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Abstract. Let (M,F ) be a Finsler manifold and G be the Cheeger-Gromoll

metric on T̃M induced by F . We show that the curvature tensor field of the

Levi-Civita connection on (T̃M,G) is determined by the curvature tensor field

of Vrãnceanu connection and some adapted tensor fields on T̃M . Then we

prove that (T̃M,G) is locally symmetric if and only if (M,F ) is locally Eu-

clidean. Also, we obtain the flag curvature of the Finsler manifold (M,F ).
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1. Introduction

The geometry of the tangent bundle TM of a Riemannian manifold (M, g)

goes back to Sasaki, who constructed a natural Riemannian metric G on TM

[19]. Several papers have been made on interrelations between the geometries

of (M, g) and (TM,G) (see [2, 3, 4, 7, 8, 9, 10, 21]). In [16], Peyghan, Tayebi

and Zhong Proved that (i) Finslerian manifold (M,F ) is a Landsberg manifold

if and only if the vertical foliation FV is totally geodesic in (TM − {0}, G);

(ii) letting a := a(τ) be a positive function of τ = F 2 and k, c be two positive

numbers such that c =
√

2
k(1+a) , then (M,F ) is of constant curvature k if and

only if the restriction of G on the c−indicatrix bundle IM(c) is bundle-like for
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the horizontal Liouville foliation on IM(c), if and only if the horizontal Liouville

vector field is a Killing vector field on (IM(c), G), if and only if the curvature-

angular form Λ of (M,F ) satisfies Λ = 1−a
2 R on IM(c). Also in [17], they

introduced a class of g−natural metrics Ga,b on the tangent bundle of a Finsler

manifold (M,F ) which generalizes the associated Sasaki−Matsumoto metric

and Miron metric. They obtained the Weitzenböck formula of the horizontal

Laplacian associated to Ga,b, which is a second-order differential operator for

general forms on tangent bundle. Using the horizontal Laplacian associated to

Ga,b, they gave some characterizations of certain objects which are geometric

interest (e.g. scalar and vector fields which are horizontal covariant constant)

on the tangent bundle. Furthermore, Killing vector fields associated to Ga,b are

investigated. Tayebi and his collaborators have been studied on interrelations

between the geometries of (M, g) and (TM,G) [11, 12, 13, 14, 15, 18]. Also,

Wu, Bejancu and Farran generalized some results to the case of Finsler manifold

(for more details see [5, 6, 22]).

The purpose of the present paper is to study the geometry of tangent bundle

of a Finsler manifold. The study is based on some linear connections on vector

bundles over the slit tangent bundle T̃M of M . We consider the Cheeger-

Gromoll metric on T̃M and instead of Finsler connection we take the Vrãnceanu

connection on T̃M induced by the Levi-Civita connection on (T̃M,G). It is

noteworthy that the local coefficients of the Vrãnceanu connection give the

local coefficients of all the classical Finsler connections.

In the next section, we introduce some basic formula from Finsler geometry

and define the adapted tensor fields R, B and C. Then in section 3, we show

that the curvature tensor field R̃ of Levi-Civita connection ∇̃ on (T̃M,G) is

completely determined by the curvature tensor field R of Vrãnceanu connection

∇ on T̃M and the above adapted tensor fields. In continue, we give some

generalizations of some results obtained in [8]. We also provide some analogous

results. In section 4, we prove that (T̃M,G) is locally symmetric if and only

if (M,F ) is locally Euclidean. This is an extension of a well-known Kowalski’s

result for Riemannian manifolds to Finsler manifolds.

2. Preliminaries

A Finsler metric onM is a function F : TM → [0,∞) which has the following

properties:

(i) F is C∞ on T̃M = TM\{0};
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;

(iii) for each y ∈ TxM , the following quadratic form gy : TxM × TxM → R on

TxM is positive definite,

gy(u, v) :=
1

2

[
F 2(y + su+ tv)

]
|s,t=0, u, v ∈ TxM.
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Let (xi) be a local coordinate system on an open subset U of M . Then { ∂
∂xi }

form a basis for the tangent space at any point in U . For y ∈ TxM , x ∈ U ,

write

y = yi
∂

∂xi
.

Then (xi, yi) is a natural standard coordinate system on TU . Then the func-

tions

gij =
1

2

∂2F 2

∂yi∂yj
,

define a Finsler tensor field of type (0, 2) on T̃M . The n × n matrix [gij ] is

supposed to be positive definite and its inverse is denoted by [gij ].

