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Abstract. The norm of Cartan torsion plays an important role for studying
of immersion theory in Finsler geometry. In this paper, we find necessary and
sufficient condition under which a class of Finsler metrics defined by a Rie-
mannian metric and a 1-form on a manifold has bounded Cartan torsion.
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1. INTRODUCTION

One of the complicated problems in Finsler geometry is whether or not
every Finsler manifold can be isometrically immersed into a Minkowski space.
The answer is affirmative for Riemannian manifolds. In [12], J. Nash proved
that any n-dimensional Riemannian manifold can be isometrically imbedded
into a higher dimensional Euclidean space. In [9], Ingarden proved that every
n-dimensional Finsler manifold can be locally isometrically imbedded into a
2n-dimensional “Weak” Minkowski space, i.e., the indicatrix is not necessarily
strongly convex. Burago-Ivanov showed that any compact C” manifold (r >
3) with a C? Finsler metric admits a C” imbedding into a finite-dimensional
Banach spaces [5]. However for general Finsler manifolds, the answer is negative
as Shen in [15] proved that a Finsler manifold with unbounded Cartan torsion
cannot isometrically imbedded to any Minkowski space. For the Finsler metric
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F', one can define the norm of the Cartan torsion C as follows

1Cy(v,v,0)|
—.
3

IICl|=  sup
F(y)=1,020 [8y(v,)]

The bound for two dimensional Randers metrics F' = « + § is verified by

Lackey [2]. In [11], Mo-Zhou extend his result to a general Finsler metrics,
F = (etf)"

am—1

(m € [1,2]). The Cartan torsion is one of the most fundamental
non-Riemannian quantities in Finsler geometry. It was first introduced by
P. Finsler in [8] and emphasized by E. Cartan in [6]. The Cartan torsion
C characterized Riemannian manifolds among the class of Finsler manifolds,
i.e., a Finsler metric is Riemannian if and only if it has vanishing Cartan
torsion. Thus the norm of Cartan torsion plays an important role for studying
of immersion theory in Finsler geometry.

There are many Finsler metrics with bounded Cartan torsion. In [16],
Shen proved that the Cartan torsion of Randers metrics F' = « + 8 is uni-
formly bounded by 3/v/2, where a = /a;;(x)y’y/ is a Riemannian metric and
B = b;(x)y® is a 1-form on a manifold M. Mo extended his result to a more
general Randers metrics, i.e., F = (a+ 3)°/a*~1, where s € [1,2] is a constant
[11]. Then, Tayebi-Sadeghi found a relation between the norm of Cartan and
mean Cartan torsions of Finsler metrics defined by a Riemannian metric and a
1-form on a manifold, so called («, 8)-metrics [18]. More precisely, they proved
the following.

Theorem A. Let F' = a¢(s) be a non-Riemannian («, )-metric on a manifold
M of dimension n > 3. Then the norm of Cartan and mean Cartan torsion of
I satisfy in following relation

icl :\/3p2+6pq+(n+1)q2
n+1

I, (1.1)

where p = p(z,y) and ¢ = ¢q(z,y) are scalar function on TM satistying p+¢ = 1
and given by following

p= "2 [sl06" +66) — 00 (12)
where
0= 6{6 — 50/} (1.3)
B S(b// ¢/ —38¢// + (b2 _ 82)¢H/
A= (n—2)¢75¢/—(n—l—l)g—¢i$¢,+(b2752)¢”. (1.4)

The Cartan tensor of an («, 8)-metric is given by following

4

p
Cijie = ———{hijIx + hjid; + hiil,
Jjk 1+n{ J k+ ik + k j}+ ||I||2

LI, (1.5)
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The quantity p = p(z, y) is called the characteristic scalar of F'. It is remarkable
that, a Finsler metric is called semi-C-reducible if its Cartan tensor is given by
the equation (1.5). It is proved that every non-Riemannian (a, §)-metric on a
manifold M of dimension n > 3 is semi-C-reducible [10]. For a Randers metric
on an n-dimensional manifold M, we have the following

1
Cijk = m{hijlk + hjid; + hkilj}z

and

IOl = /== I,
They find a subclass of («, 8)-metrics which have bounded Cartan torsion.
They showed that the (generalized) Kropina metrics F' = o2/ have bounded
Cartan torsion.

Theorem B. Suppose that F = %:1 be a generalized Kropina metric on
a manifold M. Then the Cartan torsion of F' is bounded. More precisely, the
following holds

(2m+1)
Vmm+1)
Thus the norm of Cartan torsion of a Kropina metric is bounded by

3
7

It is remarkable that the class of (a, §)-metrics forms a rich class of com-

ICl =

ICll =

putable Finsler metrics. Many («, §)-metrics with special curvature properties
have been found and discussed [1][7][22].

