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Abstract. In this paper, we study a class of Finsler metrics called general

spherically symmetric Finsler metrics which are defined by the Euclidean met-

ric and related 1-forms. For a class of the metrics in Rn, we prove that it is

projectively flat if and only if it is of scalar flag curvature.
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1. Introduction

Let F = F (x, y) be a Finsler metric on an n-dimensional manifold M . The

geodesic curves of F are given by the system of second order ordinary differen-

tial equations

c̈i + 2Gi(c, ċ) = 0,

where the local functions Gi = Gi(x, y) are called the geodesic coefficients of

F and are defined by

Gi :=
1

4
gil{[F 2]xkylyk − [F 2]xl},

where gij is the inverse of the fundamental tensor gij := [ 12F
2]yiyj .

For any x ∈ M and y ∈ TxM \ {0}, the Riemann curvature Ry = Ri
k

∂
∂xi ⊗

dxk is defined by

Ri
k = 2

∂Gi

∂xk
− ∂2Gi

∂xj∂yk
yj + 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj
∂Gj

∂yk
.
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In Finsler geometry, one of the most important problems is to classify Finsler

metrics of scalar flag curvature. The flag curvature of (M,F ) is the function

K = K(x, y, P ) of a two-dimensional plane called flag P ⊂ TxM and a flag

pole y ∈ P \ {0} defined by

K
(
x, y, P

)
:=

gy
(
Ry(u), u

)
gy(y, y)gy(u, u)−

[
gy(u, y)

]2 ,
where P = span{y, u}. When F is a Riemannian metric, K(x, y, P ) = K(x, P )

is independent of the flagpole y and is just the sectional curvature. A Finsler

metric F is said to be of scalar flag curvature if the flag curvature is independent

of the flag P . In this case, K = K(x, y). Every Finsler surfaces is of scalar flag

curvature. Also, F is said to be of constant flag curvature if K(x, y, P ) is a

constant. Many Finslerian geometers have made effort to study Finsler metrics

of constant (or scalar) curvature, see [1, 3, 7, 8, 13, 14, 19, 21].

The regular case of the Hilbert’s Fourth problem relates to classify the pro-

jective Finsler metric in Rn, [17]. A Finsler metric on an open subset U ⊂ Rn

is said to be projectively flat if all geodesics are straight in U . It is known that

every locally projectively flat Finsler metric is of scalar flag curvature. But the

converse does not hold in general. In fact, there are Finsler metrics of constant

flag curvature or scalar flag curvature, which are not locally projectively flat

[1]. Therefore, it is a natural problem to characterize or classify Finsler metrics

of scalar (resp. constant) flag curvature. This problem is far from being solved

for general Finsler metrics.

In [23], L. Zhou starts the study of Finsler spherically symmetric metrics of

the form

F (x, y) = |y|ϕ
(
|x|, < x, y >

|y|

)
in higher dimensions. They are a special class of general (α, β)-metrics. Re-

cently, some progress has been made on spherically symmetric metrics, [11, 16,

18, 24]. In [9], L. Huang and X. Mo obtained an equation that characterizes

spherically symmetric Finsler metrics of scalar flag curvature. For a class of

these metrics, H. Zhu has proved that it is of scalar flag curvature if and only if

it is locally projectively. Moreover, they established a class of new non-trivial

examples, [22]. In this work, we study this problem for a rich class of Finsler

metrics called general spherically symmetric Finsler metrics, which was first

introduced by B. Li and W. Liu in [12]. For this aim, let us put

r = |y|, u = |x|2, s =
< x, y >

|y|
, (1.1)

v =< a, x >, t =
< a, y >

|y|
, |a| < 1, (1.2)

where x ∈ Rn, y ∈ TxRn, a = aiy
i is a constant 1−form, <,> is the standard

inner product of Rn. Then a general spherically symmetric Finsler metric can
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be written as follows

F = rϕ(u, s, v, t),

where ϕ is a C∞ function. They include many important Finsler metrics such

as spherically symmetric metrics. In [12], W. Liu and B. Li have classified

projectively flat general spherically symmetric Finsler metrics. After that,

Wang et al. gave the equivalent conditions for these metrics to be locally

dually flat. Then by solving the equivalent equations, a group of new locally

dually flat Finsler metrics was constructed [20]. The classification of general

spherically symmetric Finsler metrics with vanishing Douglas curvature has

been completed in [15]. Recently, Cai-Qiu-Wang have studied projectively flat

general spherically symmetric Finsler metrics with constant flag curvature, [4].

