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Some properties of Sasaki metric on the tangent bundle
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Abstract. Let (M, F) be a Finsler manifold and G be the Sasaki-Finsler
metric on the slit tangent bundle TM. In this paper, we investigate some
properties of Sasaki-Finsler metric which is pure with respect to some para-
complex structures on TM. We show that the curvature tensor field of the
Levi-Civita connection on (fz\? , (@) is recurrent or pseudo symmetric if and
only if (M, F) is locally Euclidean or locally Minkowski space.
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1. Introduction

In the context of Riemannian geometry, the tangent bundle T'M of a Rie-
mannian manifold (M, g) was classically equipped with the Sasaki metric g ,
which was introduced in 1958 by Sasaki [18]. The study of the relationship
between the geometry of a manifold (M,g) and that of its tangent bundle
TM equipped with the Sasaki metric g has shown some kinds of rigidity (see
[13, 11]). Other metrics defined by the various kinds of classical lifts of the
metric g from M to TM were defined in [20], and then geometers obtained
interesting results related to these metrics involving the different aspects and
concepts of differential geometry. One can find correct relations between the
geometric properties of (M, g) and (T M, g) in [1, 2, 10, 12, 21]. J. Wang and Y.
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Wang studied geodesics and some curvature properties for the rescaled Sasaki
metric [19]. A. Gezer investigated the rescaled Sasaki type metric on the tan-
gent bundle and the cotangent bundle, see [9, 8]. In [6], A. Bejancu initiate a
study of interrelations between the geometries of both the tangent bundle and
the indicatrix bundle of a Finsler manifold on one side, and the geometry of the
manifold itself, on the other side. Also, he and H.R. Farran studied some in-
teresting geometric characterizations of Finsler manifold of constant curvature
K =1 and calculated the scalar curvature of the tangent bundle of a Finsler
manifold (see [4] and [5]).

This paper is organized as follows: In section 2, we introduce some con-
cepts concerning with the tangent bundle 7'M over an n-dimensional Finsler
manifold (M, F). In section 3, we investigate the paraholomorphy property
of the Sasaki-Finsler metric by using some compatible paracomplex structures
on T'M and give some remarks concerning the twin Norden metric of g. Also
we construct an almost product connection and give conditions for the almost
product connection to be symmetric. Section 4 deals with curvature properties
of the Sasaki-Finsler metric.

2. Preliminaries

Let M be an n-dimensional C'*° manifold, TM = J,,; T M the tangent
bundle and TM := TM — {0} the slit tangent bundle. A Finsler structure
on M is a function F : TM — [0,00) with the following properties: (i) F
is C* on T'My; (ii) F is positively 1-homogeneous on the fibers of tangent
bundle TM, i.e., F(x,\y) = AF(z,y), VA > 0; (iii) The following quadratic
form g, : T, M x T, M — R is positively defined on 7'M

1 0?
g, (u,v) = 286t[F2(y+su+tv) o u,v € Ty M.

s=t=
Then the pair (M, F) is called a Finsler manifold.

Let (M, F) be an n—dimensional Finsler manifold, where F' is the funda-
mental function of (M, F') that is supposed to be of class C*° on the slit tangent
bundle TM = TM\{0}. Denote by (', 4"), the local coordinates on M, where
(x%) are the local coordinates of a point # € M and (') are the coordinates of
a vector y € T, M. Then the functions

1 9%F?
% = 3950y
define a Finsler tensor field of type (0,2) on TM. The n x n matrix [9i;] is
supposed to be positive definite and its inverse is denoted by [g%].

Next we consider the kernel VT'M of the differential of the projection map
7 : TM — M, which is known as vertical bundle on TM. Denote by I‘(VTM )
the f(TM)—module of sections of VI'M , where ]—'(TM) is the algebra of smooth
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functions on TM. Locally, T" (Vﬁl ) is spanned by the natural vector fields
—}. Then by using the functions Nj ¢ we define vector fields
b6 0 ;0

5Ii = axl — Nl @7 XS ‘{17...777/}, (2.1)

{dyl" 7dy

which enable us to construct a complementary vector subbundle HTM to VI M
in TTM that is locally spanned by {%, ey 5x"} We call HTM the horizontal
distribution on TM. Thus the tangent bundle of TM admits the composition