In [19], Tayebi-Sadeghi considered a special («, 3)-metric, called the general-
ized Randers metric F' = \/cl a? + 2coa3 + ¢332 on a manifold M. By putting
c1 = cg = c3 = 1, we get the Randers metric. They proved the following.

Theorem C. Let

F= \/cloz2 + 2coa3 + c3/32

be the generalized Randers metric on a manifold M, where o = \/a;;(x)y'y’ is
a Riemannian metric, 8 = b;(x)y’ is an 1-form on M with ||B]|o < 1 and c1, c2
and c3 are real constants such that

0<3c <ce3<ecy.
Then F' has bounded Cartan torsion and

§62 (Cl -+ 202 + 63)2

Cl|l < . 1.6
1ol < 5= e =302 (1.6)
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One of important (¢, 8)-metrics is Berwald metric which was introduced by
L. Berwald on unit ball U = B™ [4]. Let us put

_ VA= [zP)lyP- <,y >2

1= faf? ’
 <zy>
B_ 1_|x‘27
1
A= ———
1—|zf?’

y € T, B™ ~ R™ and <, > and |.| denote the Euclidean inner product and norm
on R™, respectively. Then the Berwald’s metric can be expressed in the form

Ma + B)?
—Q

F=

The Berwalds metric has been generalized by Shen to an arbitrary convex do-
main U C R™ [17]. As an extension of the Berwald metric, Tayebi-Sadeghi
considered the metric F' = cja+ cof8 + ¢332/, where ¢y, ca,c3 € R. Then they
proved the following.

Theorem D. Let )

F:cloz—l—(:gﬁ—l—(:g%

be an (a, 3)-metric on a manifold M, where o := \/a;;(x)y'y’ is a Riemannian
metric, 3 := b;(z)y’ is an 1-form on M with ||B||o < 1 and ¢1, co and c3 are
real constants such that

O<(32<(217 and 0<2c3<c.

Then F' has bounded Cartan torsion and
(80% + cie9 + 4(:% + 2coc3 + 50263)

(Cl — 263)%(61 — 02)%

3
ol <5 (17)

By Theorem D, it follows that if ¢2 = c¢;c3 then the norm of Cartan torsion
of Finsler metric

F= \/cloz2 + 2co03 + ¢332
is independent of b := ||B]|, = V/b;b?, where b’ = a’?b;. It is an interesting prob-
lem, to find a subclass of («, 3)-metrics whose bound on the Cartan torsion is
independent of b. In the final section, we give two subclasses of («, 8)-metrics
whose bound on the Cartan torsions are independent of b. Then we get the
following.

Theorem E. If F' = a¢(s) are the («, 8)-metrics defined by following

div/s% — b2
¢1 :*1b72+d28+d3 (18)
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and
d1V/b? — 52
G2 = 1b728+d25+d37 (1.9)

where d1,ds, ds are constants. Then the norm of Cartan torsion of F' is inde-
pendent of b = ||S]].

Then we prove the following.

Theorem F. Let FF = a¢(s), s = [/a, be an (a,§)-metric where o =
a;j(z)y'y’ is a Riemannian metric, 8 = b;(z)y" is an 1-form on M with
I18]lo < 1. Suppose that ¢ = ¢(s) defined by following

=18+ caVb% — 52+ c3v/b? —52/

where c1, ¢, c3 are real constants. Then the norm of Cartan torsion of F' is
independent of b =||3]|.

R (1.10)

In [13], Rajabi studied the norm of Cartan torsion of Ingarden-Téamassy
metric
F=a+ 5—2
and Arctangent Finsler metric
F = a+ parctan(f/a) + €8

that are special («, 3)-metrics. She proved that theses metrics have bounded
Cartan torsions. In this paper, we find a condition under which an («, 8)-metric
has bounded Cartan torsion. More precisely, we prove the following.

