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Abstract. In this paper, we first study a special class of (α, β)-metrics in the

form F = α + εβ + kβ2/α, where α is Riemannian metric, β is a 1-form, and

ε, k(̸= 0) are constant. We give a complete classification for such metrics to

be locally dually flat. By assumption β is a conformal 1-form, we show that

the metric is locally dually flat if and only if α is a Euclidean metric and β is

a constant 1-form. Further, we classify locally dually flat of a class of Finsler

metric in the form F = α exp(α/β) + εβ, where ε is constant.

Keywords: Finsler metric, (α, β)- metric, locally dually flat.

1. Introduction

The class of Dually flat Finsler metrics arise from α-flat information struc-

tures on Riemann-Finsler manifolds. The notion of dual flatness for Riemann-

ian metrics was first introduced from the study of the information geometry on

Riemannian manifolds by Amari and Nagaoka, [1]. Then, Z. Shen have been

extended this notion to general Finsler metrics in 2007, [7]. A Finsler metric

F = F (x, y) on a manifold M is locally dually flat if at every point there is

a coordinate system (xi) in which the geodesic spray coefficients are in the

following from

Gi = −1

2
gijHyj ,
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where

H = H(x, y) := −1

6
(F 2)xkyk

is a C∞ scalar function on TM \ {0} satisfying H(x, λy) = λ3H(x, y) for all

λ > 0. Such a coordinate system is called an adapted coordinate system. In

particular, a Riemannian metric is locally dually flat if in an adapted coordinate

it is given by

gij =
∂2φ

∂xi∂xj
(x),

where the function φ = φ(x) is C∞ on the manifold M (see [3], [4]).

It is well known that the Funk metric

F =

√
1−

(
|x|2 |y|2− < x, y >2

)
1− |x|2

± < x, y >

1− |x|2
,

defined on the unit ball is the first example of locally dually flat non-Riemannian

metrics.

In [4], Cheng-Shen-Zhou have characterized locally dually flat Randers met-

rics. Q. Xia gave the equivalent conditions of locally dually flat (α, β)-metrics

on a manifold with dimension n ≥ 3, [10]. Tayebi-Peyghan-Sadeghi have con-

sidered locally dually flat (α, β)-metrics with isotropic S-curvature and found

some necessary and sufficient conditions under which these metrics reduce to

locally Minkowskian metrics, [9].

In this paper, we prove the following:

Theorem 1.1 (see [8]). Let F = α + εβ + kβ2/α be a Finsler metric on an

n-dimensional manifold M , n ⩾ 2. If β is a conformal 1-form, then F is dually

flat if and if α is a Euclidean metric and β is a constant 1-form.

Theorem 1.2. Let F = αes + εβ be a Finsler metric on a manifold M . Then

F is dually locally flat if in an adapted coordinate system, β and α satisfy

r00 =
1

3
(ψα2 + 2θβ) (1.1)

Gi
α =

1

3
(2yiθ − φiα2) (1.2)

sk0 =
1

3

{
φkβ − bkθ +

2

(es + ε)

{
εθk − esφk

}
β
}

(1.3)

where θ = θi(x)y
iis a 1- form and φ = φiy

i are on M , and ψ = ψ(x) and

φi := aijφj.
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2. Preliminaries

A Finsler metric on a manifold M is a function F : TM → [0,∞) which has

the following properties:

(a) F is C∞ on TM0;

(b) F (x, λy) = λF (x, y), λ > 0;

(c) For any tangent vector y ∈ TxM , the vertical Hessian of F 2/2 given by

gij(x, y) =

[
1

2
F 2

]
yiyj

is positive definite.