TTM = HTM & VT M. (2.2)

We can define the Sasaki-Finsler metric G' on TM as follows

G(aii’csf;j) = 9ij>
5 0
(5 o) =©

G5 i) = 95 (2.3)

Then we define some geometric objects of Finsler type on TM.
First, the Lie brackets of the above vector fields are expressed as follows:

0
_ _pk
[6351 6353} N R”B R (24)
0
k RN
[ ayJ = T+ L) (2.5)
o 0
o) = 29
The functions Ffj , Lk and Rk given by
1 Ogki | Ogn;  09ij
kE _ L kh i J _ 99ij
ork.
LY =-— fa—y; (2.8)
ory;  ory,
RE = yt( 4 STkl - r’gjrg) (2.9)
and by Euler theorem we obtain
Iyl = NF. (2.10)

We note that Rfj define a skew-symmetric Finsler tensor field of type (1,2)
while (Ff] + ij) are the local coeflicients of locally Minkowski connection.
Some other Finsler tensor fields defined by Rfj will be useful in study of Finsler
manifolds of constant flag curvature :

Rnij = gni Ry, Ryj = Rpijy', RY = g Ry;. (2.11)
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From this we have

y"Ruij =0,  y"Ryj=0,  Ri =Ry, (2.12)
1/0RY  HRF
k J i
= - ). 2.1
RZ] 3 ( ayl ay] > ( 3)

We define a symmetric Finsler tensor field of type(1, 2) whose local components
are given by

B =—L} (2.14)
As a consequence we have
k,j _
By’ =0 (2.15)
Also the Cartan tensor field is given by its local components
1 ., 0g;;
CF = ~ghh 2 2.16
] 29 8yh ( )
by the homogeneity condition for F' we obtain
k,j _
Ciy’ =0. (2.17)

Theorem 2.1. Let (M, F) be a Finsler manifold, then the Levi-civita connec-
tion on (TM,G) are as follows:

D Vs =T (G )
W Vg = (04 3R e+ Mgy
" v%% = (ch+ %Rfj)(s%k - Lfm%k;
i) @E,%aiyj: Z%+ofjaiyk.

3. On Some Paracomplex Structures on Slit Tangent Bundle

An almost paracomplex manifold is an almost product manifold (M, ),
©? = id, such that the two eigenbundles T+ M and T~ M associated to the two
eigenvalues +1 and —1 of ¢, respectively, have the same rank. Note that the
dimension of an almost paracomplex manifold is necessarily even. For almost
paracomplex structure the integrability is equivalent to the vanishing of the
Nijenhuis tensor

Ny(X,Y) = [pX, pY] = p[pX, Y] — [ X, Y] + [X, Y]. (3.1)

On the other hand, in order that an almost paracomplex structure be inte-
grable, it is necessary and sufficient that we can introduce a torsion free linear
connection such that

Ve =0.



Some properties of Sasaki metric on the tangent bundle of Finsler manifolds 27

A paracomplex manifold is an integrable almost paracomplex manifold (M, ¢)
or equivalently it is an almost paracomplex manifold (M, ) such that its Ni-
jenhuis tensors are zero.

A pure metric with respect to the almost paracomplex structure is a Rie-
mannian metric g such that

9(pX,Y) = g(X,pY) (3.2)

for any X,Y € T'M. Such Riemannian metrics were said to be Norden metrics.
If (M, ) is an almost paracomplex manifold with Norden metric, we say that
(M, ¢, g) is an almost Norden manifold. If ¢ is integrable, we say that (M, ¢, g)
is a para-Kahler-Norden manifold. It is remarkable that, a Nodren metric is
called paraholomorphic if

where ¢, is the Tachibana operator:
(009)(X.Y, Z) =(0X)(9(Y, Z)) — X(9(¢Y, Z))
+9((Lye)X,2) +9(V(Lz0)X).  (34)

It is well known that the condition Vi = 0 is equivalent to paraholomorphy of
the Norden metric g [17], i.e.

o9 = 0.

If (M,¢,qg) is a Norden manifold with paraholomorphic Norden metric, we
say that (M, ¢, g) is a paraholomorphic Norden manifold (para-Kéahler-Norden
manifold).