Very recently, M. Gabrani, B. rezaei and E. S. Sevim gave the PDE of such

metrics to be Einstein [6].

We prove the following main result:

Theorem 1.1. Let F = rϕ(u, s, v, t) be a general spherically symmetric Finsler

metric on an open subset U ⊂ Rn (n ≥ 3). Assume that Q = Q(u, s, v, t) and

R = R(u, s, v, t) are polynomial functions in s and t, respectively, defined by

(3.1). Then F is of scalar flag curvature if and only if it is locally projectively

flat.

When a = 0 then (1.1) becomes a spherically symmetric F = rϕ(u, s). Its

geodesic coefficients are given by

Gi = rPyi + r2Qxi.

See [9, 23]. Then the following corollary is obvious by Theorem 1.1.

Corollary 1.2. [22] Let F = rϕ(u, s) be a spherically symmetric Finsler metric

on Bn(δ) ⊂ Rn(n > 2). Assume that Q = Q(u, s) is a polynomial in s. Then

it is of scalar flag curvature if and only if it is locally projectively flat.

H. Zhu has constructed a class of non-trivial examples satisfying Corollary

1.2, [22].

2. Preliminaries

A Finsler metric F on an n-dimensional manifold M is a C∞ function on

TM \ {0} which the restriction Fx := F|TxM is a Minkowskian norm on TxM

for any x ∈ M . A global vector field G is induced by F on TM0, which in a

standard coordinate system (xi, yi) for TM0 is given by

G = yi
∂

∂xi
− 2Gi(x, y)

∂,

∂yi
, (2.1)
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and then

Gi :=
1

4
gil

[
∂2(F 2)

∂xk∂yl
yk − ∂(F 2)

∂xl

]
, y ∈ TxM,

where (gil) is the inverse of the fundamental tensor gil := [ 12F
2]yiyl . According

to [15], the spray coefficients of general spherically symmetric Finsler metrics

are given by

Gi = rPyi + r2Qxi + r2Rai, (2.2)

where P = P (u, s, v, t), Q = Q(u, s, v, t) and R = R(u, s, v, t) listed in Appen-

dix section, [15].

The Riemannian curvature Ry = Rj
i

∂
∂xj ⊗ dxi, is defined by

Rj
i = 2

∂Gj

∂xi
− ∂2Gj

∂xm∂yi
ym + 2Gm ∂2Gj

∂ym∂yi
− ∂Gj

∂ym
∂Gm

∂yi
,

and the Ricci curvature is the trace of Riemann curvature, which is defined by

Ric = Rm
m.

F is of scalar flag curvature with flag curvature K if

Rj
i = KF 2gjkhki,

where hki := FFykyi .

Recall that the Riemannian curvature and Ricci curvature of a general spher-

ically symmetric Finsler metric as follows [6]:

Proposition 2.1. [6] Let F = rϕ(u, s, v, t) be a general spherically symmetric

Finsler metric on an open subset U ⊂ Rn (n ≥ 3). Then the Riemann curvature

of F is given by

Ri
j = R1(r

2δij − yiyj) + rR2(rx
j − syj)xi + rR3(ra

j − tyj)xi

+R4(rx
j − syj)yi +R5(ra

j − tyj)yi + rR6(rx
j − syj)ai

+rR7(ra
j − tyj)ai, (2.3)

where

R1 := −2Qs2Ps − 2QstPt + 2Ra2Pt − 2RstPs − 2Rt2Pt + 2PQs+ 2PRt

+2QuPs + 2QvPt + 2RvPs + P 2 − 2 sPu − tPv + 2Q− Ps, (2.4)

R2 := −2Qs2Qss − 2QstQts + 2Ra2Qts − 2RstQss − 2Rt2Qts − a2QtRs

+s2Q2
s + stQsQt + stQsRs + t2QtRs − 2QsQs − 2QtQt − 2QtRs

+2QuQss + 2QvQts + 2RtQs + 2RvQss − uQ2
s − vQsQt − vQsRs

+4Q2 − 2 sQus − tQvs −Qss + 4Qu, (2.5)