In Finsler geometry, (α, β)-metrics are an important class of Finsler metrics

which are defined by a Riemann metric α(x, y) =
√
aij(x)yiyj and a 1-form

β(x, y) = bi(x)y
i on n-dimensional manifoldM . These metrics can be expressed

in the following form

F = αϕ(s), s =
β

α
,

where ϕ(s) is a positive C∞ function on (−b0, b0). It is known that F = αϕ(s)

is a positive definite Finsler metric for any α and β with b := ∥βx∥α < b0, if

and only if, ϕ(s) satisfies the following condition, [6]:

ϕ(s)− sϕ′(s) + (b2 − s2)ϕ′′(s) > 0,
(
|s| ⩽ b < b0

)
.

In this paper, we are going to study two special classes of (α, β)-metrics on

n-dimensional manifold M . Suppose first

ϕ(s) = 1 + εs+ ks2. (2.1)

Then,

F = α+ εβ + k
β2

α
,

where ε, k( ̸= 0) are constant and

1 + 2kb2 − 3ks2 > 0,
(
|s| ⩽ b < b0

)
where b0 such that 1 + εs+ ks2 > 0.

We also study the following Finsler metric:

F = αexp(
β

α
) + εβ, (2.2)

where

1− s+ b2 − s20, |s| ⩽ b < b0 (2.3)

where b0 depends on ε such that exp(s) + εs > 0.
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It is known that a Finsler metric F = F (x, y) on a manifold M is said to be

locally dually flat if and only if(
F 2

)
xlyky

l = 2
(
F 2

)
xk .

A spray G on a manifold M is a special smooth vector field on TM \ {0}.
The spray coefficients are locally defined by

Gi(x, y) =
1

4
gij

{
[F 2]xkyjyk − [F 2]xj

}
.

It can be used to characterize the geodesics of F as

d2xi

dt2
+ 2Gi

(
x,
dx

dt

)
= 0.

So Gi are also called geodesic coefficients of F . If F is induced from a Rie-

mannian metric, F (x, y) =
√
gij(x)yiyj , then we have

Gi =
1

2
Γi
jk(x)y

jyk,

where Γi
jk are second christoffel symbols.

In local coordinates, α(x, y) =
√
aij(x)yiyj is a positive definite Riemannian

metric and β(x, y) = bi(x)yi is a 1-form with length b = ∥β∥α := aijbibj , where

aij = (aij)
−1, β is a constant 1-form means bi(x) = constant for each i.

Followings are the regular symbols always used in our discussion:

rij :=
1

2

(
bi|j + bj|i

)
, sij :=

1

2

(
bi|j − bj|i

)
,

where “|” denotes the covariant derivative with respect to Levi-Civita connec-

tion of α. Denote

rij := aikrkj , rj := birij , r0 := rjy
j = rijb

iyj , r00 = rijy
iyj

sij := aikskj , sj := bisij , s0 := sjy
j = sijb

iyj ,

where bi := aijbj .

We call β a closed 1-form if sij = 0 and a parallel 1-form if ri + si = 0 for

any i, j ∈ {1, . . . , n}. Moreover, β is a conformal 1-form means

bi|j + bj|i = 2λ(x)aij

with some scalar Function λ(x).

In our writing Gi and Gi
α denote the geodesic coefficients of F and α re-

spectively.
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The spray coefficients of (α, β)-metrics are given in [2], [5].

Gi =Gi
α +

αϕ′

ϕ− sϕϕ′
si0 +

(ϕ− sϕ′)ϕ′ − sϕϕ′′

2ϕ

[(
ϕ− sϕ′

)
+

(
b2 − s2

)
ϕ′′

]
×
( −2αϕ′

ϕ− sϕ′
s0 + r00

)[ ϕϕ′′

(ϕ− sϕ′)ϕ′ − sϕϕ′′
bi +

yi

α

]
, (2.4)

where

si0 = sijy
j , s0 := siy

i, r00 = rijy
iyj , b2 := aijbibj .