On the slit tangent bundle (TM,G) where G is the Sasaki-Finsler metric
(2.3), we can define an almost paracomplex structure J as following:

(i) =5 (o) = o @9

for all i € {1,2,...,n}.

Suppose that ™ equipped with the Sasaki-Finsler nAle/tric G and the para-
complex structure I defined by (3.5). We show that (T'M,I,G) is an almost
paracomplex Norden manifold.

Theorem 3.1. Let (M, F) be a Finsler manifold and TM be its tangent bun-
dle equipped with the Sasaki-Finsler metric G and the paracomplex structure
J defined by (3.5). The triple (:FM, J,G) is an almost paracomplex Norden
manifold.
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Proof. From (3.2) we have

(G 527) = (5009 5)) = 00
6(I50)57) = 5 T50) =0
() - o) -
G150 55 ) =6 (50 I5)) = 5
So G is pure with respect to J. ([

Theorem 3.2. Let (M, F) be a Finsler manifold and let TM be its tangent
bundle equipped with the Sasaki-Finsler metric G and the paracomplex struc-
ture J defined by (3.5). The triple (m,J, G) is a para-Kahler-Norden (or
paraholomorphic Norden) manifold if and only if M is locally Euclidean.

Proof. Having determined both the Sasaki-Finsler metric G and the almost
paracomplex structure J and by using (3.4) we calculate

Therefore, we have the result. ([l

Now, let us consider an almost paracomplex structure I on TM defined by

I(éi«i) N 5i I(aayi) - a%" (3:6)

for alli e {1,2,...,n}.
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Suppose that ™ equipped with the Sasaki-Finsler metric G and the para-
complex structure I. We show that (TM, I, ) is an almost paracomplex Nor-
den manifold.

Theorem 3.3. Let (M, F) be a Finsler manifold and TM be its tangent bun-
dle equipped with the Sasaki-Finsler metric G and the paracomplex structure
I defined by (3.6). The triple (:ﬁ\?,], G) is an almost paracomplex Norden
manifold.

Proof. From (3.2) we get

(1150 537) = 6 (5o 1G)) =90
o )l ) o
&( (a%)’ a?/j) N G(aii’l(a%j)) -
So G is pure with respect to I. O

Theorem 3.4. Let (M, F) be a Finsler manifold and let TM be its tangent
bundle equipped with the Sasaki-Finsler metric G and the paracomplex struc-
ture I defined by (5.6). The triple (TM,I,G) is a para-Kihler-Norden (or
paraholomorphic Norden) manifold if and only if M is locally Euclidean.

Proof. By using Tachibana operator (3.4), we can get
o 9 ¢

(QSIG) (aiyla Tij @) — Y

90 g
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So Sasaki-Finsler metric G is paraholomorphic if and only if (M, F) is locally
Euclidean. ]

Another almost paracomplex structure on TM is defined by

9(5?;1‘) B 8iyi’ (’(azi) N 5(; 3.7

Theorem 3.5. Let (M, F) be a Finsler manifold and TM be its tangent bun-
dle equipped with the Sasaki-Finsler metric G and the paracomplex structure
0 defined by (3.7). The triple (m,@,G) 18 an almost paracomplex Norden
manifold.

Proof. From (3.2) we get

(0050 527) = S (50-005350) =0
0(9(331)7 %) = G(a(zi,@(%)) = 9ij»
G(e(a%),a%) - G(aayi,e(a%)) ~0.
So G is pure with respect to 6. O

Theorem 3.6. Let (M, F) be a Finsler manifold and let TM be its tangent
bundle equipped with the Sasaki-Finsler metric G and the paracomplex struc-
ture 0 defined by (3.7). The triple (TM,0,G) is a para-Kihler-Norden (or
paraholomorphic Norden) manifold if and only if M is locally Euclidean.

