e2 =
− ≪ e2, e2 ≫

A
e1 −

B ≪ e2, e2 ≫
2A

e2, (3.23)

where A =≪ e1, e1 ≫ −B2

4 ≪ e2, e2 ≫.

Proof. Using Koszul’s formula, we have

2 ≪ ei ⋆ ej , ϕ̃(ek) ≫=≪ [ei, ej ], ϕ̃(ek) ≫
+ ≪ [ek, ej ], ϕ̃(ei) ≫ + ≪ [ek, ei], ϕ̃(ej) ≫, i, j, k = 1, 2. (3.24)

Setting i = j = k = 1 in (3.24), we deduce

≪ e1 ⋆ e1, ϕ̃(e1) ≫= 0.

If we consider

e1 ⋆ e1 = A1
11e1 +A2

11e2, (3.25)

then (3.24) and the definition of ≪,≫ imply

A1
11 ≪ e1, e1 ≫ +

B

2
(A2

11 −BA1
11) ≪ e2, e2 ≫= 0. (3.26)
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Again, putting i = j = 1 and k = 2 in (3.24), we deduce

≪ e1 ⋆ e1, ϕ̃(e2) ≫= − ≪ e2, e1 +Be2 ≫ .

So using (3.25) we can write

(−B

2
A1

11 +A2
11) ≪ e2, e2 ≫=

B

2
≪ e2, e2 ≫,

which gives

A2
11 =

B

2
+

B

2
A1

11. (3.27)

Setting (3.27) in (3.26) we get

A1
11(≪ e1, e1 ≫ −B2

4
≪ e2, e2 ≫) +

B2

4
≪ e2, e2 ≫= 0. (3.28)

If A1
11 = 0, then the above equation gives ≪ e2, e2 ≫= 0, which is a contradic-

tion. Moreover, since the determinant of [≪,≫] is non-zero, then

≪ e1, e1 ≫ −B2

4
≪ e2, e2 ≫≠ 0.

Thus, from (3.28) we deduce

A1
11 =

−B2 ≪ e2, e2 ≫
4(≪ e1, e1 ≫ −B2

4 ≪ e2, e2 ≫)
.

Applying (3.27) and the above equation, we get

A2
11 =

2B ≪ e1, e1 ≫ −B3 ≪ e2, e2 ≫
4(≪ e1, e1 ≫ −B2

4 ≪ e2, e2 ≫)
.

Two above equations give (3.20). If we consider

e1 ⋆ e2 = A1
12e1 +A2

12e2,

then using (3.24) and similar calculations as the above, we obtain

A1
12 ≪ e1, e1 ≫ −B

2
(BA1

12 −A2
12 + 1) ≪ e2, e2 ≫= 0, A2

12 =
B

2
A1

12,

which give

A1
12 =

B ≪ e2, e2 ≫
2(≪ e1, e1 ≫ −B2

4 ≪ e2, e2 ≫)
,

A2
12 =

B2 ≪ e2, e2 ≫
4(≪ e1, e1 ≫ −B2

4 ≪ e2, e2 ≫)
,

and consequently (3.21). Also, using [e1, e2] = e1 ⋆ e2 − e2 ⋆ e1 we get (3.22).

To prove (3.23), we consider

e2 ⋆ e2 = A1
22e1 +A2

22e2.



Para-Kähler hom-Lie algebras of dimension 2 129

Similarly, using (3.24) we get

A1
22 ≪ e1, e1 ≫ +

B

2
(A2

22 −BA1
22) ≪ e2, e2 ≫ + ≪ e2, e2 ≫= 0,

A2
22 =

1

2
B A1

22,

which imply (3.23). □

Proposition 3.7. All non-abelian almost product hom-Lie algebra of dimen-

sion 2 are as (g, [·, ·], ϕ̂, K̂), (g, [·, ·], ϕ,K) and (g, [·, ·], ϕ̃g, K̃), where ϕ̂, ϕ, ϕ̃g

are given by Proposition 3.3 and K̂, K and K̃ have the following matrix pre-

sentations:

[K̂] =

[
a b

c −a

]
, [K̂] =

[
λ 0

0 ϵ

]
, [K] =

[
λ 0

0 −λ

]
, [K] =

[
λ 0

0 ϵ

]
,

[K̃] =

[
λ λB

0 −λ

]
, [K̃] =

[
λ 0

0 λ

]
,

where a2 + bc = 1, λ = ±1, ϵ = ±1 and B ̸= 0.