Let α(x, y) =
√
aij(x)yiyj be a Riemannian metric and β(x) = biy

i be

1-form on a manifold M . Consider an (α, β)-metric in the following form:

F = α+ εβ + κ
β2

α
, (2.5)

where ε and κ are constants with κ ̸= 0. Then by (2.4), the spray coefficients

Gi of F are given by

Gi =Gi
α +

(εα+ 2κβ)α2

α2 − κβ2
si0

+
εα3 − 3κεαβ2 − 4κ2β3

2F
[
(1 + 2κb2)α2 − 3κβ2

][−2(εα+ 2κβ)α2

α2 − κβ2
s0 + r00

]
×
[yi
α

+
2κα(α2 + εαβ + κβ2)

εα3 − 3κεαβ2 − 4κ2β3
bi
]
, (2.6)

where Gi
α denote the spray coefficients of α. Assume that β satisfies

bi|j = τ
{
(1 + 2κb2)aij − 3κκbibj

}
, (2.7)

where τ = τ(x) is scalar function on M , then si0 = 0, s0 = 0 and

r00 = τ
{
(1 + 2κb2)α2 − 3κβ2

}
. (2.8)

Thus, the Spray coefficients Gi of F are reduced to

Gi = Gi
α + τ

{εα3 − 3κεαβ2β − 4κ2β3

2(α2 + εαβ + κβ2)
yi + κα2bi

}
. (2.9)

Further, assume that Gi
α are in the following form

Gi
α = θyi − κτα2bi, (2.10)

where θ = θiy
i is 1- form, then

Gi =
{
θ + τ

εα3 − 3κεαβ2 − 4κ2β3

2(α2 + εαβ + κβ2)

}
yi. (2.11)
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3. Locally Dually Flat (α, β)-Metrics

A Finsler metric F = F (x, y) on an open subset U ⊂ Rn is dually flat if and

only if it satisfies the following equations:{
F 2

}
xkyly

k − 2
{
F 2

}
xl = 0. (3.1)

We remark the following key lemma.

Lemma 3.1. [11] Let F = α+ εβ + kβ2/α be a Finsler metric on a manifold

M , where ε, k are nonzero constants. Then F is locally dually flat if and only

if in an adapted coordinate system, α and β satisfy:

r00 =
2

3
[θβ − (bmθ

m)α2],

sk0 =− θbk − βθk
3

,

Gm
α =

1

3
(2θym + θmα2),

where θ = θky
k is a 1-form on M and θm := aimθi.

Theorem 3.2 (see [8]). Let F = α + εβ + k β2

α be a Finsler metric on a an

n-dimensional manifold M , n ⩾ 2. F is dually flat and projectively flat if and

only if α is a Euclidean metric and β is a constant 1-form.

Proof. A Finsler metric F = α + εβ + k β2

α is projectively flat if and only if it

is a Douglas metric and the spray coefficients of α are related to the 1-form β

by (2.10) we can get (
1

3
θibi − 2kτb2

)
α2 =

1

3
θβ.

Then θ = 0, since both sides of this equation are polynomails of y and α2

which can not be divided by β since are equivalent to

∂aij
∂xl

=
4

3

(
θlaij + θialj + θjali

)
,

bi|j =
1

3

{
θjbi + 3θibj − 4aij(θmb

m)
}
,

on the other hand, we can obtain a similar rigidity theorem with some assump-

tion on β. □
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4. Proof of Theorem 1.1

Now we give the proof of Theorem 1.1.

By assumption β is a conformal 1-form, which means that

bi|j + bj|i = 2h(x)aij ,

for some scalar function h(x). The following holds,

1

3

(
θjbi + 2θibj − 4aij(θmb

m)
)
= h(x)aij .

Contracting it with yi and yj , we obtain

βθ =

(
4

3
(θmb

m) + h(x)

)
α2,

i.e., β = 0 and h = 0.

5. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2.