Proof. By similar calculations, we have

(¢0G)<3iyia 6%1’ %) = —(2Ci;x + Riig1)),
(d)eG)(aiyiv aiyj’ %) = —2Lijk,
(%G)(a%w %, 8§’€> = —(2Cijx + R g1k),
(¢0G><8(Z“%’ %) = —2L;j,
(éf’eG)(%, 8iyj’ 5%) = 2Ljk,

(¢9G)<5i2 ; aiyj, %) = 2Cjk,
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6 0 0
(o G) (@7 527" w) =2Cijk + 2R§i9tk7
6 o0 0
(9o G) (@7 527 87yk) = 2L;j1.
So Sasaki-Finsler metric G is paraholomorphic if and only if (M, F) is locally
Euclidean. ]

Consider the almost paracomplex Norden manifold (m,l ,G). The twin
metric tensor of G is the metric defined by

G(X,Y)=G(IX,Y)

for all X,YEX(Z/’J\V/I). So we have
5 0 10 0
(maT,j) = G(a*yww) =0,
(550 55) = 51 (38)

Let (M, F) be a Finsler manifold. Consider the triple (7'M, 6, G) where G is
a twin metric defined by (3.8) and # an almost paracomplex structure defined
by (3.7) we see that

QD

[}

o

6(005305) = -6 (5 1) = -
6005300 0055)) = ~C (555 5y7) =0
é(e(a(zi)’ (i)> - _é(a(zi’%) =90,

~ 0 ~r 0 0
G( (ayl)7 (ayj)> G(ay“ayj) g,_]
Then the triple (m, 0, G‘) is an almost para-Hermitian manifold.

Another almost paracomplex Norden manifold(f]\vl ,0,G), the twin metric
tensor of G is defined by

K(X,Y)=G(6X,Y)

for all X,Y € y(TM). We have

K (5 5) = % (7 37) =°

o 0 a 9
oxt’ Oy oy*’ o7 Jis (3:9)
Let (M, F') be a Finsler manifold and let TM be its tangent bundle equipped
with the Sasaki-Finsler metric G. Then for the triple (T'M, J, K), where K is a
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twin metric defined by (3.9) and J is an almost paracomplex structure defined
by (3.5) we have

K ()9 ) == (5 ) =0

o 0 0 0
(155007 (50)) = =K (555 5y7) = =9
K (1)) =K (5050 55) = =0

0 0 0 0
K(J(—=),J(z=—=))=—-K(z—,s—=) =0
(127 G0)) =% (55 5)
Therefore the triple (f]\? ,J, K) is an almost para-Hermitian manifold.

Now, we define a linear connection V as following
VxY =VxY - 8(X,Y), (3.10)
where V is Levi—CEta connection given by Theorem 2.1 and S is a tensor field
of type (1,2) on TM by
S(X,Y) = %((@JYJ)X + I ((VyJ)X) — J((@XJ)Y)> (3.11)
for all X,Y € x(T'M).

Proposition 3.7. Let (M, F) be a Finsler manifold and let TM be its tangent
bundle equipped with the Sasaki-Finsler metric G and the almost product struc-
ture J defined by (3.5). Then the almost product connection ¥V constructed by
the Levi-Civita connection NV of the Sasaki-Finsler metric G and the almost
product structure J is as follows:

_ 9 )

Vot ga ~ Viiggh

Y YT BN
Va5 =3(Ch+ 3R 5
o, 0 _ 0

ar oy Yoy

Proof. By using Theorem 2.1, the relations (3.10), (3.11) and the almost prod-
uct structure J defined by (3.5), one can get the result. O

Theorem 3.8. Let (M, F) be a Finsler manifold and T M be its tangent bundle.
The almost product connection V constructed by (3.10) is symmetric if and only
if (M, F) is locally Fuclidean.
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Proof. Let T denotes the torsion tensor of V. By using Proposition 3.7, we get

_r 6 0 0 1 1)
T(— =) =_3LFk = _3(C* + ZRF -
(6:0“ 5‘yﬂ) 3L Oyk 3(C + 2R71)5x’“’

T(a%’aiyj) —0

Therefore the almost product connection V is symmetric if and only if (M, F)
is locally Euclidean. O

It is well-known that the almost product structure J is integrable if and only
if there exists a symmetric almost product connection on M [7].

Corollary 3.9. Let (M, F) be a Finsler manifold and T M be its tangent bundle
equipped with the Sasaki-Finsler metric G and the paracomplex structure J
defined by (3.5). The triple (TM,J,G) is a paracomplex Norden manifold if
and only if (M, F) be locally Euclidean.

Finally, we conclude the following.