Proof. Let (g, [·, ·], ϕg,K) be an almost product hom-Lie algebra. Conditions

K2(e1) = e1, K2(e2) = e2

give

(ρ11)
2 + ρ21ρ

1
2 = 1, ρ21(ρ

1
1 + ρ22) = 0, ρ12(ρ

1
1 + ρ22) = 0, (ρ22)

2 + ρ21ρ
1
2 = 1.

(3.29)

Now we consider two cases:

Case 1. ρ22 = −ρ11.

In this case, the second and third equations of (3.29) hold and the first and the

fourth equations of (3.29) reduce to (ρ11)
2 + ρ21ρ

1
2 = 1.

Case 2. ρ22 ̸= −ρ11.

In this case, the second and third equations of (3.29) give ρ21 = ρ12 = 0, and so

(ρ11)
2 = (ρ22)

2 = 1, from the first and the fourth equations of (3.29).

From two above cases, we deduce that K has the following matrix presentation:[
a b

c −a

]
,

[
λ 0

0 ϵ

]
, a2 + bc = 1, λ = ±1, ϵ = ±1. (3.30)
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If we consider ϕ̂ = Id, then (g, [, ], ϕ̂, K̂) with K̂ given by two matrices of

(3.30) is an almost product (hom-)Lie algebra. Now, we consider ϕ. If the

matrix presentation of K is as the second matrix of (3.30), then it is easy to

see that K ◦ ϕ = ϕ ◦ K. But if the matrix presentation of K is as the first

matrix of (3.30), then condition (K ◦ ϕ)(e1) = (ϕ ◦ K)(e1) implies b = 0 and

(K ◦ ϕ)(e2) = (ϕ ◦K)(e2) yields c = 0. Consequently, we get a2 = 1. Finally,

we consider ϕ̃g. If the matrix presentation of K̃ is as the first matrix of (3.30),

then condition (K̃◦ϕ̃)(e2) = (ϕ̃◦K̃)(e2) implies c = 0 and consequently, a2 = 1.

Therefore we have

a = λ,

where λ = ±1. Also, condition (K̃ ◦ϕ̃)(e1) = (ϕ̃◦K̃)(e1) implies b = λB. But if

the matrix presentation of K̃ is as the second matrix of (3.30), then condition

K̃ ◦ ϕ̃ = ϕ̃ ◦ K̃ gives λ = ϵ. □

Proposition 3.8. All non-abelian almost para-complex hom-Lie algebra of di-

mension 2 are as (g, [·, ·], ϕ̂, K̂), (g, [·, ·], ϕ,K) and (g, [·, ·], ϕ̃, K̃), where ϕ̂, ϕ,

ϕ̃ are given by Proposition 3.3 and K̂, K and K̃ have the following matrix

presentations:

[K̂] =

[
λ b

0 −λ

]
, [K̂] =

[
λ 0

c −λ

]
, [K̂] =

[
a d

h −a

]
, (3.31)

[K] =

[
λ 0

0 λ

]
, [K̃] =

[
λ 0

0 λ

]
, (3.32)

where d, h ̸= 0, a2 + dh = 1 and λ = ±1. Moreover, all of these structures are

integrable.

Proof. At first, we consider (g, [·, ·], ϕ̂, K̂) with the first matrix of Proposition

3.7, i.e.,

K̂(e1) = ae1 + be2, K̂(e2) = ce1 − ae2, a2 + bc = 1.

If this structure is an almost para-complex, then we must have a basis {f1, f2}
such that K̂(f1) = f1 and K̂(f2) = −f2 ( note that ϕ̂ = id). We can write

f1 = c11e1 + c21e2, f2 = c12e1 + c22e2.

Condition K̂(f1) = f1 implies

(a− 1)c11 + cc21 = 0, bc11 − (1 + a)c21 = 0. (3.33)

Similarly, K̂(f2) = −f2 yields

(1 + a)c12 + cc22 = 0, bc12 + (1− a)c22 = 0. (3.34)

Now, we consider possible cases for (3.33) and (3.34) with respect to a, b and

c.
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Case 1. c = 0.

In this case, from equation a2 + bc = 1 we deduce a = ±1. Now we con-

sider the following cases:

Case 1.1. a = 1, b = 0. In this case, from (3.33) and (3.34) we deduce

c21 = c12 = 0 and so we obtain the almost para-complex structure

[K̂] =

[
1 0

0 −1

]
.