Assume that F = αes + εβ is dually flat on a manifold M . First we have

the following identities:

αxk =
ym
α

∂Gm
α

∂yk
, βxk = bm|ky

m + bm
∂Gm

α

∂yk
,

{
F 2

}
xk = 2FFxk = 2(αes + εβ)

{
(bm|ky

m + bm
∂Gm

α

∂yk
)(es + ε)

+(1− s)
(ym
α

∂Gm
α

∂yk
es
)}
, (5.1)

{
F 2

}
xlyky

l = 2
(yk
α
es + es(

bkα
2 − ykβ

α2
+ εbk)

){
(bm|ly

myl

+bm
∂Gm

α

∂yl
yl(es + ε) + (1− s)

(ym
α

∂Gm
α

∂yk
yles

)}
+2

(
αes + εβ

){(
bk|my

m + bm
∂Gm

α

∂yl∂yk
yl
)
(es + ε)

+
(
bm|ly

myl + bm
∂Gm

α

∂yl
yl
)
es
bkα

2 − ykβ

α2

−
(bkα2 − ykβ

α2

)(ym
α

∂Gm
α

∂yl
esyl

)
+(1− s)

α2amk − ykym
α2

∂Gm
α

∂yl
yles

+
ym
α

∂Gm
α

∂yl∂yk
yles +

ym
α

∂Gm
α

∂yl
yl
(bkα2 − ykβ

α2
es
)}
. (5.2)

Now, we can prove the following.
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Proposition 5.1. Let F = αexp(βα )+εβ be a Finsler metric on a manifoldM .

If F is locally dually flat, there are 1- form θ(x) = θi(x)y
i and scalar function

k = k(x) on M such that:

ymG
m
α = θα2, (5.3)

3r00 − 2θβ = ψα2. (5.4)

Proof. By assumption F is locally dually flat Finsler metrics, it must be satisfy

(3.1). By replacing (5.1) and (5.2) into (3.1), removing denominators and

sorting by α, one can obtain following equation:

0 = α6
{
2es(es + ε)(3sk0 − rk0 − bm

∂Gm
α

∂yk
)
}

+α5
{
2esbk(e

s + ε)(r00 + 2bmG
m
α )

+2εbk(e
s + ε)(r00 + 2bmG

m
α ) + 2ε(es + ε)(3sk0 − rk0 − bm

∂Gm
α

∂yk
)β

+2e2sbk(r00 + 2bmG
m
α ) + 4e2samkG

m
α − 2e2sym

∂Gm
α

∂yk

}
+α4

{
2esyk(e

s + ε)(r00 + 2bmG
m
α ) + 4esεbkymG

m
α + 2esεbk(r00

+2bmG
m
α )β − 4e2samkG

m
α β + 4esεamkG

m
α β + 2e2sym

∂Gm
α

∂yk
β

−2esεym
∂Gm

α

∂yk
β + 4e2sbkymG

m
α

}
+α3

{
− 2esyk(e

s + ε)(r00 + 2bmG
m
α )β − 8e2sbkymG

m
α β − 2e2syk(r00

+2bmG
m
α )β − 4esεbkymG

m
α β − 4esεamkG

m
α β

2 + 2esεym
∂Gm

α

∂yk
β2

}
+α2

{
− 2esεyk(r00 + 2bmG

m
α )β2 − 4esεykymG

m
α β − 4e2sykymG

m
α β

−4esεbkymG
m
α β

2
}
+ α

{
8e2sykymG

m
α β

2 + 4esεykymG
m
α β

2
}

+4esεykymG
m
α β

3. (5.5)

Contracting this equation with bk, yields

0 = α6
{
2es(es + ε)(3s0 − r0 − bm

∂Gm
α

∂yk
bk)

}
+α5

{
2esb2(es + ε)(r00 + 2bmG

m
α )