R3 := −2Qs2Qst − 2QstQtt + 2Ra2Qtt − 2RstQst − 2Rt2Qtt − a2QtRt

+s2QsQt + stQsRt + stQt
2 + t2QtRt − 2QtRt + 2QuQst + 2QvQtt
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−2RsQs + 2RvQst − uQsQt − vQsRt − vQt
2 + 4QR− 2 sQut

−tQvt −Qst + 2Qv, (2.6)

R4 := −2Qs2Pss − 2QstPts + 2Ra2Pts − 2RstPss − 2Rt2Pts − a2PtRs

+s2PsQs + stPsRs + stPtQs + t2PtRs − PsQs − PtRs − 2QsPs

−2QtPt + 2QuPss + 2QvPts + 2RvPss − uPsQs − vPsRs − vPtQs

+2PQ− PPs − 2 sPus − tPvs − Pss + 4Pu −Qs, (2.7)

R5 := −2Qs2Pst − 2QstPtt + 2Ra2Ptt − 2RstPst − 2Rt2Ptt − a2PtRt

+s2PsQt + stPsRt + stPtQt + t2PtRt − PsQt − PtRt + 2QuPst

+2QvPtt − 2RsPs − 2RtPt + 2RvPst − uPsQt − vPsRt − vPtQt

+2PR− PPt − 2 sPut − tPvt − Pst + 2Pv −Qt, (2.8)

R6 := −2Qs2Rss − 2QstRts + 2Ra2Rts − 2RstRss − 2Rt2Rts − a2RsRt

+s2QsRs + stQsRt + stRs
2 + t2RsRt − 2QtRt + 2QuRss + 2QvRts

−2RsQs + 2RvRss − uQsRs − vQsRt − vRs
2 + 4QR− 2 sRus

−tRvs −Rss + 4Ru, (2.9)

R7 := −
(
2Qs2Rst + 2QstRtt − 2Ra2Rtt + 2RstRst + 2Rt2Rtt + a2Rt

2

−s2QtRs − stQtRt − stRsRt − t2Rt
2 − 2QsRt − 2QuRst − 2QvRtt

+2RsQt + 2RsRs + 2RtRt − 2RvRst + uQtRs + vQtRt + 0sRt

−4R2 + 2 sRut + tRvt +Rst − 2Rv

)
. (2.10)

We can easily obtain the Ricci curvature Ric = Rm
m:

Ric = r2R,

where

R := (n− 1)R1 + (u− s2)R2 + (v − ts)R3 + (v − ts)R6 + (a2 − t2)R7.

Let

Di
jkl : =

∂3

∂yj∂yk∂yl

(
Gi − 1

n+ 1

∂Gm

∂ym
yi
)
.

D = Di
jkl

∂

∂xi
⊗dxj⊗dxk⊗dxk is a tensor on TM \{0} which is called Douglas

tensor. A Finsler metric is called Douglas metric if the Douglas tensor vanishes.

In [15], B. Rezaei and M. Gabrani proved the following lemma.

Lemma 2.2. [15] Let F = rϕ(u, s, v, t) be a Finsler metric on an open subset

U ⊂ Rn (n ≥ 3). Then F has vanishing Douglas curvature if and only if the
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following hold 

Qs − sQss − tQst = 0,

Qt − tQtt − sQst = 0,

Qsss = Qsst = Qstt = Qttt = 0,

Rs − sRss − tRst = 0,

Rt − tRtt − sRst = 0,

Rsss = Rsst = Rstt = Rttt = 0.

(2.11)

Let us put

Ai
j := Ri

j −
Ric

n− 1
δij ,

then the (projective ) Weyl curvature Wy = W i
j

∂
∂xi ⊗ dxj is defined by

W i
j := Ai

j −
1

n+ 1

∂Ak
j

∂yk
yi.

By definition, the Weyl tensor satisfies following

Wy(y) = 0, trace(Wy) = 0.

Thus

W i
j = Ri

j −Rδij −
1

n+ 1

{
∂Rk

j

∂yk
− ∂R

∂yj

}
yi.

F is called a Weyl metric if W = 0. Note that according to Matsumoto’s result,

a Finsler metric is of scalar flag curvature if and only if the Weyl (projective)

curvature vanishes.