Case 1.2. a = 1, b ̸= 0. In this case, (3.33) and (3.34) give c12 = 0 and

c21 = b
2c

1
1, which deduce the almost para-complex structure

[K̂] =

[
1 b

0 −1

]
.

Case 1.3. a = −1, b = 0. In this case, (3.33) and (3.34) imply c11 = c22 = 0,

which imply the almost para-complex structure

[K̂] =

[
−1 0

0 1

]
.

Case 1.4. a = −1, b ̸= 0. In this case, (3.33) and (3.34) imply c11 = 0 and

c22 = − b
2c

1
2, which give the almost para-complex structure

[K̂] =

[
−1 b

0 1

]
.

According to the cases 1.1 to cases 1.4, we deduce that in Case 1, the almost

para-complex K̂ has the matrix presentation [K̂] =

[
λ b

0 −λ

]
, with respect to

basis {e1, e2}, where λ = ±1 and b is arbitrary.

Case 2. b = 0.

Similar to Case 1, in this case we have a = ±1. If c = 0, then we derive

again Cases 1.1 ans 1.3. Thus we only consider c ̸= 0 and we study the follow-

ing cases:

Case 2.1. a = 1. In this case, (3.33) and (3.34) give c21 = 0 and c12 = − c
2c

2
2,

which give the almost para-complex structure

[K̂] =

[
1 0

c −1

]
.
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Case 2.2. a = −1. In this case, (3.33) and (3.34) imply c22 = 0 and c11 = c
2c

2
1,

which imply the almost para-complex structure

[K̂] =

[
−1 0

c 1

]
.

According to the cases 2.1 to cases 2.2, we deduce that in Case 2, the almost

para-complex K̂ has the matrix presentation

[K̂] =

[
λ 0

c −λ

]
,

with respect to basis {e1, e2}, where λ = ±1 and c is arbitrary.

Case 3. b, c ̸= 0.

In this case, from condition a2 + bc = 1, it follows that a ̸= ±1. Also, from

(3.33) and (3.34) we derive that

c21 =
1− a

c
c11, c12 = − c

a+ 1
c22.

Thus, we get the almost para-complex structure [K̂] =

[
a b

c −a

]
, with respect

to basis {e1, e2}, where a2+bc = 1 and b, c ̸= 0. Here, we consider (g, [·, ·], ϕ̂, K̂)

with the second matrix of Proposition 3.7, i.e., K̂(e1) = λe1 and K̂(e2) = ϵe2.

These equations give (K̂ ◦ ϕ̂)(e1) = λe1 and (K̂ ◦ ϕ̂)(e2) = ϵe2. Thus dim g1 =

dim g−1 if and only if ϵ = −λ. Thus K̂ reduce to

[
λ 0

0 −λ

]
, which is the

particular case of the second matrix of the assertion.

Now, we consider (g, [, ], ϕ,K) with the third matrix of Proposition 3.7, i.e.,

K(e1) = λe1, K(e2) = −λe2. It is easy to see that

(K ◦ ϕ)(e1) = λe1, (K ◦ ϕ)(e2) = λe2.

These equations show that dim g1 ̸= dim g−1 and so (g, [, ], ϕ,K) can not be

an almost para-complex hom-Lie algebra in this case. But if we consider

(g, [, ], ϕ,K) with the fourth matrix of Proposition 3.7, i.e., K(e1) = λe1,

K(e2) = ϵe2, we get

(K ◦ ϕ)(e1) = λe1, (K ◦ ϕ)(e2) = −ϵe2.

These equations show that dim g1 = dim g−1 if and only if λ = ϵ. Thus K

reduce to the fourth matrix of the assertion.

Here, we consider (g, [, ], ϕ̃, K̃) with the fifth matrix of Proposition 3.7, i.e.,

K̃(e1) = λe1 + λBe2, K̃(e2) = −λe2. It is easy to see that

(K̃ ◦ ϕ̃)(e1) = λe1, (K̃ ◦ ϕ̃)(e2) = λe2.
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These equations show that dim g1 ̸= dim g−1 and so (g, [·, ·], ϕ̃, K̃) can not

be an almost para-complex hom-Lie algebra in this case. But if we con-

sider (g, [·, ·], ϕ̃, K̃) with the sixth matrix of Proposition 3.7, i.e., K̃(e1) = λe1,

K̃(e2) = λe2, we get

(K̃ ◦ ϕ̃)(e1) = λe1 + λBe2

and

(K̃ ◦ ϕ̃)(e2) = −λe2.