+2εb2(es + ε)(r00 + 2bmG
m
α ) + 2ε(es + ε)(3s0 − r0 − bm

∂Gm
α

∂yk
bk)β

+2e2sb2(r00 + 2bmG
m
α ) + 4e2sbmG

m
α − 2e2sym

∂Gm
α

∂yk
bk
}

+α4
{
2(es + ε)(r00 + 2bmG

m
α )β + 4esεb2ymG

m
α + 2esεb2(r00
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+2bmG
m
α )β − 4e2sbmG

m
α β + 4esεbmG

m
α β + 2e2sym

∂Gm
α

∂yk
bkβ

−2esεym
∂Gm

α

∂yk
bkβ + 4e2sb2ymG

m
α

}
+α3

{
− 2es(r00 + 2bmG

m
α )β2 − 8e2sb2ymG

m
α β − 2e2s(r00

+2bmG
m
α )β2 − 4esεb2ymG

m
α β − 4esεbmG

m
α β

2 + 2esεym
∂Gm

α

∂yk
bkβ2

}
+α2

{
− 2esε(r00 + 2bmG

m
α )β3 − 4esεymG

m
α β

2 − 4e2symG
m
α β

2

−4esεb2ymG
m
α β

2
}
+ α

{
8e2symG

m
α β

3 + 4esεymG
m
α β

3
}

+4esεymG
m
α β

4. (5.6)

Contracting this equation with bk, yields

0 = α6
{
2es(es + ε)(3s0 − r0 − bm

∂Gm
α

∂yk
bk)

}
+α5

{
2esb2(es + ε)(r00 + 2bmG

m
α )

+2εb2(es + ε)(r00 + 2bmG
m
α ) + 2ε(es + ε)(3s0 − r0 − bm

∂Gm
α

∂yk
bk)β

+2e2sb2(r00 + 2bmG
m
α ) + 4e2sbmG

m
α − 2e2sym

∂Gm
α

∂yk
bk
}

+α4
{
2(es + ε)(r00 + 2bmG

m
α )β + 4esεb2ymG

m
α + 2esεb2(r00

+2bmG
m
α )β − 4e2sbmG

m
α β + 4esεbmG

m
α β + 2e2sym

∂Gm
α

∂yk
bkβ

−2esεym
∂Gm

α

∂yk
bkβ + 4e2sb2ymG

m
α

}
+α3

{
− 2es(r00 + 2bmG

m
α )β2 − 8e2sb2ymG

m
α β − 2e2s(r00 + 2bmG

m
α )β2

−4esεb2ymG
m
α β − 4esεbmG

m
α β

2 + 2esεym
∂Gm

α

∂yk
bkβ2

}
+α2

{
− 2esε(r00 + 2bmG

m
α )β3 − 4esεymG

m
α β

2 − 4e2symG
m
α β

2

−4esεb2ymG
m
α β

2
}
+ α

{
8e2symG

m
α β

3 + 4esεymG
m
α β

3
}

+4esεymG
m
α β

4 (5.7)

which implies that there is a 1- form θ(x) = θi(x)y
l on M such that:

ymG
m
α = θα2, (5.8)

then

0 = α4
{
2es(es + ε)(3s0 − r0 − bmb

k ∂G
m
α

∂yk
) + 4esεb2θ + 4e2sb2θ

}
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+α3
{
2esb2(es + ε)(r00 + 2bmG

m
α ) + 2εb2(es + ε)(r00 + 2bmG

m
α )

+2ε(es + ε)(3s0 − r0 − bmb
k ∂G

m
α

∂yk
)β + 2e2sb2(r00 + 2bmG

m
α )

+4e2sbmG
m
α − 2e2sbkym

∂Gm
α

∂yk
− 8e2sb2θβ − 4esεb2θβ

}
+α2

{
2es(es + ε)(r00 + 2bmG

m
α )β

+2esεb2β(r00 + 2bmG
m
α )− 4e2sbmG

m
α β + 4esεbmG

m
α β

+2e2sym
∂Gm

α

∂yk
bkβ − 2esεym

∂Gm
α

∂yk
bkβ − 4esεθβ2

−4e2sθβ2 − 4esεb2θβ2
}
+ α

{
− 2es(es + ε)(r00 + 2bmG

m
α )β2

−2e2s(r00 + 2bmG
m
α )β2 − 4esεbmG

m
α β

2 + 2esεymb
k ∂G

m
α

∂yk
β2

+8e2sθβ3 + 4esεθβ3
}
+
{
− 2esε(r00 + 2bmG

m
α )β3 + 4esεθβ4

}
. (5.9)

