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Abstract. In this paper, we study Ricci-Bourguignon soliton on Finsler man-
ifolds and prove any forward complete shrinking Finslerian Ricci-Bourguignon
soliton under some conditions on vector filed and scalar curvature is compact
and its fundamental group is finite.
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1. INTRODUCTION

Over the last few years, geometric flows have been a topic of active research
interest in both mathematics and physics. A geometric flow is an evolution
of a geometric structure as metric under a differential equation related to a
functional on a manifold, usually associated with some curvatures. Also, Ricci
solitons and Yamabe solitons play an important role in geometric flow where
they correspond to self-similar solutions of the flow. Hence, given a geomet-
ric flow it is natural to investigate the solitons associated to that flow. In
1982, R. S. Hamilton introduced the intrinsic Riemannian geometric flows on
Riemannain manifolds, Ricci flow [16] as

£r8(t) = —2Ric(g(), (1.1
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and Yamabe flow [17] as

0

&g(t) = _Rg(t)g(t)v (12)
which are evolution equations for Riemannian metrics and R is the scalar cur-
vature. Then J. P. Bourguignon [12] introduced Ricci-Bourguignon flow on
Riemannian manifolds (M™,g(t)) as

0 .

—g(t) = —2(Ric — pRg) (1.3)
where p is a real constant. Short-time existence and uniqueness for solution to
the Ricci-Bourguignon flow on [0,7") have been shown by Catino et al. [13] for

1

P<om=—1)

When p = 0, the Ricci-Bourguignon flow reduces to the Ricci flow.

On a Riemannain manifold (M",g) and a non-vanishing vector field X is
said to define a Ricci-Bourguignon soliton if there exists a real constant A such
that

1
Ric + iﬁxg = \g + pRg, (1.4)

where Lxg denotes the Lie derivative of the metric g in the direction of the
vector field X. If the vector field X is of gradient type, X = V f, for a smooth
function f on M, then the Ricci-Bourguignon soliton is called a gradient Ricci-
Bourguignon soliton. The soliton is called expanding, steady, shrinking when
A is negative, zero and positive, respectively.

In recent years, many authors studied the Ricci-Bourguignon soliton on
Riemannain manifolds. In [14], Catino et al. classified noncompact gradi-
ent shrinkers of gradient Ricci-Bourguignon soliton with bounded non-negative
sectional curvature. In [11, 15] the authors have obtained some results on Ricci-
Bourguignon solitons and almost Ricci-Bourguignon solitons on Riemannian
manifolds.

On the other hand, the concept of the Ricci flow on Finsler manifolds is
defined by Bao [5], choosing the Ricci tensor introduced by Akbar-Zadeh. The
existence and uniqueness of solutions to the Ricci flow and Yamabe flow on
Finsler manifolds are shown in [3, 4, 7]. In [8], Bidabad and Yar Ahmadi intro-
duced Ricci solitons on Finsler manifolds as a generalization of Einstein space
and shown that if there is a Ricci soliton on a compact Finsler manifold then
there exists a solution to the Finsler-Ricci flow. Then, in [10, 19], they estab-
lished a forward complete shrinking Finsler-Ricci soliton space is compact if
and only if the corresponding vector field is bounded and a compact shrinking
Finsler-Ricci soliton space has a finite fundemental group. Also, they obtained
similar results for complete Finslerian Yamabe soliton [9].
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Motivated by the above studies, in the present paper, we establish some
properties of Ricci-Bourguignon solitons on Finsler manifolds. In fact, we prove
the following theorems.

Theorem 1.1. Let (M, F) be a forward geodesically complete Finsler manifold
satisfying

2Ricij + Lygi5 > 2(A+ pH )gij, (1.5)
where V denotes the complete lift of the vector field V on M. Suppose that the
following holds

H<K;, and M+pH2>0
for some positive real constants p and Ky. Then M is compact if and only if
[|V]] is bounded on M by a constant Ka. Moreover, in this case we have

diam(M) < #pKl <K2 K3+ (- 1)(A+ pK1)>.

Then, we prove the following.

Theorem 1.2. Let (M, F) be a geodesically complete Finsler manifold satisfy-
ing (1.5), where V' denotes the complete lift of the vector field V- on M. Suppose
that the following holds

H < Ky, and AN+pH >0

for some positive real constants p and Ky. Then, for any two points p,q in M
we have

1
dtpa) < ma {1, 5 (20 = 1)+ Ay 4 A+ VIV )

Finally, we show the following.

Theorem 1.3. Let (M, F) be a complete connected Finsler manifold satisfying
(1.5), where V denotes the complete lift of the vector field V on M. If H < K;
and A+pH > 0 for some positive real constants p and K., then the fundamental
group w1 (M) of M is finite.

2. PRELIMINARIES

In this section, we recall some basic concepts and facts in Finsler geometry
from [1, 5, 18].