Theorem 1.1. Let F = a¢(s), s = f/a, be an («, B)-metric on a manifold
M. Then F has bounded Cartan torsion if and only if the function

A(s) = 3387+ 60") = 360/ — (b2 — %) (96" + 30/¢")
¢ (b2 — s ) 5(¢_ 59" + (b2 — 52)¢//>§

is a bounded function for |s| < b where b := |5z -

(1.11)

2. PRELIMINARIES

A Finsler metric on a manifold M is a nonnegative function F on T'M having
the following properties:
(i) Fis C*° on TM \ {0};
(ii) F(\y) = AF(y), VA >0, y € TM;
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(iii) for each y € T, M, the following quadratic form g, on T, M is positive
definite,

, u,v € T M.

s,t=0

gy(u,v) := % [F2(y + su + tv)}

To measure the non-Euclidean feature of F,, define C, : T, M x T, M x
T.M — R by

1
Cy(u,v,w) : d

=g [gertw(u,v)] ‘ , u, v, w € T, M.

t=0

The family C := {Cy} eran o} is called the Cartan torsion. From the homo-
geneity of F', it follows that

Cy(y,v,w) = Cy(u,y,w) = Cy(u,v,y) =0

and
Cy =X"'C,, A>0.

Let (M, F') be an Finsler manifold of dimension n, {0;} be a basis for T, M at
x € M and {dz'} is its dual. Put

k
)

Cy (U’a v, ’LU) = Cz_]k(y)ulvjw
where u = u'9;, v =v79; and w = w7 d;. Then

1 agij o 5‘3F2

coo— L 1_o0F
TR0 9yk T 4 0yioyioyk

By definition, F' is a Riemannian metric g;; = g;;(«) if and only if C;;, = 0.
In some lectures, the following is chosen as the Cartan tensor

Ajji = FCyjg

which is a homogeneous of degree 0 in y.
The norm of Cartan torsion C at point « € M is defined by

F(x,y)\Cy(v,v,v)\.

3
2

IC|l. == sup
yoeT M0} [8y(v,v)]

and the norm of Cartan torsion on M is defined by

IC|| == sup [|C|[..
zeM
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3. PROOF OF THEOREM 1.1

Let a = y/a;;(z)y’y7 be a Riemannian metric and 8 = b;(z)y be a 1-form
on an n-dimensional manifold M. Using « and  one can define a function on
TMy as follows

F = ag¢(s), 8= —.

where ¢ = ¢(s) is a C°° positive function on an open interval (—bg,by). The
norm ||Bz]l« of B with respect to « is defined by

1Bz lla == 4/ @ ()b ()b ().

In this section, we are going to prove Theorem 1.1. For this aim, we need
the following.

Lemma 3.1. Let F = a¢(s), s = B/a, be an («, B)- metric on 2-dimensional
manifold M. Then

[3¢(6 (17 + 68" (1)) — 36(1)9" (1) — (07 — )20

ICl = sup — R
PO 2 — ) ko) (0(0) — 19/(1) + (2 — )1
where
(1) = (()9" (1) + 3¢/ (1)6 (1))
and t =bcosf.

Proof. Since F' is a non-degenerate metric, for an arbitrary vector y there exists
a unique vector = that satisfies

g,(y,y") =0, (3.2)
g,y ut) = F*(p,y). (3.3)
The frame {y,y*} is called the Berwald frame [3]. By the definition of the

bound of Cartan torsion, it is easy to show that for the Berwald frame {y,y}
the following holds

F(p,y)|Cy(y*t,yt,yt)|
ICll, = sup TR : (3.4)
yGTpJW |gy(y Y )|2

Now, we are going to compute y- for F. First, we choose a local orthonormal
coframe {wy,ws} of Riemannian metric o such that

2 2 2
o = wi + w;y, B =0bw,

where b := \/a%b;b;.

Now, let {e1, es} is the dual frame of {w, w2} and

y = uey +vey, and yJ‘ = uej + ves
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be the representation of i and y* with respect of {e,es}. It is easy to see that

bu
F(p,y) = Vu?+v? () .
A direct computation yields

1 1 1
1 1
g,(vhyt) = SXa®+Yav+ 5207,
1 3 3 1
Cy(y . ytyt) = G M+ TN+ TPuv’ + ST,

where

By putting (3.6) and (3.7) in (3.2) and (3.3), one can obtain
Xut+Y (uv +va) + Zvo =0

Xu? +2Yuv + Zv? = 2F(p,y)?
Solving (3.9) for u and v, we get
\/§<Yu + Zv) F(p,y)

u - 5

\/(XZ — Y2> (Zv2 + Xu? + 2Yuv)

\/§<Xu + Yv)F(p7 Y)

. \/ (XZ - Y2) (Zv2 + Xu?+ 2Yuv) .