Differentiating (5.8) with respect to yk yields

amkG
m
α + ym

∂Gm
α

∂yk
= θkα

2 + 2θyk. (5.10)

Contracting (5.10) with bk, one has

bmG
m
α + ym

∂Gm
α

∂yk
bk = θkb

kα2 + 2θβ. (5.11)

Also

(5.9) + 2e2sα3 × (5.11)− 2e2s × α2β(5.11) + 2esε× α2β × (5.11)

− 2esεαβ2(5.11)

yields

0 = α5
{
− 2e2sθkb

k
}
+ α4

{
2es(es + ε)(3s0 − r0 − bm

∂Gm
α

∂yk
bk)

+4esεb2θ + 4e2sb2θ + 2e2sθkb
kβ +−2esεθkb

kβ
}

+α3
{
2esb2(es + ε)(r00 + 2bmG

m
α ) + 2εb2(es + ε)(r00 + 2bmG

m
α )

+2ε(es + ε)(3s0 − r0 − bm
∂Gm

α

∂yk
bk)β + 2e2sb2(r00 + 2bmG

m
α )

+4e2sbmG
m
α − 8e2sb2θβ − 4esεb2θβ + 2e2sbmG

m
α − 4e2sθβ

+2esεθkb
kβ2

}
+
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+α2
{
2es(es + ε)(r00 + 2bmG

m
α )β + 2esεb2(r00 + 2bmG

m
α )β

−4e2sbmG
m
α β + 4esεbmG

m
α β − 8esεθβ2 − 4esεb2θβ2 − 2e2sbmG

m
α β

+2esεbmG
m
α β

}
+α

{
− 2es(es + ε)(r00 + 2bmG

m
α )β2 − 2e2s(r00 + 2bmG

m
α )β2

−4esεbmG
m
α β

2 + 8e2sθβ3 + 8esεθβ3 − 2esεbmG
m
α β

2
}

+
{
− 2esε(r00 + 2bmG

m
α )β3 + 4esεθβ4

}
, (5.12)

which implies there is a scalar function k = k(x) on manifold M such that:

2θβ − (r00 + 2bmG
m
α ) = kα2, (5.13)

that is:

bmG
m
α = θβ − r00 + kα2

2
. (5.14)

Diffierentiating (5.14) with respect to yk yields

bm
∂Gm

α

∂yk
= θkβ + bkθ − rk0 − kyk. (5.15)

Plugging (5.14) and (5.15) into (5.12), we can get (5.4). □

Proof of Theorem 1.2: Plugging (5.8) into (5.5), yields

0 = α4

{
2es

(
es + ε)(3sk0 − rk0 − bm

∂Gm
α

∂yk

)
+ 4esεbkθ + 4e2sbkθ

}

+α3

{
2esbk(e

s + ε)(r00 + 2bmG
m
α ) + 2εbk(e

s + ε)(r00 + 2bmG
m
α )

+2ε(es + ε)
(
3sk0 − rk0 − bm

∂Gm
α

∂yk

)
β + 2e2sbk(r00 + 2bmG

m
α )

+4e2samkG
m
α − 2e2sym

∂Gm
α

∂yk
− 8e2sbkθβ − 4esεbkθβ

}

+α2

{
2esyk

(
es + ε

)(
r00 + 2bmG

m
α

)
+ 2esεbk

(
r00 + 2bmG

m
α

)
β

−4e2samkG
m
α β + 4esεamkG

m
α β + 2e2sym

∂Gm
α

∂yk
β − 2esεym

∂Gm
α

∂yk
β

−4esεykθβ − 4e2sykθβ − 4esεbkθβ
2

}
+ α

{
− 2esyk

(
es + ε

)(
r00

+2bmG
m
α

)
β − 2e2syk

(
r00 + 2bmG

m
α

)
β − 4esεamkG

m
α β

2
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+2esεym
∂Gm

α

∂yk
β2 + 8e2sykθβ

2 + 4esεykθβ
2

}
+

{
− 2esεyk

(
r00

+2bmG
m
α

)
β2 + 4esεykθβ

3

}
. (5.16)

