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On square-type Finsler metrics of vanishing flag curvature
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Abstract. In this paper, we construct a family of Finsler metrics, called
square-type Finsler metrics. We obtain the flag curvature of this metric. Then
we find a necessary and sufficient condition under which the flag curvature of
square-type Finsler metrics becomes zero.
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1. Introduction

In [7], Numata has shown that the Finsler metrics F(z,y) = o + (3 are of
scalar curvature, where o := \/a;;(y)y*y’ is a positive definite locally Minkowski
norm and 3 := b;(x)y" is a closed 1-form. Consider the case that a;; = §;; and
b = df, where f is a smooth function on R”. If necessary, scale f so that the

open set
M = {x S Rn|\/ (Sijfwifwj < 1}

is nonempty. Then a straightforward calculation reveals that F' is of scalar
curvature on M [1][2].

In [6], Dual considered the Numata-type Finsler metrics and showed that the
flag curvature of the Numata-type metrics admit a non-trivial prolongation to
the one-dimensional case, which has a relation with the Schwarzian derivative
of the diffeomorphisms associated with these metrics. This motivates us to
construct a new class of Finsler metrics with the same properties.
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Let (M, F) be a Finsler manifold. In [4], Bouarroudj construct a 1-cocycle
on Dif f(M) with values in the space of differential operators acting on sections
of some bundles, by means of the Finsler function F. As an operator, it has
several expressions in terms of the Chern or Berwald connection, although its
cohomology class does not depend on them. He showed that this cocycle is
closely related to the conformal Schwarzian derivatives introduced by him in
[5].

In 1929, Berwald construct an interesting family of projectively flat Finsler
metrics on the unit ball B™ which as follows

2
(V= TaP)IP + (o )7 + (2.0
F= . (1.1)
(1= |22/ = 2Py + (z,9)?
He showed that this class of metrics has constant flag curvature [3]. Berwald’s
metric can be expressed as

R Chi) 4;’3)2, (1.2)

where

_ VA= [Py + (z,9)? g @y
(1= [af?)? ’ (1 —lz?)*

An Finsler metric in the form (1.2) is called a square metric.

2. Preliminaries

Let M be an n-dimensional C'*° manifold. Denote by T, M the tangent
space at © € M, and by TM = UgepT, M the tangent bundle of M. A Finsler
metric on M is a function F : TM — [0, 00) which has the following properties:
(i) Fis C*° on TMy :=TM \ {0}; (ii) F is positive-homogeneous of degree 1;
(iii) for each y € T, M, the quadratic form

1 0%
8y(40) = 5 5san

is positive definite.

[F?(y + su+tv)] |s4=0, u,v € T, M. (2.1)

Given a Finsler manifold (M, F'), then a global vector field G is induced by
F on T' My, which in a standard coordinate (z%,y*) for TMj is given by

. . 9
G =y — —2G" -
Y 5 G(x,y)ayz

where G'(x,y) are local functions on T My given by

i 1 41 0g; dg dg; ]
e :791{ 51 Ik jk}yjyk.

4 ork ' 9zi 9l
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G is called the associated spray to (M, F'). The projection of an integral curve
of the spray G is called a geodesic in M.

The second variation of geodesics gives rise to a family of linear maps R, :
T,M — T,M with homogeneity Ry, = A?R,, YA > 0 which is defined by
R,(u) = Rik(y)uk%, where

oG" 02Gt . . 0%GH 0G" 0GI
R =2— — —— '+ 26 ——— — ——. 2.2
£(¥) Oxk 8x38yky + Oyioyk  Oyi Oyk (22)

R, is called the Riemann curvature in the direction y.

A flag curvature is a geometrical invariant that generalizes the sectional
curvature of Riemannian geometry. Let x € M, 0#y € T,M and V := V! aii.
Flag curvature is obtained by carrying out the following computation at the

point (z,y) € T My, and viewing y, V as section of 7*TM:
Vi(y Rjimy)VE
gy, v)g(V.V) — [g(y, V)]*’

where g is a Riemannian metric on 7*7T'M. If K is independent of the transverse

K(y,V) = (2.3)

edge V | we say that our Finsler space has scalar flag curvature. Denote this
scalar by A = A\(z,y). When \(z,y) has no dependence on either = or y, then
Finsler manifold is said to be of constant flag curvature.

3. Numata Finsler structures

Numata [7] has introduced that metrics of the form F(z,y) = \/¢:; (y)y'y? +
feiyt on TM where M C R", with (g;;) > 0 and db = 0. We are going to put
this structure on the square metric.

The square is an («, 5)-metric in the following form

po et

@
where o = /a;j(z)y'y’ is a Riemannian metric and 8 = b;(z)y" is a 1-form on
a manifold M.

An important class of Finsler metrics can be expressed in the form F =
(a+ B)?/a, where a := 1/q;;(y)y'y? is a locally Minkowski norm and 3 :=
bi(z)y" is a 1-form on M. This class of Finsler metrics is called square-type
metric [7].