Also the Cartan tensor field is given by its local components:

Ck
ij =

1

2
gkh

∂gij
∂yh

, (2.1)

by the homogeneity condition for F we obtain

Ck
ijy

j = 0. (2.2)

The formal Christoffel symbols of the second kind are

γi
jk =

1

2
gis
(
∂gsj
∂xk

− ∂gjk
∂xs

+
∂gks
∂xj

)
.

They are functions on TU − {0}. We can also define some other quantities on

TU − {0} by

N i
j(x, y) := γi

jky
k − Ci

jkγ
k
rsy

rys,

where y = yi ∂
∂xi ∈ TxM − {0}.

The pull-back bundle π∗TM admits a unique linear connection, called the

Chern connection, which is torsion free and almost g−compatible. The coeffi-

cients of the connection in the standard coordinate system is

Γl
jk = γl

jk − gli(CijsN
s
k − CjksN

s
i + CkisN

s
j ). (2.3)

By Euler theorem we obtain

Γk
ijy

j = Nk
i . (2.4)

The angular metric of (M,F ) has the local components

hij = gij − lilj , (2.5)

where

li = gij l
j =

∂F

∂yi
.

Next we consider the kernel VT̃M of the differential of the projection map

π : T̃M → M, which is known as vertical bundle on T̃M . Denote by Γ(VT̃M)
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the F(T̃M)-module of sections of VT̃M , where F(T̃M) is the algebra of smooth

functions on T̃M . Locally, Γ(VT̃M) is spanned by the natural vector fields

{ ∂
∂y1 , ...,

∂
∂yn }. Then by using the functions N i

j we define vector fields

δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
, i ∈ {1, ..., n}, (2.6)

which enable us to construct a complementary vector subbundleHT̃M to VT̃M
in T T̃M that is locally spanned by { δ

δx1 , ...,
δ

δxn }. We call HT̃M the horizontal

distribution on T̃M . Thus the tangent bundle of T̃M admits the decomposition

T T̃M = HT̃M ⊕ VT̃M. (2.7)

For a vector field u ∈ TM we shall denote by U its canonical vertical vector

field on TM which in local coordinates is given by

U = (uioπ)
( ∂

∂yi

)
(p, u),

where u = (u1, ..., un). We define the function r : TM → R by

r(p, u) = |u| =
√
gp(u, u),

where

gp(u, u) = F 2(u, u)

and put α = 1+r2. Then we can define the Cheeger-Gromoll metric G on T̃M

induced by F as follows

G
( δ

δxi
,

δ

δxj

)
= gij ,

G
( δ

δxi
,

∂

∂yj

)
= 0,

G
( ∂

∂yi
,

∂

∂yj

)
=

1

α

(
gij(p,u) + gis(p,u)gjt(p,u)u

sut
)
. (2.8)

Now we define some geometric objects of Finsler type on T̃M . First, the Lie

brackets of the above vector fields are expressed as follows:[ δ

δxi
,

δ

δxj

]
= Rk

ij

∂

∂yk
, (2.9)[ δ

δxi
,

∂

∂yj

]
=
(
Γk
ij + Lk

ij

) ∂

∂yk
, (2.10)[ ∂

∂yi
,

∂

∂yj

]
= 0. (2.11)

We note that Rk
ij define a skew-symmetric Finsler tensor field of type (1, 2)

while (Γk
ij + Lk

ij) are the local coefficients of Berwald connection [20]. Some
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other Finsler tensor fields defined by Rk
ij will be useful in study of Finsler

manifolds of constant flag curvature :

Rhij = ghkR
k
ij , Rhj = Rhijy

i, Rk
j = gkhRhj . (2.12)

From this we have

yhRhij = 0, yhRhj = 0, Rij = Rji, (2.13)

Rk
ij =

1

3

(
∂Rk

j

∂yi
− ∂Rk

i

∂yj

)
. (2.14)

We define a symmetric Finsler tensor field of type(1, 2) whose local compo-

nents are given by

Bk
ij = −Lk

ij . (2.15)

As a consequence we have

Bk
ijy

j = 0. (2.16)

Next with respect to the decomposition (2.7), and by using the above Finsler

tensor fields Rk
ij , C

k
ij and Bk

ij we define the following adapted tensor fields:

R :Γ(HT̃M)× Γ(HT̃M) → Γ(VT̃M), (2.17)

R(Xh, Y h) = Rk
ijY

iXj ∂

∂yk
,

C :Γ(HT̃M)× Γ(HT̃M) → Γ(VT̃M), (2.18)

C(Xh, Y h) = Ck
ijX

jY i ∂

∂yk
,

B :Γ(VT̃M)× Γ(VT̃M) → Γ(HT̃M), (2.19)

B(Uv,W v) = Bk
ijU

jW i δ

δxk
,

where we set

Xh = Xj δ

δxj
, Y h = Y i δ

δxi
,

Uv = U j ∂

∂yj
, W v = W i ∂

∂yi

Then, we get

R
( δ

δxj
,

δ

δxi

)
= Rk

ij

∂

∂yk
, R

( δ

δxj
,

δ

δxi

)
= −

[ δ

δxj
,

δ

δxi

]v
.

Thus HT̃M is an integrable distribution if and only if R = 0. On the other

hand, (M,F ) becomes a Landsberg (resp.Riemannian) manifold if and only if

B = 0 (resp. C = 0). For more details, see [1].
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3. The Levi-Civita connection on T̃M

Let (T̃M,G) be the Riemannian manifold, where G is the Cheeger-Gromoll

metric on T̃M given by 2.8. Then the Levi-Civita connection ∇̃ on (T̃M,G),

is given by

2G(∇̃XY,Z) =X(G(Y, Z)) + Y (G(Z,X))− Z(G(X,Y ))

+G([X,Y ], Z)−G([Y, Z], X) +G([Z,X], Y ), (3.1)

for all X,Y, Z ∈ Γ(T̃M). We say that the vertical distribution V ˜TM is totally

geodesic (resp minimal) in T T̃M if H∇̃ ∂

∂yi

∂
∂yj = 0 (resp. gijH∇̃ ∂

∂yi

∂
∂yj = 0).

Similarly, we say that the horizontal distributionHT̃M is totally geodesic (resp.

minimal) in T T̃M if V∇̃ δ

δxi

δ
δxj = 0 (resp, gijV∇̃ δ

δxi

δ
δxj = 0).

The Vrãnceanu connection ∇ on T̃M that is induced by ∇̃ is defined by

∇XY = (∇̃xvY v)v + (∇̃XhY h)h + [Xh, Y v]v + [Xv, Y h]h, (3.2)

for any X,Y ∈ Γ(T̃M). The Vrãnceanu connection ∇ is introduced by its

local coefficients for a study of both nonholonomic manifolds and nonholonomic

mechanical systems. The invariant formula 3.2 was given in the general context

of almost product manifolds. The Vrãnceanu connection is one of the main tools

in a study of the geometry of foliations. By using 3.2, 2.10 we obtain

∇ δ

δxj

δ

δxi
=(∇̃ δ

δxj

δ

δxi
)h = Γk

ij

δ

δxk
, (3.3)

∇ ∂

∂yj

δ

δxi
=[

∂

∂yj
,

δ

δxi
]h = 0, (3.4)

∇ δ

δxj

∂

∂yi
=[

δ

δxj
,
∂

∂yi
]v = (Γk

ij + Lk
ij)

∂

∂yk
, (3.5)

∇ ∂

∂yj

∂

∂yi
=(∇̃ ∂

∂yj

∂

∂yi
)v = Ct

ji

∂

∂yt
+

1

α

(
−G(

∂

∂yi
, U)

∂

∂yj

−G(
∂

∂yj
, U)

∂

∂yi
+ (α+ 1)G(

∂

∂yi
,

∂

∂yj
)U

−G(
∂

∂yj
, U)G(

∂

∂yi
, U)U

)
. (3.6)

Now, we are ready to prove the following key lemma.

Lemma 3.1. The Lie brackets on T̃M are expressed in terms of Vrãnceanu

connection as follows:

i) [Xh, Y h] = ∇XhY h −∇Y hXh −R(Xh, Y h),

ii) [Xh, Y v] = ∇XhY v −∇Y vXh,

iii) [Xv, Y v] = 0.
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Proof. i) By direct calculations and 2.9, 2.10 and 3.2 we get

[Xh, Y h] = [Xh, Y h]h + [Xh, Y h]v = (∇̃XhY h − ∇̃Y hXh)h −R(Xh, Y h)

= ∇XhY h −∇Y hXh −R(Xh, Y h),

[Xh, Y v] = [Xh, Y v]h + [Xh, Y v]v = [Xh, Y v]v − [Xh, Y v]h

= ∇XhY v −∇Y vXh,

[Xv, Y v] = [Xv, Y v]h + [Xv, Y v]v = ∇XvY v −∇Y vXv = 0

This completes the proof. □

Now, we are going to find adapted tensor fields B and C can be expressed

in terms of Vrãnceanu connection. More precisely, we prove the following.