Corollary 3.10. Let (M, F) be a Finsler manifold and TM be its tangent
bundle equipped with the Sasaki-Finsler metric G. The triple (TM, J, K) is a
para-Hermitian manifold if and only if (M, F) be locally Euclidean, where K is
a twin metric defined by (3.9) and J is an almost paracomplex structure defined

by (3.5).
4. Some Properties of the Sasaki-Finsler Metric

A Riemannian manifold (M, g) is said to be locally symmetric due to E.
Cartan if its curvature tensor R satisfies the relation VR = 0, where V denotes
the operator of covariant differentiation with respect to the metric tensor g.
In this section, we study conditions for the curvature tensor R of G to be
recurrent or pseudo symmetric. If curvature tensor R is recurrent then there
exists a 1-form a on TM such that

(VwR)(X,Y)Z = a(W)R(X,Y)Z (4.1)
for all X,Y,Z, W € X(f]\?) The tangent bundle (m, QG) iAs/called pseudo
symmetric, if there exists a 1-form « and a vector field A on T'M such that

(VwR)(X,Y)Z =2a(W)R(X,Y)Z + a(X)R(W,Y)Z + o(Y)R(X,W)Z

+a(Z)R(X,Y)W + G(R(X,Y)Z,W)A, (4.2)

where A is the G-dual vector field of the 1-form o, e.i.,
G(X,A) = a(X).
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Here, we are going to find the curvature tensor field R of Levi-Civita con-
nection on (T'M,G) in terms of Vranceanu connection V.

Theorem 4.1. [6] Let (M, F) be a Finsler manifold. Then the curvature tensor
field R of Levi-Civita connection on (TM,G) in terms of Vranceanu connection
V is as follows:

) <><>(<>)
) R e )
A[ <x (axj m))
i) ) 5 o )
“o(e 0 ) <5m (i 5))
<00 ae)) #3728 ()

o )|

+C<5iz’3(5fga’ aik)) _C<5ii’c(55y’a§k>>
-3l o) ) + 3 (7) ()
+ ;R<5ii’3(£j’ ajk)) - ;R<5ii’c(5ia’a§k)>
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PN s B BN 0 0\ ¢ 0 6 0
) R )i :R<f. )i A | -2 (555 )

Ayt OyI ) Sk oyt’ 8y dxk
1 0
2 <R<5;v’“ 8y3 ayi>
Lo
2

i
5:5’“ ayJ " Oyt

)
)-37)

( 5mk 8yJ + (R(cSa:k 8y3 ?/)

0 9]

+% < Sk’ Byﬂ [“))—i_éllR<R<6x"C oy’ 8y>
(V8 (G 5) * (7:9) (e )

) ()|

T j ’ xk’
5o (s 5)) ~ 32 (o Rl 55
+ (V2 8) G ) + (5 (e )
(5l )~ 5 (R (r 5))

)
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3 G o)+ 502 0))
oo o) o) - 10(#(6E o) o)
(5(ae)) - 3n{ e ) )
(5 o) o)+ 25
(e ) o) -3 (s ) o)

In [15], Latifi and the author considered the curvatures of tangent bundle
of Finsler manifolds equipped with Cheeger-Gromoll metric and obtained the
following rigidity result.

Theorem 4.2. ([15]) Let (M, F) be a Berwald space and TM be its tangent
bundle with the Sasaki-Finsler metric G. Then TM is flat if and only if M is
locally Fuclidean.

In [6], Bejancu studied the tangent bundle and indicatrix bundle of a Finsler
manifold and obtained the following.

Lemma 4.3. ([6]) Let V and V be the Vranceanu and Levi-Civita connections
on (TM,G) and N = y* 8?;3 be the vertical Liouville vector field on TM. then
we have the following equalities:

0
2 va?ﬂN: oy’
~ 0
2 N = —
) vam 8y7,
3) Vs N=0,
szt
4) Vs N=0,
Szt
6
5) vNéxi =0,
-~
6) vNéxi =0,
0
7 - =0
) vNay,L )
-0
8) vNBTf =0

forany i€ {l,...,n}.
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Theorem 4.4. ([9]) Let (M,g) be a Riemannian manifold and TM be its
tangent bundle equipped with the deformed Sasaki metric ng, The tangent
bundle (TM,®gy) is recurrent if (M, g) is flat and

(VXA Z) = (Vy AR (X, 2) + Ap (X, Ap(Y, 2)) = 45 (Y. A4(X, 2)) = 0,

where
Ap(X)Y) = %(X(f)Y +Y(f)X —g(X,Y)o (df)")

is a (1,2)—tensor field. Thus (TM,®gy) is flat.