For a general spherically symmetric Finsler metric, M. Gabrani, B. Rezaei

and E. S. Sevim proved the following lemma:

Lemma 2.3. [6] Let F = rϕ(u, s, v, t) be a general spherically symmetric

Finsler metric on an open subset U ⊂ Rn (n ≥ 3). Then F is of scalar flag

curvature with the flag curvature κ = κ(x, y) if and only if ϕ satisfies

R2 = R3 = R6 = R7 = 0, (2.12)

where R2, R3, R6 and R7 are given in (2.5), (2.6), (2.9) and (2.10), respectively.

In this case

κ =
R1

ϕ2
,

where R1 is given in (2.4).
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3. General spherically symmetric Weyl metrics

In this section, we are going to prove Theorem 1.1. Firstly, we give the

following result:

Proposition 3.1. Let F = rϕ(u, s, v, t) be a general spherically symmet-

ric Finsler metric on an open subset U ⊂ Rn (n ≥ 3). Assume that Q =

Q(u, s, v, t) and R = R(u, s, v, t) are polynomial functions of degree k with re-

spect to s and t, respectively, defined by
Q(u, s, v) = c0(u, v) + c1(u, v)s+ . . .+ ck(u, v)s

k,

R(u, v, t) = d0(u, v) + d1(u, v)t+ . . .+ dk(u, v)t
k.

(3.1)

If F is of scalar flag curvature, then

Q(u, s, v) = c0(u, v) + c2(u, v)s
2

and

R(u, v, t) = d0(u, v) + d2(u, v)t
2,

where c0, c2, d0 and d2 satisfy

2 d2c2t
2v + 2 d0c2v − ∂

∂v c2st+ 2 c0c2u+ 2 c20 + 2 ∂
∂uc0 − c2 = 0,

∂
∂v c2s

2 − 2 c2sd2tv − 2 c0d2t
2 + 2 c0

(
do + d2t

2
)
+ ∂

∂v c0 = 0,

∂
∂ud2t

2 − c2sd2tv − c2s
2do +

(
c0 + c2s

2
)
d0 +

∂
∂ud0 = 0,

−2 ∂
∂ud2ts+ 2 d0d2a

2 + 2
(
c0 + c2s

2
)
d2v + 2 d20 +

∂
∂vd0 = 0.

(3.2)

Proof. Assume that

Q =
k∑

i=0

ci(u, v)s
i and R =

k∑
i=0

di(u, v)t
i.

We shall prove prove the proposition by induction on k. In particular, we will

verify it for k = 0, 1, 2, 3.

Since F is of scalar flag curvature, we have

R2 = R3 = R6 = R7 = 0, (3.3)

by Lemma 2.3.

(i) k = 0:

Q = c0(u, v), and R = d0(u, v). (3.4)

Putting (3.4) into (3.3) yields

c20 +
∂

∂u
c0 = 0, (3.5)
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2 c0d0 +
∂

∂v
c0 = 0, (3.6)

c0d0 +
∂

∂u
d0 = 0, (3.7)

2 d20 +
∂

∂v
d0 = 0. (3.8)

Thus, the conclusion is clearly true.

(ii) k = 1:

Q = c0(u, v) + c1(u, v)s, R = d0(u, v) + d1(u, v)t. (3.9)

Plug (3.9) into (3.3), we obtain

3 c21s
2 +

(
6 c0c1 + 2

∂

∂u
c1

)
s+ 2 d1c1t

2 + 2 d0c1t− c21u− ∂

∂v
c1t

+4 c20 + 4
∂

∂u
c0 = 0, (3.10)[

− c1d1t+ 2 c1 (d0 + d1t) + 2
∂

∂v
c1

]
s− 2 c0d1t− c1d1v

+4 c0 (d0 + d1t) + 2
∂

∂v
c0 = 0, (3.11)[

− c1d1s+ 2 (c0 + c1s) d1 + 4
∂

∂u
d1

]
t− 2 c1d0s− c1d1v

+4 (c0 + c1s) d0 + 4
∂

∂u
d0 = 0, (3.12)

3 d21t
2 + (6 d0d1 +

∂

∂v
d1)t− d21a

2 + 2 (co + c1s) d1s+ 4 d20

−2
∂

∂u
d1s+ 2

∂

∂v
d0 = 0. (3.13)

By (3.10) and (3.13), we obtain c1 = 0 and d1 = 0, respectively. Then

the case (ii) reduces to the case (i).