Proposition 3.2. The adapted tensor fields B and C can be expressed in terms

of Vrãnceanu connection as follows:

i) G

(
B
( ∂

∂yi
,

∂

∂yj

)
,

δ

δxk

)
=

α

2

(
∇ δ

δxk
G
)( ∂

∂yi
,

∂

∂yj

)
, (3.7)

ii) G

(
C
( δ

δxi
,

δ

δxj

)
,

∂

∂yk

)
=

1

2α

(
∇ ∂

∂yk
G
)( δ

δxi
,

δ

δxj

)
(3.8)

for any i, j, k ∈ {1, ..., n}.

Proof. From definition of B the left side is

G
(
B(

∂

∂yi
,

∂

∂yj
),

δ

δxk

)
= −Lh

ijG
( δ

δxh
,

δ

δxk

)
= −Lh

ijghk. (3.9)

By using (2.8) and (3.5) we have

(∇ δ

δxk
G)
( ∂

∂yi
,

∂

∂yj

)
=∇ δ

δxk
G
( ∂

∂yi
,

∂

∂yj

)
−G

(
∇ δ

δxk

∂

∂yi
,

∂

∂yj

)
−G

( ∂

∂yi
,∇ δ

δxk

∂

∂yj

)
=
δG( ∂

∂yi ,
∂

∂yj )

δxk
−G

(
(Γh

ki + Lh
ki)

∂

∂yh
,

∂

∂yj

)
−G

( ∂

∂yi
, (Γh

kj + Lh
kj)

∂

∂yh

)
=
δ
(

1
α (gij − gisgjtu

sut)
)

δxk
− (Γh

ki + Lh
ki)G

( ∂

∂yh
,

∂

∂yj

)
− (Γh

kj + Lh
kj)G

( ∂

∂yi
,

∂

∂yh

)
.
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Therefore, we get

(∇ δ

δxk
G)
( ∂

∂yi
,

∂

∂yj

)
=
1

α

{
δgij
δxk

− Γh
kighj − Γh

kjgki +
δgis
δxk

gjtu
sut +

δus

δxk
gisgjtu

t

− Γh
kighsgjtu

sut +
δgjt
δxk

gisu
sut +

δut

δxk
gisgjtu

s

− Γh
kjghsgitu

sut − Lh
kighj − Lh

kjghi − Lh
kighsgjtu

tus

− Lh
kjgksgitu

tus

}
.

Thus

(∇ δ

δxk
G)
( ∂

∂yi
,

∂

∂yj

)
= − 2

α
Lh
kighj (3.10)

From (3.9) and (3.10) we deduce (3.7).

Now, by using 2.18 we infer

G
(
C(

δ

δxi
,

δ

δxj
),

∂

∂yk

)
= Ch

ijG
( ∂

∂yh
,

∂

∂yk

)
(3.11)

=
1

α
Cijk. (3.12)

Next we get (
∇ ∂

∂yk
G
)( δ

δxi
,

δ

δxj

)
= ∇ ∂

∂yk

(
G(

δ

δxi
,

δ

δxj
)
)

=
∂gij
∂yk

= 2Cijk (3.13)

(3.11) and (3.13) imply (3.8). □

We define for each of the adapted tensor fields R,C and B a twin denoted

by the same symbol as follows:

R :Γ(HT̃M)× Γ(VT̃M) → Γ(HT̃M), (3.14)

G
(
R(Xh, Y v), Zh

)
= αG

(
R(Xh, Zh), Y v

)
C :Γ(HT̃M)× Γ(VT̃M) → Γ(HT̃M), (3.15)

G
(
C(Xh, Y v), Zh

)
= αG

(
C(Xh, Zh), Y v

)
B :Γ(HT̃M)× Γ(HT̃M) → Γ(VT̃M), (3.16)

