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Abstract. The use of a distribution D allows the presence of geometric struc-
tures such as almost product structure, so that the equivalent of these struc-
tures can be seen in tangent supermanifolds. We define associated adapted
linear superconnections and find all linear superconnections on the superman-
ifold M adapted to D.
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1. Introduction

In this paper we study relationships between distributions and linear con-
nections on a supermanifold. There are many papers that have studied the
relationship between linear connections and distributions on a manifold. Given
a distribution and an affine connection on a manifold, considering a product
for vector fields allows one to test for geodesic invariance in the same way one
uses the Lie bracket to test for integrability. If the affine connection does not
restrict to the distribution, one can define its restriction and in the process
generalise the notion of the second fundamental form for submanifolds, see [3].

The existence of an adapted linear connection to the distribution D can be
used to study foliated Riemannian manifolds. In [1], the author presented the
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Vranceanu connection on a foliated Riemannian manifold and showed that a
totally geodesic foliation with bundle-like metric is characterized by means of
this connection.

In the graded case, the situation is different and with the presence of odd

variables, the above results are not necessarily obtained.
A supermanifold (or a graded manifold) of dimension (r,s) is a ringed space
M = (M,0)) where M is a topological space (Hausdorff, countable base)
and the structural sheaf O, is a sheaf of super R—algebras with unity, locally
isomorphic to R™*. Let U be an open subset of x € M, we denote the local co-
ordinates of M in (U, Op(U)) by (2%),a = —s,...,—1,1,...,7. The coordinates
(z%),a = 1,...,r are called the even coordinates and the (z%),a = —s,...,—1
are called the odd coordinates, (see [4] and [5] for more information).

If M is a supermanifold, one can then define vector fields on M as derivations
of the sheaf Op;. The derivations form a sheaf of modules over the structure
sheaf Oy, called the tangent sheaf of M, denoted by Tr¢. The dual of T is
denoted by Q}, and is called the cotangent sheaf of a supermanifold M, [2].

Let (M,Op) be an (n 4+ p, m + ¢)—dimensional paracompact supermanifold
and TM be the tangent superbundle of M (for more details see [2] and [6]).
A distribution over M is a graded subsheaf D of Ty which is locally a direct
factor [6].

The use of a distribution D allows the presence of geometric structures such
as almost product structure, so that the equivalent of these structures can be
seen in tangent supermanifolds. We will define associated adapted linear super-
connections and find all linear connections on the supermanifold M adapted
to D.

2. Linear superconnections which restrict to a distribution

Given a distribution D over M and x € M, there exists an open neighbor-
hood U of x and another subsheaf D’ C T M so that for all y € U

TM,y = Dy &) 'D/y. (2.1)

If we denote by P and P’ the projection morphisms of Tp; on D and D’
respectively, then we have the obvious relations

P2 =7,
P’QZP/
P+ P =Id

An almost product structure on a supermanifold is a tensor field F' which
satisfies the condition

F?=1d.
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From the definition of two morphisms P and P’, we see that
F=P_7P, (2.2)

is an almost product structure on M. So (M, D, D’) will be called an almost
product supermanifold. Note that the the projection morphisms P, P’ and F
are even morphisms.

Let D be a distribution and x € M, there is an open subset U over which
any set of generators

{Xi|i: —m,...,—l,l,...,n}
of the module D(U) can be enlarged to a set
{XA} = {XivXa'i: -m,...,—1,1,...,n, a= —q7...,—1,1,...,p}

of free generators of DerOps(U).

Definition. A superconnection on a supermanifold M is an even morphism
Vo Tm = Qy @0, Tu

satisfying the following condition
V(f0) = df @ v+ £.V(v),

where f € Opm(U) and v € Ty (U), (see [2]).

Let D be an (n, m)—distribution on an (n + p,m + ¢)—dimensional super-
manifold M = (M, Oy;). A superconnection V on M is said to be adapted to
D if

VxY €D, for all X € DerOy;,Y € D.

A superconnection V on (M, D, D') is said to be an adapted superconnection
if it is adapted to both distributions D and D’ i.e., for each X,Y € DerOyy,
we have

VxPY €D, VxPYecD. (2.3)
Here, we prove the following.

Theorem 2.1. Given two superconnections (V,V'), where V and V' on D and
D’ respectively, there exists an adapted linear superconnection V on (M, D, D’).

Proof. Tt suffices to consider
VxY = VxPY + VxP'Y, (2.4)
where X,Y € DerOQy,. O
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F is parallel with respect to a linear superconnection V on M if we have
(VxF)Y =VxFY — F(VxY) =0, VX,Y € DerOy. (2.5)
The same definition applies for P and P’.