For f =1, it follows that ng = 5¢; i.e. the metric ng is a generalization
of the Sasaki metric ®¢. Then, we conclude the following.

Corollary 4.5. [9] Let (M, g) be a Riemannian manifold and TM be its tan-
gent bundle equipped with the Sasaki metric ®g .The tangent bundle (TM,®g)
is recurrent if (M, g) is flat.

Theorem 4.6. Let (M, F') be a Finsler manifold and TM be its tangent bundle
equipped with the Sasaki-Finsler metric G. The tangent bundle (m,G) 18
recurrent if (M, F) is locally Euclidean or a locally Minkowski space. Thus
(ﬁ/f, G) is locally Euclidean.

Proof. We know that if R is recurrent then there exists a 1-form o on TM such
that

(VwR)(X,Y)Z = a(W)R(X,Y)Z, VX,Y,Z,W € x(TM).
First, we set

W=Y=N

=y*'—, X : -
4 oys’ dzt’ OyJ
Then by Theorem 4.1 it follows that

By using Lemma 4.3. we get

) 0 0 0 0
R(ﬁ,N)aiyJ:VJiVNTy]—VNVJi ay] _V[ﬁJv]aiy]:O (44)
Thus (4.3) and (4.4) imply
) 0 5 0 1 6 0
B N - = 3 P - - - R — . 4.
R(&x“ >8y1 C(&xZ’ByJ) 2R(5x“8yﬂ) (4.5)
Now, by using (4.5) and the homogeneity of both C’fj and Rfj we deduce that
- = /0 0 5 0
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If R is recurrent then

o) (% ) = 35 ) ) =2 (o) 0

Second, we set

9] 0
W ) ayl7 6y] )
Using Theorem 4.1 we get
~ g\ 0 o 0
N,—)—=-B - — ). 4.8
R( ’6y1)8y3 (8y“3y3> (48)
Since BZ"] is homogeneous of degree 0 and by using Lemma 4.3., we get
- . o 0 o 0
(VNR)< 78y278yj) (83/2’8]./]) ( )
From recurrence of R we have
o 0 o 0
N)B(—,— | =-B(—,=— ). 4.10
a(N) (ayz,ay]) (ayz,ay]) (4.10)
Let us put
1)
=Z=N, X-= - Y =—.
w ’ dxt’ dad

By Theorem 4.1. we have

By using (4.11) and the homogeneity of Rfj we deduce that
) - =70 0 6 b
(VNR)( N) :VNR< N) - R( )N

S’ §ad” St dad” oxi’ dad

_ _R<%7 %) +R(%,%) —0.  (4.12)

5 4
N R(—., —) —0. 413
a(N)R( 55055 (4.13)
If a(N) = 0, from (4.10) we get Bf; = 0 and from (4.7) we get Cf; = 0, i.e.
(M, F) is a Riemannian manifold. Therefore by using Corollary 4.5. we obtain
ko_
Ri; = 0.
Thus (M, F) is locally Euclidean.

If a(N) # 0, from (4.13) we have Rfj = 0 and from (4.10) and (4.7) we
obtain

Therefore we have

(a(N) + 2)0(%, 6iyj) =0 (4.14)
) + 1B, 2y 9 (4.15)

ay'’ oyl
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If Cf # 0 and Bf; # 0 then from (4.14) and (4.15) we get a(N) = —2 and
a(N) = —1 that is contradiction. If ij =0 and ij # 0 then it is impossible
because from C’fj = 0 we deduce that ij =0. If C’fj # 0 and ij = 0 then
(M, F) is a locally Minkowski manifold. If ij =0 and ij =0 then (M, F) is
locally Euclidean. The last part gets from Theorem 4.2. (I

Theorem 4.7. ([9]) Let (M,g) be a Riemannian manifold and TM be its
tangent bundle equipped with the deformed Sasaki metric ng, The tangent
bundle (TM,®g¢) is pseudo symmetric if (M, g) is flat and

(VXA Z) = (Vy Af) (X, 2) + A; (X, Ap(Y, 2)) = 4, (Y. A4(X, 2)) = 0,

where

XYY = 5 (XY + Y ()X = g(X. V) o (dF)")

is a (1,2)—tensor field. Thus (TM,%gy) is flat.