If λ = 1, it is easy to see that f1 and f2 with condition c12 = 0 and c21 = B
2 c

1
1

satisfies in

(K̃ ◦ ϕ̃)(f1) = f1, (K̃ ◦ ϕ̃)(f2) = −f2

and so dim g1 = dim g−1. Similarly, if λ = −1, then f1 and f2 with condition

c11 = 0 and c22 = B
2 c

1
2 satisfies in

(K̃ ◦ ϕ̃)(f1) = f1, (K̃ ◦ ϕ̃)(f2) = −f2

and so dim g1 = dim g−1. Therefore (g, [, ], ϕ̃, K̃) with K̃ given by the fifth

matrix of the assertion is an almost para-complex hom-Lie algebra.

It is easy to see that

NK̂◦ϕ̂ = NK◦ϕ = NK̃◦ϕ̃ = 0,

i.e., these structures are para-complex. □

Proposition 3.9. All non-abelian para-Hermitian hom-Lie algebra of dimen-

sion 2 are as (g, [·, ·], ϕ̂, K̂i, <,>i), i = 1, 2, 3, 4, where ϕ̂ is given by Proposition

3.3 and K̂i and <,>i have the following matrix presentations:

[K̂1] =

[
λ b

0 −λ

]
, [K̂2] =

[
λ 0

c −λ

]
, [K̂3] =

[
0 d
1
d 0

]
, [K̂4] =

[
a d

h −a

]
,

(3.35)

[<,>1] =

[
−λb < e1, e2 >1 < e1, e2 >1

< e1, e2 >1 0

]
, (3.36)

[<,>2] =

[
0 < e1, e2 >2

< e1, e2 >2 cλ < e1, e2 >2

]
, (3.37)

[<,>3] =

[
< e1, e1 >3 0

0 − 1
d2 < e1, e1 >3

]
, (3.38)

[<,>4] =

[
< e1, e1 >4 −a

d < e1, e1 >4

−a
d < e1, e1 >4 −h

d < e1, e1 >4

]
, (3.39)

where a, d, h ̸= 0, a2 + dh = 1 and λ = ±1.

Proof. In Proposition 3.8, it is shown that (g, [·, ·], ϕ̂) admits three different

types of para-complex structures that we denoted them by K̂. Here we must

study condition (2.5) for them. We consider the first matrix, i.e., [K̂] =
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λ b

0 −λ

]
. From < (K̂ ◦ ϕ̂)(e2), (K̂ ◦ ϕ̂)(e2) >= − < e2, e2 > we conclude

< e2, e2 >= 0. Also, < (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e1) >= − < e1, e1 > gives

< e1, e1 >1= −λb < e1, e2 >1 .

These relations deduce condition

< (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e2) >= − < e1, e2 > .

We denote these structures in the assertion with index 1 in the below.

We choose the second matrix i.e., [K̂] =

[
λ 0

c −λ

]
. The condition

< (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e1) >= − < e1, e1 >

implies < e1, e1 >= 0. Also

< (K̂ ◦ ϕ̂)(e2), (K̂ ◦ ϕ̂)(e2) >= − < e2, e2 >

deduces < e2, e2 >= cλ < e1, e2 >. Moreover the above conditions lead to

< (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e2) >= − < e1, e2 > .

We denote these structures in the assertion with index 2 in the below.

For the third matrix i.e., [K̂] =

[
a d

h −a

]
, we consider the following cases

Case 1. a ̸= 0. In this case < (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e1) >= − < e1, e1 > implies

< e1, e2 >= −a2 + 1

2ad
< e1, e1 > − d

2a
< e2, e2 > . (3.40)

The condition < (K̂ ◦ ϕ̂)(e2), (K̂ ◦ ϕ̂)(e2) >= − < e2, e2 > gives

< e1, e2 >=
h

2a
< e1, e1 > +

a2 + 1

2ah
< e2, e2 > . (3.41)

From < (K̂ ◦ ϕ̂)(e1), (K̂ ◦ ϕ̂)(e2) >= − < e1, e2 > we deduce

< e1, e2 >= − a

2d
< e1, e1 > +

a

2h
< e2, e2 > . (3.42)

(3.40) and (3.41) imply

< e2, e2 >= −h

d
< e1, e1 > . (3.43)

Setting (3.43) in (3.42), we obtain

< e1, e2 >= −a

d
< e1, e1 > .