We know:

ym
∂Gm

α

∂yk
=
∂(ymG

m
α )

∂yk
− amkG

m
α

= θkα
2 + 2ykθ − amkG

m
α . (5.17)

Pluging (5.17) into (5.16), yields

0 = α5
{
− 2e2sθk

}
+ α4

{
2es(es + ε)(3sk0 − rk0 − bm

∂Gm
α

∂yk
) + 4esεbkθ

+4e2sbkθ + 2e2sθkβ − 2esεθkβ

}
+ α3

{
2esbk(e

s + ε)(r00 + 2bmG
m
α )

+2εbk(e
s + ε)(r00 + 2bmG

m
α ) + 2ε(es + ε)(3sk0 − rk0 − bm

∂Gm
α

∂yk
)β

+2e2sbk(r00 + 2bmG
m
α ) + 6e2samkG

m
α − 4e2sθyk − 8e2sbkθβ

−4esεbkθβ + 2esεθkβ
2

}
+ α2

{
2esyk(e

s + ε)(r00 + 2bmG
m
α )

+2esεbk(r00 + 2bmG
m
α )β − 6e2samkG

m
α β + 6esεamkG

m
α β

−8esεθykβ − 4esεbkθβ
2

}
+ α

{
− 2esyk(e

s + ε)(r00 + 2bmG
m
α )β

−2e2syk(r00 + 2bmG
m
α )β − 6esεamkG

m
α β

2 + 8e2sykθβ
2 + 8esεykθβ

2

}

+

{
− 2esεyk(r00 + 2bmG

m
α )β2 + 4esεykθβ

3

}
.

Plugging (5.14).(5.15) in the above equation:

0 = α4

{
− 2esbk(e

s + ε)k − 2εbk(e
s + ε)k − 2e2sbkk − 2e2sθk

}

α3

{
6es(es + ε)sk0 + 2esεbkθ + 2e2sbkθ − 4esεθkβ − 2esεbkkβ

}
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α2

{
2εbk(e

s + ε)θβ + 2ε(es + ε)(3sk0 + kyk)β + 6e2samkG
m
α

−4e2sθyk − 2ε2θkβ
2 + 2esyk(e

s + ε)kβ + 2e2sykkβ

}

α

{
4e2sykθβ − 6e2samkG

m
α β + 6esεamkG

m
α β − 4esεθykβ + 2esεykkβ

2

}

+

{
− 6esεamkG

m
α β

2 + 4esεykθβ
2

}
, (5.18)

which implies there is scalar function φk = φk(x) on manifold M such that:

2ykθ − 3amkG
m
α = φkα

2. (5.19)

Contracting (5.19) with ail, we have

Gi
α =

1

3
(2θyi − φiα2). (5.20)

By using (5.18) we can obtain two essential equation:

Rat+ αIrat = 0, (5.21)

where

Irat = α

{
α2

[
− 2es(es + ε)bkk − 2εbk(e

s + ε)k − 2e2sbkk − 2e2sφk (5.22)

−2e2sθk

]
+
[
2εbk(e

s + ε)θβ + 6ε(es + ε)sk0β − 2ε2θkβ
2 (5.23)

+4e2sykkβ + 4esεykkβ + 2ε2ykkβ + 2esεφkβ
2
]}

= 0, (5.24)

and

Rat = α2
{
6es(es + ε)sk0 + 2esεbkθ + 2e2sbkθ − 4esεθkβ (5.25)

−2esεbkkβ + 2e2sφkβ − 2esεφkβ
}{

2esεykkβ
2
}
= 0. (5.26)

Contraction this very equation with bk, then k = 0:

s0 =
1

3

{
φkb

kβ − b2θ +
2

(es + ε)

{
εθkb

k − esφkb
k
}
β
}
. (5.27)

we obtain (1.3). This completes the proof. □
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