Let M™ be a smooth, connected differentiable manifold and TM be the
tangent bundle. A Finsler structure on M is a function F': TM — [0, c0) with
the following properties:

(i) F is smooth function on T'My := TM \ {0};
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(i) F(z, \y) = AF(z,y) for all (z,y) € TM and all A > 0,
(iii) the n x n matrix
(y) = 1 0
Jig\y) = 2 Oyioyd
is positive definite for every (z,y) € T Mp.

Such a pair (M, F) is called a Finsler manifold and g(z,y) = g;;y%y’ is called
fundamental tensor of F', where y € T, M.

F?(z,y)

The natural projection map 7 : T My — M gives rise to the pull-back bundle
7T M and its dual bundle 7*T*M over T'My. The pull-back bundle 7*T M
admits a unique connection which is called the Chern connection. The Chern
connection is determined by the following structure equations,

DYY — Dy X = [X,Y],

and

Xgv(Y,Z) = gv(DXY, Z) + gv (Y, DX Z) + 2Cy (DX V.Y, Z),
for Ve T,M\ {0}, X,Y,Z € T, M, where

Cv(X,Y,Z) := Ci;(V)XYIZF = 1ﬂ(mxiyjzk

VA S Tk T 4QVigVigvh

is the Cartan tensor of F' and D{Y the covariant derivative with respect to
vector V € T, M \ {0}. The coefficients of the Chern connection are

N (59kl+69ﬂ 59jk>

oxd  dxk ot

Il =3

where

i1 is(agsj_agjk 3gks)
Vit =29\ Gak T s T 9wd )

G’ = 77;kylyj?

2
e
3 ayl’
6 0 0
Szt Oxt Loy’

and the pair {%, a%j} forms a horizontal and vertical frame for TT'M.

The coefficients of the Riemann curvature R, = R} dz’ @ a?ci are given by
; oG" 0*Gt - 0%GH oG 0GY
k Ok 3IJ8yky + Oyidyk Oyl Oyk’ (2.1)

and the Ricci scalar function of F' is given by

1 .
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A companion of the Ricci scalar is the Akbar-Zadeh’s Ricci tensor
1
Ricyj := (2F2’Ric) .
yiyl

Let V = v?-2; be a smooth vector field on Finsler manifold M. The complete

ox?
lift of V' is a globally defined vector field on T'Mj given by
. .0 S ovt 0
Vi=v (9xi+y (8xj)8yi

and the Lie derivative of a Finsler metric tensor g;; in direction Vs given by
E‘;-gjk = Vv + Vv + Q(Vovl)Oljk, (2.2)

where V is the Cartan h-covariant derivative, Vy := y?V b For any piecewise

smooth curve v : [a,b] = M on (M, F') with the velocity
dy _dy 0
dt — dt O
the integral length L(v) is given by
b
dy
L) = [ P G
and distance function d : M x M — [0, 00) defined by
d(p,q) = inf {L(’Y) v € L(p, q)},

where I'(p, ¢) denotes the collection of all piecewise smooth curve v : [a,b] — M
with v(a) = p and (b) = q.

Now, suppose that y(s), s € [0,r], is a geodesic of Cartan connection pa-
rameterized by the arc length s with variation £(s,t). Let
_ 98
~ 0s’
_ 98
ot
B {(s,t)|0§s§r, —egtge}—>TM0

U

defined by

B(s,t) = (5(s,t),T(s,t))

be canonical lift of 5. Then, the second variation of arc length in Finsler
geometry is given by

L"(0) = g(V U, T)‘;+/OT [g(vTU, V:U) = g(R(U,T)T,U) — ‘%Q(U’ T)ﬂ ds,
(2.3)
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where R R
.08 . 9B
T=— U=—.
0s’ ot
Let us denote by S, M the set consisting of all rays [y] := {A\y|\ > 0}, where
y € T, My. The sphere bundle of M, i.e. SM, is the union of S,M’s , SM =

U S, M, and it has a natural (2n — 1)-dimensional manifold structure.
xr

Let u : M — SM be a unitary vector fields and w = u;dz’ the corresponding
1-form. We consider the volume form

B (_1) n(nz—l)
T T o)

on the sphere bundle SM. Let a = a;dx? be a horizontal 1-form on SM, then
the divergence of o with respect to the Cartan connection is defined as

wA (dw)" 1

div(w) = —Viai + OZiVQCi,
where C? is the trace of Cartan tensor, and when manifold M is closed we get

/ div(a)n = 7/ (Via' — a;VoC")n = 0. (2.4)
SM SM

Also, given a vector field V = v? 6‘27., on M define

V]l = ax, \/ 9ol

where x € M.

3. CoMPACT RICCI-BOURGUIGNON SOLITON

Let (M, F) be a Finsler manifold and V = v* 6213 a vector field on M. Similar
to Riemannian manifolds, a Finslerian Ricci-Bourguignon soliton is a Finsler
manifold (M™, F') endowed with a vector filed V on M such that the funda-

mental tensor g of F' satisfies

2Ricij + Ly gij = 2Agij + 2pHgij, (3.1)
where V is the complete lift of V, H = g Ric;; and X is a real constant.
Multiplying the both sides of (3.1) by y'y’, we obtain

2F?Ric+ Ly F? = 20\F? + 2pHF?, (3.2)

The Finslerian Ricci-Bourguignon soliton is called expanding, steady, shrinking
when A is negative, zero and positive, respectively. When manifold (M, F) is
forward complete (res. compact) then Finslerian Ricci-Bourguignon soliton is
called forward complete (res. compact).