(iii) k = 2: 
Q = c0(u, v) + c1(u, v)s+ c2(u, v)s

2,

R = d0(u, v) + d1(u, v)t+ d2(u, v)t
2.

Plugging the above assumptions into (3.3), we get

2 c1c2s
3 + 3 c21s

2 +
[
− 2

∂

∂v
c2t+ 6 c0c1 + 2

∂

∂u
c1

]
s+ 2 d2c1t

3 + 4 d2c2t
2v

+2 d1c1t
2 + 4 d1c2tv + 2 d0c1t+ 4 d0c2v + 4 c0c2u− c21u− ∂

∂v
c1t
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+4 c20 + 4
∂

∂u
c0 − 2 c2 = 0, (3.14)

2
∂

∂v
c2s

2 +

[
− c1 (d1 + 2 d2t) t+ 2 c1

(
d0 + d1t+ d2t

2
)

−2 c2 (d1 + 2 d2t) v + 2
∂

∂v
c1

]
s− 2 c0 (d1 + 2 d2t) t− c1 (d1 + 2 d2t) v

+4 c0
(
d0 + d1t+ d2t

2
)
+ 2

∂

∂v
c0 = 0, (3.15)

4
∂

∂u
d2t

2 +

[
− (c1 + 2 c2s) d1s+ 2

(
c0 + c1s+ c2s

2
)
d1 − 2 (c1 + 2 c2s) d2v

+4
∂

∂u
d1

]
t− 2 (c1 + 2 c2s) dos− (c1 + 2 c2s) d1v + 4

(
co + c1s+ c2s

2
)
d0

+4
∂

∂u
d0 = 0, (3.16)

2 d1d2t
3 + 3 d21t

2 +
(
6 d0d1 − 4

∂

∂u
d2s+

∂

∂v
d1

)
t+ 4 d0d2a

2 − d21a
2

+2
(
c0 + c1s+ c2s

2
)
d1s+ 4

(
c0 + c1s+ c2s

2
)
d2v + 4 d20 − 2

∂

∂u
d1s

+2
∂

∂v
d0 = 0. (3.17)

By (3.14) and (3.17), we have

c1 = 0 and d1 = 0,

respectively. Plug c1 = 0 and d1 = 0 into (3.14)-(3.17), then (3.2)

holds.

(iv) k = 3:
Q = c0(u, v) + c1(u, v)s+ c2(u, v)s

2 + c3(u, v)s
3,

R = d0(u, v) + d1(u, v)t+ d2(u, v)t
2 + d3(u, v)t

3.

(3.18)

Putting (3.18) into (3.3) yields

−5 c23s
6 − 6 c2c3s

5 +
(
3 c23u− 6 c1c3

)
s4 +

(
4 c2c3u− 10 c0c3 + 2 c1c2

−2
∂

∂u
c3

)
s3 +

(
− 6 d3c3t

4 − 6 d2c3t
3 − 6 d1c3t

2 − 6 doc3t+ 6 c1c3u

−3
∂

∂v
c3t+ 3 c21

)
s2 +

(
12 d3c3t

3v + 12 d2c3t
2v + 12 d1c3tv
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+12 doc3v + 12 c0c3u− 2
∂

∂v
c2t+ 6 c0c1 + 2

∂

∂u
c1 − 6 c3

)
s+ 2 d3c1t

4

+4 d3c2t
3v + 2 d2c1t

3 + 4 d2c2t
2v + 2 d1c1t

2 + 4 d1c2tv + 2 doc1t

+4 doc2v + 4 c0c2u− c21u− ∂

∂v
c1t+ 4 c20 + 4

∂

∂u
c0 − 2 c2 = 0, (3.19)

[
c3

(
d1 + 2 d2t+ 3 d3t

2
)
t− 2 c3

(
do + d1t+ d2t

2 + d3t
3
)
+ 2

∂

∂v
c3

]
s3

+
[
− 3 c3

(
d1 + 2 d2t+ 3 d3t

2
)
v + 2

∂

∂v
c2

]
s2 +

[
− c1(d1 + 2 d2t

+3 d3t
2)t+ 2 c1

(
do + d1t+ d2t

2 + d3t
3
)
− 2 c2

(
d1 + 2 d2t+ 3 d3t

2
)
v

+2
∂

∂v
c1

]
s− 2 c0

(
d1 + 2 d2t+ 3 d3t

2
)
t− c1

(
d1 + 2 d2t+ 3 d3t

2
)
v

+4 co
(
do + d1t+ d2t

2 + d3t
3
)
+ 2

∂

∂v
co = 0, (3.20)