We denote these structures in the assertion with index 3 in the below.
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Case 2. a = 0. In the case hd = 1 and consequently the third matrix re-

duce to [K̂] =

[
0 d
1
d 0

]
. Similar calculates give

< e2, e2 >= − 1

d2
< e1, e1 >, < e1, e2 >= 0.

We denote these structures in the assertion with index 4 in the below.

Here we study para-Hermitian properties for (g, [·, ·], ϕ). In Proposition 3.8,

it is shown that this hom-Lie algebra admits only para-complex structure K.

Also in Proposition 3.3 we show that the pseudo-Riemannian metric ≺,≻ has

the matrix presentation

[≺,≻] =

[
≺ e1, e1 ≻ 0

0 ≺ e2, e2 ≻

]
.

The condition ≺ (K◦ϕ)(e1), (K◦ϕ)(e1) ≻= − ≺ e1, e1 ≻ implies ≺ e1, e1 ≻= 0.

Also from ≺ (K ◦ϕ)(e2), (K ◦ϕ)(e2) ≻= − ≺ e2, e2 ≻ we deduce ≺ e2, e2 ≻= 0,

and this is not possible. Since in this case pseudo-Riemannian metric is not

defined.

Pseudo-Riemannian metric ≪,≫ in Proposition 3.3 has the matrix presen-

tation

[≪,≫] =

[
≪ e1, e1 ≫ − 1

B ≪ e2, e2 ≫
− 1

B ≪ e2, e2 ≫ ≪ e2, e2 ≫

]
.

The condition

≪ (K̃ ◦ ϕ̃)(e2), (K̃ ◦ ϕ̃)(e2) ≫= − ≪ e2, e2 ≫

implies ≪ e2, e2 ≫= 0. This means that in this case, pseudo-Riemannian

metric is not defined. Therefore does not exist para-Hermitian structure on

(g, [, ], ϕ̃g). □

Corollary 3.10. There not exists non-abelian para-Hermitian proper hom-Lie

algebra of dimension 2.

Proposition 3.11. All non-abelian para-Kähler hom-Lie algebra of dimension

2 are as (g, [·, ·], ϕ̂, K̂i, <,>i), i = 1, 2, 3, 4, where ϕ̂ is given by Proposition 3.3

and K̂i and <,>i have the following matrix presentations:

[K̂1,1] =

[
1 b

0 −1

]
, [<,>1,1] =

[
−b 1

1 0

]
(3.44)

e2 · e1 = e2 · e2 = 0, e1 · e1 = −e1 − be2, e1 · e2 = e2, (3.45)

[K̂1,2] =

[
λ 0

0 −λ

]
, [<,>1,2] =

[
0 1

1 0

]
(3.46)

e2 · e1 = e2 · e2 = 0, e1 · e1 = −e1, e1 · e2 = e2, (3.47)
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[K̂2] =

[
λ 0

c −λ

]
, [<,>2] =

[
0 1

1 λc

]
,

e1 · e1 = −e1, e1 · e2 = −λce1 + e2, e2 · e1 = −λce1,

e2 · e2 = −c2e1 + λce2,

(3.48)


[K̂3] =

[
0 d
1
d 0

]
, [<,>3] =

[
< e1, e1 >3 0

0 −<e1,e1>3

d2

]
,

e2 · e1 = −e2, e1 · e1 = e1 · e2 = 0,

e2 · e2 = − 1
d2 e1,

(3.49)


[K̂4] =

[
a d

h −a

]
, [<,>4] =

[
− d

a 1

1 h
a

]
, e1 · e1 = −a2e1 − ade2,

e1 · e2 = −ahe1 + a2e2, e2 · e1 = −ahe1 + (a2 − 1)e2,

e2 · e2 = −h2e1 + ahe2,

(3.50)

where a, d ̸= 0, a2 + λad = 1 and λ = ±1.