Theorem 2.2. Let V be a linear superconnection on the almost product su-
permanifold (M, D, D’"). Then the following assertions are equivalent:

(i) V is an adapted linear superconnection.
(ii) The almost product structure F is parallel with respect to V.
(iii) The projection morphisms P and P’ are parallel with respect to V.

Proof. (i — ii) Let V be an adapted linear superconnection on the almost
product supermanifold (M, D, D). Then there exists a pair (V,V’), where V
and V’ are linear superconnections on D and D’ respectively, such that

(VxF)Y =VxFY — F(VxY)
=Vx(PY —=PY) - F(VxPY + VxP'Y)
= (VxPY —VP'Y)— (VxPY — VxP'Y)
= 0.
(ii — i) Let F be parallel with respect to V. If Y € D then we have
Fy =Y

and
VxFY =VyxY = F(VXY).
fVxY=Z+2"ZcDand Z' € D, then

Z4+72 =72 -7'=27'=0
ie.,
VxY =Z¢eD.
Similarly, if Y € D', we have
VxY =2Z¢cD.

Then V is an adapted linear superconnection.

(ii — 4ii) Let the almost product structure F is parallel with respect to V,
then

0=VxFY — F(VxY)
= (VxPY —VxP'Y) - (PVxY - P'VxY)
= (VxPY —PVxY) - (VxPY - P'VxY).

Thus we get
VxPY —PVxY =0
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and
VxPY -PVxY =0.

(iii — i) Since projection morphisms P and P’ are parallel with respect to V,
we have

VxPY —PVxY =0

and
VxPY -PVxY =0.
Thus
VxPY =PVxY €D
and
VxPY =PVxY eD.
This completes the proof. O

Now, let V and V' be linear superconnections on D and D’ respectively.
Locally on U C M we put

a’) VXin = FZX]C)
Ve Xi =T Xk

(V' Xa =T"0,x5-
Thus an adapted linear superconnection V on M is locally given by
(@) Vi, xi =T5xn,
(0) Vyaxi = Tinxs,
(¢) ViyXa =06,
(d) Vi, Xa = F/waﬂ-
Also, the torsion tensor field T* of the linear superconnection V is given by
T(X,Y) =VxY — (-)XIVI¥y X — [X,Y], VX,Y € DerOy. (2.6)
Now, by using (2.1) if we set
(@) T*(xj>x:) = Tpixe + 1’5 Xas
(b) T*(Xas Xs) = —(=DXIIT* (x, xa)
= Tfxn + T X
= (=Pl (T + T'0xs),
() T*(xv>Xa) = T Xk + o X5

then we can obtain all components of T as in the following theorem.
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Theorem 2.3. Let V = (FfA,F'gA) be an adapted linear superconnection on
the almost product supermanifold (M,D,D’). Then the local components of
its torsion tensor field with respect to a nonholonomic frame field {x;, xo} are

given by

(a) Tz]; = F?j - (*1)|Xi“Xj‘F?¢ - Vz];a
(b) T/(i);' 7‘//%'7
(@ T = ~(-1)pelhelrd, T, v,
(d) T’ = —(=phelixelT’y =170 — V70, (2.7)
(6) T(fﬂ = Vaﬁh
1B 1B ollx~ T8 18
(f) T ay — r ay (71)|X Ix |F/'ya -V avy®

Proof. Tt is sufficient to let

(a) Plxs:xi) = Viixn,

() Plxs: Xal = Vidsxr,

(©) PlXa,xi] = —(=1)XlxealP[y; vo]
= Vi Xk
- _(_1)|Xi||Xa\VO’fiXk7

and
(d) P[5 xil = V' ijxe,
(€) P'lxy:Xal = Vx5
() P'Ixi xal = = (=) X'y xi]
= VliiXﬁ
— —(—1)|Xi”X“|V’fan.
Then we get the proof. ]

For any X,Y,Z € DerOy,, the curvature tensor field R* of V is given by

the following formula

RY(X,Y)Z =VxVyZ - (-1)*IVIVyVxZ - Vix v Z. (2.8)

To compute the component of R* we suppose that

(a) R*(xk X5)Xi = R En,
(0) R*(xk> Xa)xi = —(—D)XelE I R* (o xi ) xi
= R?akEh

— _(_1)|XkHX0|R7};LkaEh7
(¢) R*(xg, Xa)Xi = RlosEn,
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and

(d) R*(xXk»X))Xa = RS 1 xss
(6) R*(XkaXV)on = _(_1)IXkHXW|R*(X’vak)Xa

- —(_1)‘Xk||X’Y‘R/§k’YXB’
(f) R*(E,U«?X’Y)XO( = R/i'yp,xﬁ'

Then we have

(a) R?jk — F?jl\k + (fl)IXkl(\EsHIXiIHXj\)Ffjpgk _ (,1)\Xk||Xj|F?kHj
_ (_1)\x7:||x9-|+\xjHEs\p§kpgj _ ijp?s — V’;?‘kr’?