G
(
B(Xh, Y v), Zv

)
=

1

α
G
(
B(Y v, Zv), Xh

)
for each X,Y, Z ∈ Γ(T T̃M).
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Theorem 3.3. Let (M,F ) be a Finsler manifold, then the Levi-Civita connec-

tion ∇̃ in terms of Vrãnceanu connection ∇ on (T̃M,G) are as follows:

i) ∇̃ δ

δxi

δ

δxj
=∇ δ

δxi

δ

δxj
− αC(

δ

δxi
,

δ

δxj
)− 1

2
R(

δ

δxi
,

δ

δxj
)

ii) ∇̃ δ

δxi

∂

∂yj
=C(

δ

δxi
,

∂

∂yj
) +

1

2α
R(

δ

δxi
,

∂

∂yj
) +B(

δ

δxi
,

∂

∂yj
) +∇ δ

δxi

∂

∂yj

iii) ∇̃ ∂

∂yi

δ

δxj
=∇ ∂

∂yi

δ

δxj
+ C(

δ

δxj
,
∂

∂yi
) +

1

2α
R(

δ

δxj
,
∂

∂yi
) +B(

δ

δxj
,
∂

∂yi
)

iv) ∇̃ ∂

∂yi

∂

∂yj
=− 1

α
B(

∂

∂yi
,

∂

∂yj
) +∇ ∂

∂yi

∂

∂yj

for each i, j ∈ {1, ..., n}.

Proof. By (3.1) and (3.2) we get

G
(
∇̃ δ

δxi

δ

δxj
,

δ

δxk

)
= G

(
(∇̃ δ

δxi

δ

δxj
)h,

δ

δxk

)
= G

(
∇ δ

δxi

δ

δxj
,

δ

δxk

)
. (3.17)

By Koszul formula, (3.8) and (2.18) we deduce that

G(∇̃ δ

δxi

δ

δxj
,

∂

∂yk
) =

1

2

{
−

∂G( δ
δxi ,

δ
δxj )

∂yk
+G

(
[
δ

δxi
,

δ

δxj
],

∂

∂yk

)}

=− Cijk − 1

2
G
(
R(

δ

δxi
,

δ

δxj
),

∂

∂yk

)
=− αG

(
C(

δ

δxi
,

δ

δxj
),

∂

∂yk

)
− 1

2
G
(
R(

δ

δxi
,

δ

δxj
),

∂

∂yk

)
=G

(
− αC

( δ

δxi
,

δ

δxj

)
− 1

2
R
( δ

δxi
,

δ

δxj

)
,

∂

∂yk

)
. (3.18)

Thus, by (3.17) and (3.18) we obtain (i).

Next by using 3.2, (3.14) and (3.15) we obtain

G(∇̃ δ

δxi

∂

∂yj
,

δ

δxk
) =

1

2

(∂G( δ
δxk

δ
δxi )

∂yj
+G

(
[
δ

δxk
,

δ

δxi
],

∂

∂yj
))

=
1

2

(
∇ ∂

∂yj
G
)( δ

δxk
,

δ

δxi

)
+

1

2
G
(
R(

δ

δxk
,

δ

δxi
),

∂

∂yj

)
=αG

(
C(

δ

δxk
,

δ

δxi
),

∂

∂yj

)
+

1

2α
G
(
R(

δ

δxk
,

δ

δxi
),

∂

∂yj

)
=G
(
C(

δ

δxi
,

∂

∂yj
),

δ

δxk

)
+

1

2α
G
(
R(

δ

δxi
,

∂

∂yj
),

δ

δxk

)
=G

(
C(

δ

δxi
,

∂

∂yj
) +

1

2α
R(

δ

δxi
,

∂

∂yj
),

δ

δxk

)
. (3.19)
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Then by using (3.2), (3.7) and (3.16) we have

G
(
∇̃ δ

δxi

∂

∂yj
,

∂

∂yk

)
=
1

2

{
δG( ∂

∂yj ,
∂

∂yk )

δxi
+G

(
[
δ

δxi
,

∂

∂yj
],

∂

∂yj
)

+G
(
[
∂

∂yk
,

δ

δxi
],

∂

∂yj
)}

=
1

2

(
∇ δ

δxi
G)(

∂

∂yj
,

∂

∂yk

)
+G

(
∇ δ

δxi

∂

∂yj
,

∂

∂yk

)
=
1

α
G
(
B(

∂

∂yj
,

∂

∂yk
),

δ

δxi

)
+G

(
∇ δ

δxi

∂

∂yj
,

∂

∂yk

)
=G
(
B(

δ

δxi
,

∂

∂yj
),

∂

∂yk

)
+G

(
∇ δ

δxi

∂

∂yj
,

∂

∂yk

)
=G

(
B
( δ

δxi
,

∂

∂yj

)
+∇ δ

δxi

∂

∂yj
,

∂

∂yk

)
. (3.20)

taking into account (3.19) and (3.20) we obtain (ii).