Proof. In Proposition 3.9, we presented all two-dimensional para-Hermitian

hom-Lie algebras, that are non-proper. Now we study the para-Kählerian prop-

erties of them. In Proposition (3.4), we obtain the hom-Levi-Civita product for

the pseudo-Riemannian hom-Lie algebra (g, [·, ·], ϕ̂). Now we must check that

one of the structures determined in Proposition 3.9 is compatible with these

products. We consider two cases as follows:

Case 1. < e1, e2 >= 0.

In this case, we can consider <,>3, because <,>i, i = 1, 2, 4, are not pseudo-

Riemannian metrics, when < e1, e2 >i= 0, i = 1, 2, 4. In this case, the product

(3.6) reduce to

e1 · e1 = e1 · e2 = 0, e2 · e1 = −e2, e2 · e2 = − 1

d2
e1. (3.51)

It is easy to see that (2.7) is held for (g, [, ], ϕ̂, K̂3, <,>3) with the above prod-

uct. So this structure is para-Kähler.

Case 2. < e1, e2 > ̸= 0.

In this case, at first we consider K̂1 and <,>1 with the hom-Levi-Civita prod-

uct given by (3.7)- (3.10). It is easy to see that

K̂1(e2 · K̂1(e1)) =
det[<,>1]+ < e1, e2 >1

det[<,>1]
e2,

and so e2 · e1 = K̂1(e2 · K̂1(e1)) if and only if < e1, e2 >1= 1, which gives

det[<,>1] = −1. Thus (3.7)- (3.10) reduce to

e2 · e1 = e2 · e2 = 0, e1 · e1 = −e1 − λbe2, e1 · e2 = e2.
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Also, easily we can check that

e2 · e2 = K̂1(e2 · K̂1(e2)), e1 · e2 = K̂1(e1 · K̂1(e2)).

Moreover, we can see that e1 · e1 = K̂1(e1 · K̂1(e1)) if and only if b = 0 or

λ = 1. Therefore we get the para-Kähler structures (3.44) and (3.46). Now,

we consider K̂2 and <,>2 with the hom-Levi-Civita product given by (3.7)-

(3.10). It is easy to see that

K̂2(e1 · K̂1(e2)) = λc
(< e1, e2 >2)

2

det[<,>2]
e1 −

< e1, e2 >2

det[<,>2]
e2,

and so e1 · e2 = K̂2(e1 · K̂2(e2)) if and only if < e1, e2 >2= 1, which gives

det[<,>2] = −1. Thus (3.7)- (3.10) reduce to

e1 · e1 = −e1, e1 · e2 = −λce1 + e2, e2 · e1 = −λce1, e2 · e2 = −c2e1 +λce2.

Direct calculations show that e1 · e1 = K̂2(e1 · K̂2(e1)), e2 · e2 = K̂2(e2 · K̂2(e2))

and e2 · e1 = K̂2(e2 · K̂2(e1)). Finally we consider K̂4 and <,>4 given by

Proposition 3.9. In this case, (3.7)-(3.10) reduce to

e1 · e1 =
a2 < e1, e1 >2

d2 det[<,>]
e1 +

a < e1, e1 >2

d det[<,>]
e2, (3.52)

e1 · e2 =
−h < e1, e1 >

ddet[<,>]
e1 +

a < e1, e1 >

d det[<,>]
e2, (3.53)

e2 · e1 =
−h < e1, e1 >

ddet[<,>]
e1 −

det[<,>]− a
d < e1, e1 >

det[<,>]
e2, (3.54)

e2 · e2 = −h2 < e1, e1 >

addet[<,>]
e1 +

h < e1, e1 >

d det[<,>]
e2. (3.55)

Direct calculations together a2 + hd = 1 give

K(e1 · k(e1)) =
a2 < e1, e1 >2

d2 det[<,>]
e1 −

< e1, e1 >

det[<,>]
e2.

So, condition e1 · e1 = K(e1 · K(e1)) gives < e1, e1 >= − d
a . In this case,

det[<,>4] = − 1
a2 and so [<,>4] and the Levi-Civita product reduce to (3.50).

Using it we get also

K(e1 ·K(e2)) = −ahe1 + a2e2 = e1 · e2,

K(e2 ·K(e1)) = −ahe1 − hde2 = −ahe1 + (a2 − 1)e2 = e2 · e1,

K(e2 ·K(e2)) = −h2e1 + ahe2 = e2 · e2.
So (2.7) holds. □

From Corollary 3.10, we deduce the following

Corollary 3.12. There exists no non-abelian para-Kähler proper hom-Lie al-

gebra of dimension 2.
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