(Ze'2l

(b) Rl =Tl + (~1)el (Bl bl tixabrs T (qjberlixelpt
— (_1)‘X'LHX0¢|+|X0¢HEslrzskrlsla _ V;k]‘_‘?s _ V/Zkrh

(250l

(c) Rbg =T 4+ (~1)al(B:ltbal+xalps TRy (_1)hslixalpl,
_ (_1)|Xl||XocH‘lXaHEs‘I"fBF‘}SLa _ V;BFZ}LS _ V’Zﬁfh

€7

8 8 w4+ 14+ B B | B
(d) Ry =T + (—1holxel bl B o 8 (Cqyhelbolrr £

— (_1)|XjIIXa\JrIXjIIEsIr’aZF'E? _ VjiF/af _ V’jipfag

(e) ngfyk = Fl@gnk 4 (_1)\Xkl(lxa\+|Xw\+|Es|)r’afYF'E£ _ (_1)‘X’<¢||X’Y‘F/a’§|’y

_ (_1)\XwHXa\+|Xw\\Es\F/a2F/E€ _ Vvirlaf _ V/72F/a§7

B B o . B B
(f) R'as, = F/avlu + (=1)1Bul(xal+yI+1E I)I‘/azl"’sﬂ — (_1)|Eu||><w\1"/oml7

— (_1)|Xw\\XalHX«/IIEle’aZF'Eg _ szrlaf _ Vlwirlaf_

Now, we are ready to state and prove the general form of all adapted linear
superconnections on (M, D, D’).

Theorem 2.4. Let (M, D,D’) be an almost product supermanifold and V be
a linear superconnection on M. Then all the adapted linear superconnections
on M are given by

VxY = PVxPY + P'VxP'Y + PS(X,PY) +P'S(X,P'Y), (2.9)

where X,Y are graded vector fields and S is an arbitrary tensor field of type
(1, 2) on M.
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Proof. Let Y € D, then PS(X,PY) € D, PVxPY € D and
P'Y =0.

We can also obtain Y € D’ in a similar way. It is easy to check that V is an
adapted linear superconnection on M.

Conversely, suppose that V is an adapted linear superconnection on M. For
graded vector fields X and Y, if we put

VxY —VxY =8(X,Y), (2.10)
then we have
P(VxPY) =P (@XPY +S(X, PY)) —0,
and
P(VxPY) =P(VxPY + 5(X,P'Y)) =o0.
Thus we see that
VxY =VxY 4+ S(X,Y)
—(P+P)(Vx(P+P)Y) + (P+P)S(X,(P+P)Y)
=PVxPY +P'VxPY +PVxP'Y +P'VxPY
+PS(X,PY) +P'S(X,PY) +PS(X,P'Y)+P'S(X,PY)
which implies that
VxY = PVxPY + P'VxP'Y +PS(X,PY) +P'S(X,PY).
This completes the proof. O

Next, for two graded vector fields X and Y, we define
S°(X,Y) =P'VxPY +PVxP'Y,

and

S'(X,Y) = P(IP'X, PY] = VpxPY ) + P ([PX, P'Y] = VpxP'Y).
Both S° and S* are tensor fields of type (1, 2) on M :

S°(X1f 4+ X2,Y) = P'Vx, ;+x,PY + PVx, 4 x,PY
=P/ (- ¥, PY + Vx,PY)
+ 7)((—1)\X1Hf|fﬁxl7>’y + @XZP’Y).
Then
S°(X1f + X»,Y) :(_1)|X1||f‘f(7>’@xl7>y + P@XIP'Y)

+ (P’@XQPY + P@XJD’Y) .



62 Esmaeil Azizpour and Dordi Mohammad Ataei

Thus we get

S (Xif + Xa,Y) = ((~)M W fP'OR, PY + P/(X1(/)PY))
+ (=) PR, PY + P(X())P'Y))
+ (PI@)QPY + P?)QP/Y)

= (PVx IPY + PV, fPY ) + (P'VX,PY + PVXPY)
which give us

SO(X1f + X2,Y) = S°(Xy, fY) + S°(Xs,Y).