Proof of Theorem 1.1: If M is compact manifold then ||V|| will be bounded
on M. Conversely, assume that [[V|| is bounded on M by a constant Ko
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and p,q be two points in M jointed by a minimal geodesic « : [0,00) — M
parameterized by the arc length ¢. According (2.2), along geodesic « we have

oLy gj, ="l (Vjvk + Vv, + Q(Vovl)Cljk). (3.3)
Since along the geodesic a, we have
IV gt (oc(t), o/(t)) =0,

then (3.3) becomes

o7 L gk = 20" a7V juy,. (3.4)
Replacing

"IV jup, = %(a’kvk)

n (3.4) we get

QLo g = th (a’kvk>. (3.5)

Multiplying the both sides of (3.1) by a/*a’/ and using (3.5) we obtain

o' Ricy; > o'/’ (A + pH)gi; — pr (a vk) > A+ pKy + dt( a*vy). (3.6)
The Cauchy-Schwarz inequality implies that
= o™l = g (a(t),o'())a"ul < lgu(alt), o/ (1) ) v*o')2
S T M CIORMO) T
= [Vllae
< K.

Now, the Lemma 1 of [2] implies that M is compact and

diam(M) < T

< g (Fo + K+ (= D+ 0K ).

This completes the proof. (Il

By Theorem 1.1, we get the following.

Corollary 3.1. Let (M, F) be a forward complete shrinking Finslerian Ricci-
Bourguignon soliton. If H < Ky and \+pH > 0 for some positive real constant
p, then M is compact if and only if ||V|| is bounded on M by a constant Ko
and moreover, in this case we have

diam(M) < #/)Kl <K2 + \/Kg +(n—1)\+ pK1)>.
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Let (M, F) be a Finsler manifold and p € M. Set

A, = sup max |Ric(z,y)|,
zeBy ()UB; (1) Y€S=M

where
+(1) — —(1) —
Bf (1) := {x e Mld(p,z) < 1}, B, (1) := {z e Mld(z,p) < 1}.
Now, we are ready to prove Theorem 1.2.
Proof of Theorem 1.2: Without loss of generality we assume that d(p, q) > 1.

Let p,q be two points in M jointed by a minimal geodesic a : [0,00) — M
parameterized by the arc length ¢. Taking integral of both sides of (3.6) we get

/ Ric(a, ')dt > (A + pK1)r — o (r)vy, + o/F(0)vy,. (3.7)
0
The Cauchy-Schwarz inequality implies that

o (0)ue| < [IV[],

and
* (r)vk| < [V |g-

Hence, we can write (3.7) as

| Rictaayat = v gy = V1L = 1V (3.5)
On the other hand from Lemma 3.1 of [10], we have
/OT Ric(a,a)dt <2(n—1) + A, + A,. (3.9)
Substutiting (3.9) into (3.8), we conclude
2(n = 1)+ Ap+ Mg = A+ pEL)r = [V, = [[Vlg, (3.10)
which proves (1.6). O

Corollary 3.2. Let (M, F) be a complete shrinking Finsler Ricci-Bourguignon
soliton. If H < Ky and A+ pH > 0 for some positive real constant p, then for
any two points p,q in M we have (1.6).

Proof of Theorem 1.3: Let p : M — M be the universal covering manifold of
M, it is well known that the fundamental group is in one-to-one corresponding
with discrete counterimage of a basepoint x € M. The pullback of the complete
lift p: TM — TM given by
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It defines a Finsler structure on M as
F=p*F:=Fop:TM — [0,00).

Notice that p: (M, F) — (M, F) is a local isometry. We have

P'9=9,
$* Ric = Ric,
P Lyg =Ly 3,

where W = p*V. Inequality (1.5) implies that
2Ricij + Ly Gi; > 20\ + pH) G- (3.11)
Let h be a deck transformation on M and Z € M. Since h is an isometry and
H =p*H, we get
H < K;.

By Theorem 1.2, we can write

1
T T < B - T s T T
a(#n(@)) < max{l, i (20— D+ As Ay +IIW L + ||W||W>)}

2

Let 2 = p(Z). Then p~!(z) is forward bounded and the closed and forward
bounded subset p~(x) of M is compact and being discrete. Since M is a
universal covering and 71 (M, ) is in a bijective corresponding with p~1(z) we
conclude 71 (M, z) is finite. On the other hand M is connected, hence all of
its fundamental group w1 (M,x), © € M are isomorphic. Therefore 71 (M) is
finite. O

Then, we conclude the following.

Corollary 3.3. Let (M, F) be a complete shrinking Finsler Ricci-Bourguinon
soliton. If H < Ky and A+ pH > 0 for some positive real constant p, then the
fundamental group w1 (M) of M is finite.
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