In [9], Gezer study the tangent bundle with deformed Sasaki metric and
proved the following.

Corollary 4.8. [9] Let (M, g) be a Riemannian manifold and TM be its tan-
gent bundle equipped with the Sasaki metric ®g . The tangent bundle (T M, g)
is pseudo symmetric if (M, g) is flat.

Now, we are going to consider TM with the Sasaki-Finsler metric G and
show that (T'M, G) is locally Euclidean.

Theorem 4.9. Let (M, F) be a Finsler manifold and TM be its tangent bundle
equipped with the Sasaki-Finsler metric G. Then (fz\?, Q) is pseudo symmetric
if (M, F) is locally Euclidean or locally Minkowski space. Thus (m,G) 18
locally Fuclidean.
Proof. The tangent bundle (f]\?, @) is called pseudo symmetric, if there exists
a 1-form o and a vector field A on TM such that (4.2) satisfies.

First, we consider

0 0
W=X=N, Y=_— d Z=_—.
5 ayl arn 6yﬂ

By Theorem 4.1, Lemma 4.3 and homogeneity of Bj; we deduce that

(@NR)(N,a%,aiyj) :B(a%,a%j). (4.16)
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Also, by using Theorem 4.1. we have

~ 0\ 0 ~ o\ 0 0\ 5 0
20(N)R(N, aT,i) 57 T a(N)R(N, ayi)aTﬂ n a(ayi)R(N, N5
0\ 5 0 ~ 0\ 0 N
~ 0\ 0
- 3a(N)R(N, ayi)aT,j
0 0
= 7304(N)B(8yl : @) (4.17)
Therefore from (4.16) and (4.17) we get
0 0 g0 0
Now, we set
0 ]
W=Z=N, X=— and Y =—.
ox’ oxd
By using Theorem 4.1. and homogeneity of Rfj we obtain
N A )
(VNR)(Q, Q,N) —0. (4.19)

By Theorem 4.1 and Lemma 4.3, we have
205 5 )+ (g )R (N ) () R (G M)
+ a(N)R(%, %)N + G(R((;;i, %)N N) i

(i 55) =6 (5 ) v ) A

o 9
From (4.19) and (4.20) we get
)
Finally, we consider
0
I/lf—}f—]\[7 X—@, and Z—aiy‘]7

by using Theorem 4.1., Lemma 4.3. and homogeneity of both Cl’“] and Rfj we

obtain
(@NR)(%,N, %) - —20(%, aiyj)' (4.22)
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On the other hand, by using Theorem 4.1. and Lemma 4.3. we get

204(N)R(%, N) % + a(aii>R(N, N)a% + a(N)J?(%7 N) Qiyj
calp) 1) () )
() < 3r(ay)) e
So from (4.21), (4.22) and (4.23) we obtain

If a(N) =0, from (4.18) we get
k _
Bj; =0
and from (4.24) we obtain
Cl=0

This means that (M, F') is a Riemannian manifold. Therefore by using Corol-
lary 4.8. we obtain

k
Ri; =0
Thus (M, F') is locally Euclidean.

If a(N) # 0, from (4.21) we have Rfj = 0 and from (4.18) and (4.24) we
obtain

(3a(N) + 2)0( 5‘;, a%) —0, (4.25)
(3a(N) + 1)3(8%, a%‘) - (4.26)

k k
If C75 # 0 and Bj; # 0 then from (4.25) and (4.26) we get
2 1
a(N) = —3 and «(N) = —3
that is contradiction. If ij = 0 and ij # 0, then it is impossible because
from C’fj = 0 we deduce that

B =0.

If C’fj # 0 and ij = 0 then (M, F) is a locally Minkowski manifold and If
C’fj =0 and ij = 0 then (M, F) is locally Euclidean. The last part is a result

of theorem 4.2. O
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