3
—3

_3
C, (yl, y{yL) = 2—%A(XZ - YQ) ’ (ZU2 - Xu? + 2Yuv)

(3.5)

(3.6)

(3.10)

(3.11)

F(p,y)*(3.12)
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where
3 2
A= (Yu n Zv) M — S(Yu n Zv) (Xu + Y’U)N
2
+3(Yu n ZU) (Xu + Yv) P — (Xu+Yv)°T.
Substituting (3.3) and (3.12) into (3.4) yields

_3
2

_3
(Ol = sup 2-4F(p) |4(x2 - v?) (2 + Xu +2va0)
yeT, M

.(3.13)

It is easy to see that for
y = (rcosf)e; + (rsinf)es
we have
F(p,y) = ré(bcos0)
and
X = 20%(sin 6)4<(¢’(bcos 9))2 + (b cos8)¢” (bcos 9)) +2(¢(beosh))?
+2(bcos 0)(sin 8)%p(bcos 0) ¢’ (bcos 6),

Y = —2b%cosf(sinh)? <(¢'(b cos0))? + ¢(bcos)¢” (beos 0))
+2b(sin 0)3 (b cos 0) ¢’ (bcos 0),

7Z = 2b*(cosf)?(sin6)? ((qb'(b cos0))? + ¢(bcos §)@” (bcos 9)) + 2(p(bcos 0))?
—2bcos O(1 + (sin 8)?)¢p(bcos B)¢' (bcos b)),

M = —W((¢’(bcos9))2—|—¢(bcos€)¢”(bc059))

r

_~_M (¢(b cos 0)¢"" (bcos 0) + 3¢ (bcos )¢” (bcos 9))

6b(sin 6)4
N (sin0)

r

#(bcos0)¢' (bcosb),
sin )3 (cos 0)?
N - w<(¢’(bcose))2+¢(bcos@)¢)”(bcosﬁ)>

(sin @)° cos 6 (

> 3

. d(beos )¢ (beos 0) + 3¢ (beos 0)¢” (b cos 9))
—wfb(b cos0)¢' (bcosb),
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p— _6()2(0089)3(81119)2 ((¢’(bc059))2 +¢(bc089)¢//(50089))

r
203 (cos )2 (sin 6)*
N (cos 0)*(sin )
r
2

n 6b(sin §)2(cos 6)?
r

(¢(b cos 0)¢" (bcos 0) + 3¢ (bcos )" (bcos 9))

¢(bcos )¢’ (bcos ),

M ((¢/(bc03))? + 6(beos 0)" (beosh) )

~ 20%(sin6)?(cos §)*
r

_ 8bsin H(cos 0)°

r

(¢(b cos 0)¢" (bcos 0) + 3¢ (bcos6)¢” (bcos 6))
¢(bcos0)¢’ (bcos ).

Thus for
y = (rcosf)e; + (rsinf)es
the relation (3.13) reduces to (3.1). O

Proof of Theorem 1.1: Suppose the function defined in (3.15) is bounded. By
Lemma 3.1, we conclude that the Cartan torsion of F' is bounded in dimension
2. In higher dimensions, the definition of the Cartan torsion’s bound at an
arbitrary point p € M is given by

F(p, y)|Cy(’U,’U,U)| )

3
2

= sup

yeT, M\{0}  [8y(v,v)]
Considering the plane P = span{u,y}, from the above conclusion we obtain
that ||C||, is bounded. Furthermore, the bound is independent of the plane
P C T,M at the point p € M. Hence the Cartan torsion is also bounded. This
completes the proof. O

Example 3.2. In [14], Shen Find a Family of Landsberg (o, 8)- metrics which
are not Berwald metrics. They are in form

dt|, 3.14
1+ t(kt + qvVb2 — 12) (3:14)

where k and q are constants. Recently. Sadeghi proved that an (o, 8)-metric
F = a¢(s), s = B/a, on a manifold M has bounded Cartan torsion if and only
if the function

A(S) _ 38((]5’2 + ¢¢//) _ 3¢¢/ _ (b2 _ S2)(¢¢/// +3¢/¢//)
' 203 (b2 — s2)~ 3 (¢ — s¢/ + (b2 — s2)¢") 3

o) i= exp VOS kt + qVb% — 2

(3.15)
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is a bounded function for |s| < b where b := ||By||a. Substituting (3.14) in
(3.15) yields
2
A(s) = _27q
V1+kb?

Thus by Theorem 1.1, these metrics have bounded Cartan torsion.

Example 3.3. In [20], Yang study a family of («, 5)- metrics in form
o(s) = s™ (b — 57) =7, (3.16)
where m is a constant. This type of metrics have special curvature properties
[21]. Substituting (3.16) in (3.15) yields
2m — 1

A(8) = ————. 3.17
0= (3.17)

Thus these metrics have bounded Cartan torsion.
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