Also, we have

S°(X,Yif +Ya) =P'VxP(Yif +Yo) + PVxP (Y1 f + Yo)
=(-)IMIP'Vx fPY; + P'VxPYs
+ (=) IMIPYy PV + PV P'Ys
—(—1)MIMilpr (X(f)PY1 + (71)|X‘|f‘f@XPY1) + PV xPYs
+ (—1)‘f”YI‘P<X(f)7?’Y1 + (—1)|Xllf\fﬁx7>’yl) +PVXPYy
=0 + (—)FIMIFHXII PV PY, + P'VxPY,
+0 4 (-)IIMHXI PV P'Y) + PVXP'Ys
—(PVXPY: + PVXPYL)f + (P'VXPY; + PVP'Y:)

which implies that

SP(X Y1f +Y2) =5°(X, Y1) f + 5°(X, Y2).
Also, we have
S (XL,Y) =P(IP'(X 1), PY] = Vi PY ) + P ([P(X)), P'Y] = Vi P'Y)

=P(P'(XN)(PY) = (~)XIMIpy (P/(X 1)) ) = P((~1) X111 95 PY)

+ P (PXHPY) = ()P (P ) - P ()XW i Py )
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=P((-)XI P X (PY)
— ()XY HXI Py ()P X + (,1)|Y\\f\fpy(7)/X)))
= P((~)X WV VpxPY + (PX)(F)PY — (P X)()PY)
( WX P X (PTY)
— ()AL (P'Y (£))PX + (_1)\Y|\f|f'p/y(7)X)))
=P ()XW P'Y + (PX)())P'Y = (PX)()P'Y)
=P ((PX)NYPY + (~)X W (P X)(PY) = (-) XY pPy (')
(( DX 5 x PY + (P'X)( Py)
+ P ((PX)NPY + (~)X WM PX (PY) — (-)XIY Py (PX)) )
-7 ((-1) ‘X”f'fVPXP Y+ (PX)())P'Y)
=P(IP'(X), P(fY)] = Vprx)P(SY)) + P ([ PX,P'(fY)] = VpxP'(fY)).
It follows that
S*(X[f,Y)=5"(X, fY).
Also, we have
S (XY 1) = P([PX,PY 1) = Ve P(Y ) + P (IPX, P(Y )] - VoxP'(V )
= P(PX(P(Y ) = ()XIIP(Y ) (P'X) = () 1Vpx fPY)
+ P (PX(P(Y ) = (—)XII(@ (v ))(PX) = (~1)¥ 11155 fP'Y)
- p((fl)ly\\f\p'X(f)pY + ()XY X (PY)
_ (_1)\XIIYf|+|Y|\f|f7)y(7)/X))
L ((_1)\Yl|f|pX(f)'p’Y + ()XY X (P
_ (_1)\X||Yf|+IYHf|fp'y(pX))
— (=) WMIP(PX(FYPY + (1)K fVp 1 PY)
— (=)W (PX(FYP'Y + (~)XI fOpxP'Y ).
Thus
S (XY ) = (PIPX,PY])f ~ (PUpxPY ) [ + (PPX,PY])f = (P'VpxP'Y)f
— S'(X,Y)/.
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By direct calculations we deduce that
(a) PS°(X,PY) =0,
(b) P'S°(X,P'Y) =0,
and
(a) PS*(X,PY) = P([P’X, PY] - %,XPY),
(b) P'S*(X, P'Y) = P'([PX,P'Y] = VpxP'Y).
Finally, we obtain two adapted linear superconnections V° and V
%Y = PVxPY + P'VxP'Y + PS°(X,PY) +P'S°(X,P'Y)
=PVxPY +P'VxP'Y, (2.11)
and
VxY =PVxPY 4+ P'VxP'Y + PS*(X,PY) + P'S*(X,P'Y)
—PVXPY +P'VxP'Y + P([P’X, PY] - %,XPY)
+ P ([PX, P'Y] - %XP’Y)
which yields
VxY =PVx_pxPY + P'Vx_pxP'Y + P[P'X,PY] + P'[PX,PY]
=PVpxPY +P'VpxP'Y +P[P'X,PY]|+P[PX,PY] (2.12)

for graded vector fields X,Y.

If V is torsion-free then for each 4,j,« and 8, we have [E;, E;] € D and
[Eg, Eq] € D'. This means that distributions D and D’ are involutive. So, we
conclude the following.

Corollary 2.5. The following hold:

(i) Two adapted linear superconnections V° and V, defined in (2.11) and
(2.12), coincide if and only if they have the same torsion tensor fields.

(ii) If V is torsion-free then distributions D and D' are involutive.
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