From Koszul formula, (3.14), (3.8) and (3.15) we infer that

G
(
∇̃ ∂

∂yi

δ

δxj
,

δ

δxk

)
=
1

2

{
∂G( δ

δxj ,
δ

δxk )

∂yi
−G

(
[
δ

δxj
,

δ

δxk
],

∂

∂yi
)}

=
1

2

{
(∇ ∂

∂yi
G)(

δ

δxj
,

δ

δxk
) +G(R(

δ

δxj
,

δ

δxk
),

∂

∂yi
)

}

=
1

2α
G
(
R(

δ

δxj
,
∂

∂yi
),

δ

δxk

)
+ αG

(
C(

δ

δxj
,

δ

δxk
),

∂

∂yi

)
+G

(
∇ ∂

∂yi

δ

δxj
,

δ

δxk

)
=G

(
1

2α
R(

δ

δxj
,
∂

∂yi
) + C(

δ

δxj
,
∂

∂yi
) +∇ ∂

∂yi

δ

δxj
,

δ

δxk

)
.

(3.21)

Next by using (3.2), (3.5), (3.7) and (3.16) we obtain

G
(
∇̃ ∂

∂yi

δ

δxj
,

∂

∂yk

)
=
1

2

{
δG( ∂

∂yi ,
∂

∂yk )

δxj
+G

(
[
∂

∂yi
,

δ

δxj
],

∂

∂yk

)
−G

([ δ

δxj
,

∂

∂yk
]
,
∂

∂yi

)}



On the geometry of tangent bundle of Finsler manifold 11

=
1

2

(
∇ δ

δxj
G
)( ∂

∂yi
,

∂

∂yk

)
=
1

α
G
(
B(

∂

∂yi
,

∂

∂yk
),

δ

δxj

)
=G
(
B(

δ

δxj
,
∂

∂yi
),

∂

∂yk

)
. (3.22)

(3.22) and (3.21) give (iii).

Finally we use (2.8) and (3.2), and deduce that

G
(
∇̃ ∂

∂yi

∂

∂yj
,

∂

∂yk

)
= G

(
(∇̃ ∂

∂yi

∂

∂yj
)v,

∂

∂yk

)
= G

(
∇ ∂

∂yi

∂

∂yj
,

∂

∂yk

)
(3.23)

and by using (3.7), (3.1) and (3.5) we obtain

G(∇̃ ∂

∂yi

∂

∂yj
,

δ

δxk
) =

1

2

{
−

δG( ∂
∂yi ,

∂
∂yj )

δxk
−G

(
[
∂

∂yj
,

δ

δxk
],

∂

∂yi
)

+G
(
[
δ

δxk
,
∂

∂yi
],

∂

∂yj
)}

=− 1

2

(
∇ δ

δxk
G
)( ∂

∂yi
,

∂

∂yj

)
=
1

α
G
(
B
( ∂

∂yi
,

∂

∂yj
)
,

δ

δxk

)
. (3.24)

(3.23) and (3.24) give (iv). □

Also, by a simple argument we get the following.

Proposition 3.4. Let (M,F ) be a Finsler manifold. then the following asser-

tions hold

i) F is a Landsberg metric if and only if VT̃M is totally geodesic in T T̃M .

ii) F is a weakly Landsberg metric if and only if VT̃M is minimal in T T̃M .

iii F has zero flag curvature if and only if HT̃M is integrable.

Proof. Taking into account (3.3) and (2.9) we get the assertions. □

Now, we are ready to prove the following.