Let us consider the special case of square-type Finsler metric such that
gi; = 0;5 and b = df where f € C*>°(M). Then

F(z,y) = (V@i ()y'y? + fz"yi)2’ (3.1)

25 (Y)y'y?
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where

M = {I S Rn|\/5ijfm1fmj < 1} (32)

is nonempty set.
Differentiating (3.1) with respect to y* and 3’ yields

(o — B) (e + B)° 6(a +8)?

9ij = v %+ =3 bibj
2(a — 26)(a + B)? 26(0 — 26) (0 + §)’
+ o3 (Ozibj + Oéjbi) — o Q0.
Then we get
_la=pB)(a+B)*\" a®+2a7b* — 35°
det(gZ]) - ( a4 ) (a _ ﬂ)2 det(QZ])'
Since (g,5) ispositive definite, we conclude that
o + 202 — 3572 > 0. (3.3)

Also, we have

044

S PP

202 iri
a2+ 222 — 352b 4
2(a — 28)(af + 222 — 3?) wiad
(a+ B + 2a7F — 357)

2a(a — 2) i i
a2+2a2b2—3/32<ab +O‘b) :

q"

By a simple calculations for square metric, we get

G'=[py +qb" ] foo, (3.4)
where fog = frigiy'y? and
_ (a —28)
P 2 o022 — 332’
o2
q:=

a? + 2a2b2? — 352"

Now, we are going to compute the flag curvature. By definition, we have
Vi(F2Ry)V*

g(V.V) = [g(&, V)]

Suppose that the transverse edges V' are g—orthogonal to the flagpole y. Then

g(¢, V) =0, and we get

F*K(¢,V) =

Vi(F?R,)VE

FPK((,V) =  UAG)

(3.5)
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From (2.2) and (3.4) and using
g(V.V)=V,V', gV,V)=Viy'=0

we have
FPK(0,V) = [p2 +2fps — P yj}
ViVk ) o
k — k v - ¥l k Jak vfI
+g(V, ) {2(% Py ) [ A (—ayi qye + 2qqyi 6 ) f' f

By the above information, we prove the following.

Theorem 3.1. Let (M, F) be the square-type Finsler structure, where F is
given by (3.1) and M C S* is defined by (3.2). Then the flag curvature of F is
vanishing if and only if f is a linear function or the following condition holds

AforV* +3Bfoo(fiV*) = 0.
Proof. By straightforward calculations, one can obtains
1
FPK(LV) = [3a4 190282 — 1208 + 6a%b? + 1202526% — 120°Bb?

_ 2y — .
la A25) fooo + da (12 2) foofoj f?

—308* + 240[53} o —

L (410207 + (4o + (A + (41)50° + (o
+(A})ra + (A})sa®]
where
A= a® +22°0° - 36%,
fooo = friwiany'y'y",
foj = Feiaitf',
and

(A})2 == —185* {GBfifOOfOk — 38" foofro — 3B fooo i + 5. fo fr + 38 f5 for
—38.f5 foo fx — 352f;if00],

(A})s 2= 368°F* foo | Bfox — ool

(A})4 =68 { —68%f7 £ foofir + 6B f7 f* foj for + 6BF7 f* foo foj fr + 6b°Bf" foo for
—120° f* f5o fie + 108(1 + 26°) f* foo for — 65(1 + 26°) f* foo fro
—68(1 +2b%) f* fooo fi. +98%(1 + 2b%) 5 for. — 66(1 + 26) f5 foo fi
—9B%(1+ 26%) fi foo + 166> F' oo fir + 81 £ fx) |
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—~
Ea
~—
ot

I

~12B(1+ 2%) 1" foo [28ok — foo i

(A)s = =2(1+262)[ = 128217 [ foo f + 1282  fo fox + 687 ' foo fos
+6b>Bf" foo for + 667 f* f5o fr + 4(1 4+ 26%) B foo for — 3B(1 + 26%) f* foo fro
=3(1 +206°) f* fooo fi. — 3(L + 26%) f* £ fis + 98 (1 + 2b%) f for
—3B(1 + 2b%) f§ foo fr — 987 (1 + 26%) 7 foo |

()7 = 4(1 +26%) f* foo for
(A)s = 21+ 2692 = 29 F foo fin + 207 foy for + (1+ 26%) fi o
-1+ 2b2)f,if00].
Now, suppose that the following holds
ViVE[(4])20% + (4])s0® + (A )aa® + (4])50” + (4] )60
(A0 + (A;;)goﬁ] =0.(3.7)

By decomposition of the rational and irrational parts in (3.7), we get the fol-
lowing

ViVE[(AD)2 + (Af)aa® + (Ap)sa’ + (AL)sa®] =0, (3.8)
A% [(A;;)3 4 (Al)sa? + (A;;)mﬂ —0. (3.9)
By (3.9) we get

4A(F'V;) foo (Afor V¥ + 3B foo(frVF)) =0
By (3.3) we know that A = a2 4+ 2a2b? — 382 > 0. Then foo = 0 or

AforVF 4+ 3Bf00(frVF) = 0.

Therefore the proof becomes complete. O
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