[ (
c1 + 2 c2s+ 3 c3s

2
)
d3s− 2

(
c0 + c1s+ c2s

2 + c3s
3
)
d3 + 4

∂

∂u
d3

]
t3

+
[
− 3

(
c1 + 2 c2s+ 3 c3s

2
)
d3v + 4

∂

∂u
d2

]
t2 +

[
− (c1 + 2 c2s

+3 c3s
2)d1s+ 2

(
co + c1s+ c2s

2 + c3s
3
)
d1 − 2 (c1 + 2 c2s

+3 c3s
2)d2v + 4

∂

∂u
d1

]
t− 2

(
c1 + 2 c2s+ 3 c3s

2
)
dos− (c1 + 2 c2s

+3 c3s
2)d1v + 4

(
co + c1s+ c2s

2 + c3s
3
)
do + 4

∂

∂u
do = 0, (3.21)

−5 d23t
6 − 6 d2d3t

5 +
(
3 d23a

2 − 6 d1d3
)
t4 + (4 d2d3a

2 + 2 d1d2

−10 dod3 −
∂

∂v
d3)t

3 +
[
− 6

(
c0 + c1s+ c2s

2 + c3s
3
)
d3s

+2 (6 d1d3 + 2 d22)a
2 −

(
6 d1d3 + 4 d22

)
a2 + 3 d21 − 6

∂

∂u
d3s

]
t2

+
[
2 (2 d1d2 + 6 dod3) a

2 − 4 d1d2a
2 + 12

(
c0 + c1s+ c2s

2 + c3s
3
)
d3v

+6 dod1 − 4
∂

∂u
d2s+

∂

∂v
d1

]
t+ 4 dod2a

2 − d21a
2 + 2 (c0 + c1s+ c2s

2

+c3s
3)d1s+ 4

(
c0 + c1s+ c2s

2 + c3s
3
)
d2v + 4 d2o

−2
∂

∂u
d1s+ 2

∂

∂v
do = 0. (3.22)

By (3.19) and (3.22), we have

c3 = 0 and d3 = 0,

respectively. Therefore, (iv) reduces to (iii).
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Now, suppose that k = l − 1, namely,

Q =

l−1∑
i=0

ci(u, v)s
i

and

R =

l−1∑
i=0

di(u, v)t
i.

Then, we have

c1 = 0, ci = 0, i = 3, 4, . . . , l − 1, (3.23)

d1 = 0, di = 0, i = 3, 4, . . . , l − 1. (3.24)

Then, it clear that the equations below

Q = c0(u, v) + c1(u, v)s
2,

and

R = d0(u, v) + d1(u, v)t
2,

where c0, c2, d0 and d2 satisfy (3.2).

In additional, consider that the case k = l (l ≥ 3), namely,

Q =
l∑

i=0

ci(u, v)s
i, and R =

l∑
i=0

di(u, v)t
i. (3.25)

If we substitute (3.25) into the first and fourth equations of (3.3), we obtain

A2l(u, v)s
2l +A2l−1(u, v)s

2l−1 + . . .+A1(u, v, t)s

+A0(u, v, t) = 0, (3.26)

B2l(u, v)t
2l +B2l−1(u, v)t

2l−1 + . . .+B1(u, v, s)t

+B0(u, v, s) = 0, (3.27)

where

A2l(u, v) := −(l2 − 4)c2l , (3.28)

B2l(u, v) := −(l2 − 4)d2l . (3.29)

By (3.26) and (3.27), we have

Ai = 0, i = 0, 1, . . . , 2l

and

Bi = 0, i = 0, 1, . . . , 2l,

respectively.

Note that l ≥ 3. Take i = 2l, then by (3.28) and (3.29), we get

cl = 0, dl = 0.
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Moreover, by (3.23) and (3.24), it is easy to see that for k = l,

c1 = 0, ci = 0, i = 3, 4, . . . , l (3.30)

d1 = 0, di = 0, i = 3, 4, . . . , l (3.31)

and c0, c2, d0 and d2 satisfy (3.2).

Thus, by the principle of mathematical induction, we proved the proposition

3.1. □

The following proposition extends [22, Lemma 3.1], which was proved for

spherically symmetric metrics.

Proposition 3.2. Let F = rϕ(u, s, v, t) be a general spherically symmet-

ric Finsler metric on an open subset U ⊂ Rn (n ≥ 3). Assume that Q =

Q(u, s, v, t) and R = R(u, s, v, t) are polynomial functions in s and t, respec-

tively, defined by (3.1). Then the following conditions are equivalent.

(a) F is of scalar flag curvature.

(b) The quantities Q and R are given by

Q(u, s, v) = c0(u, v) + c2(u, v)s
2,

and

R(u, v, t) = d0(u, v) + d2(u, v)t
2,

where c0, c2, d0 and d2 satisfy (3.2).

(c) F is locally projectively flat.

Proof. We prove the theorem as follows:

(a) ⇒ (b). It follows from Proposition 3.1.

(b) ⇒ (c). Since

Q(u, s, v) = c0(u, v) + c2(u, v)s
2

and

R(u, v, t) = d0(u, v) + d2(u, v)t
2,

then F is a Douglas metric by Lemma 2.2, which means that D = 0. Further,

by the assumption (b), F is of scalar flag curvature by Proposition 3.1, which

means that W = 0. According to Douglas’ result, a Finsler metric is locally

projectively flat if and only if it has vanishing Douglas curvature and Weyl

curvature, [5]. Hence, F is locally projectively flat.

(c) ⇒ (a). It follows from [10] or Proposition 6.1.3 in [2]. □
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Proof of Theorem 1.1: The proof directly follows from Proposition 3.2. □

References

1. D. Bao, C. Robles, and Z. Shen, Zermelo navigation on Riemannian manifolds, J. Diff.

Geom. 66(3) (2004), 377-435.

2. S. S. Chern and Z. Shen, Riemannian-Finsler Geometry. World Scientific Publisher,

Singapore (2005).

3. X. Cheng and Z Shen, Randers metrics of scalar flag curvature, J. Aust. Math. Soc. 87

(2009), 359-370.

4. G. Cai, C. Qiu and X. Wang, On some classes of projectively flat Finsler metrics with

constant flag curvature, Differ. Geom. Appl. 68 (2020), 101579.

5. J. Douglas, The general geometry of paths, Annals of Mathematics. (1927), 143-168.

6. M. Gabrani, B. Rezaei, and E. S. Sevim, General spherically symmetric Finsler metrics

with constant Ricci and flag curvature, Differ. Geom. Appl. 76 (2021), 101754.

7. M. Gabrani, B. Rezaei, and E. S. Sevim, A class of Finsler metrics with almost vanishing

H-and Ξ-curvatures, Results in Mathematics. 76(1) (2021), 1-17.

8. M. Gabrani and E. S. Sevim, On projectively flat Finsler warped product metrics with

isotropic E-curvature, Journal of Finsler Geometry and its Applications, 1(2) (2020),

54-62.

9. L. Huang and X. Mo, On spherically symmetric Finsler metrics of scalar curvature, J.

Geom. Phys. 62 (2012), 2279-2287.

10. B. Ludwig, ber dien-dimensionalen Geometrien konstanter Krmmung, in denen die Ger-

aden die krzesten sind, Mathematische Zeitschrift. 30(1) (1929), 449-469.

11. H. Liu and X. Mo, Examples of Finsler metrics with special curvature properties, Math.

Nachr. 13 (2015), 1527-1537.

12. W. Liu and B. Li, Projectively flat Finsler metrics defined by the Euclidean metric and

related 1-forms, Differ. Geom. Appl. 46 (2016), 14-24.

13. X. Mo, Finsler metrics with constant (or scalar) flag curvature, Proc. Indian Acad. Sci.

(Math. Sci.) 122(3) (2012), 411-427.

14. X. Mo, On some Finsler metrics of constant (or scalar) flag curvature, Houston J. Math.

38 (2012), 41-54.

15. B. Rezaei and M. Gabrani, A class of Berwaldian Finsler metrics, Acta Mathematica
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