Theorem 3.5. Let (M,F ) be a Finsler manifold. Then the following state-

ments are equivalent.

i) (M,F ) is a Riemannian manifold.

ii) d̃iv(Xv) = 0 for any X = Xi ∂
∂xi .

iii) The horizontal distribution HT̃M is minimal in T T̃M.
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Proof. Equivalence of statements (i) and (iii) follows from (3.3) and Deicke’s

theorem. On the other hand, by definition of divergence we have

d̃iv
( ∂

∂yi

)
=gjlG

(
∇̃ δ

δxj

∂

∂yi
,

δ

δxl

)
+ gjlG

(
∇̃ ∂

∂yj

∂

∂yi
,
∂

∂yl

)
=gjl

(
Ct

ij +
1

2α
Rt

ij

)
gtl + gjl

1

α
Ct

ijgtl −
1

α2
gjlyi

(
gjl + yjyl

)
− 1

α2
gjlyj

(
gil + yiyl

)
+

(1 + α)

α2
gjlyl

(
gij + yiyj

)
− 1

α
yiyjylg

jl

=
(1 + α)

α
gjlCijl −

1

α2

{
yig

jlgjl + yjg
jlgil − (1 + α)gijg

jlyl

+ gjlyiyjyl

}
.

Then

d̃iv
( ∂

∂yi

)
=
(1 + α)

α
gjlCijl −

1

α2

{
nyi + nyi − (1 + α)nyi + (α− 1)nyi

}
=
(1 + α)

α
gjlCijl

which implies that

d̃iv(Xv) =
(1 + α)

α
XigjlCijl (3.25)

for X = Xi ∂
∂xi . Hence the equivalence of statements (i) and (ii) follows from

(3.25). □

We denote the curvatures tensor fields of ∇̃ and ∇ by R̃ and R, respectively,

and use the symbol A(Xh,Y h) as following formula

A(Xh,Y h)

{
f(Xh, Y h)

}
= f(Xh, Y h)− f(Y h, Xh). (3.26)

In a similar way we use the symbol A(Xv,Y v).

Now, we are going to find the curvature tensor field R̃ of Levi-Civita con-

nection on (T̃M,G).

Theorem 3.6. Let (M,F ) be a Finsler manifold, then the curvature tensor

field R̃ of Levi-Civita connection on (T̃M,G) are as follows:

i) R̃
( δ

δxi
,

δ

δxj

) δ

δxk
=R
( δ

δxi
,

δ

δxj

) δ

δxk
+B

( δ

δxk
, R(

δ

δxi
,

δ

δxj
)
)

+
1

2α
R
( δ

δxk
, R(

δ

δxi
,

δ

δxj
)
)
+ C

( δ

δxk
, R(

δ

δxi
,

δ

δxj
)
)
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−A( δ

δxi ,
δ

δxj )

{
1

2
B
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)

+
1

4α
R
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)
+

1

2
C
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)

+ αB
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)
+

1

2
R
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)

+ αC
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)

+
1

2

(
∇ δ

δxi
R
)( δ

δxj
,

δ

δxk

)
+ α

(
∇ δ

δxi
C
)( δ

δxj
,

δ

δxk

)}
.

ii) R̃
( δ

δxi
,

δ

δxj

) ∂

∂yk
=R
( δ

δxi
,

δ

δxj

) ∂

∂yk
− 1

α
B

(
R
( δ

δxi
,

δ

δxj

)
,

∂

∂yk

)

+A( δ

δxi ,
δ

δxj )

{
B
( δ

δxi
, B(

δ

δxj
,

∂

∂yk
)
)

+
(
∇ δ

δxi
B
)( δ

δxj
,

∂

∂yk

)
+
(
∇ δ

δxi
C
)( δ

δxj
,

∂

∂yk

)
+ C

( δ

δxi
, B(

δ

δxj
,

∂

∂yk
)
)
− αC

( δ

δxi
, C(

δ

δxj
,

∂

∂yk
)
)

− 1

2
C
( δ

δxi
, R(

δ

δxj
,

∂

∂yk
)
)
+

1

2α

(
∇ δ

δxi
R
)( δ

δxj
,

∂

∂yk

)
+

1

2α
R
( δ

δxi
, B(

δ

δxj
,

∂

∂yk
)
)
− 1

2
R
( δ

δxi
, C(

δ

δxj
,

∂

∂yk
)
)

− 1

4α
R
( δ

δxi
, R(

δ

δxj
,

∂

∂yk
)
)}

.

iii) R̃
( ∂

∂yi
,

∂

∂yj

) δ

δxk
=R
( ∂

∂yi
,
∂

∂yi

) δ

δxk
+A( ∂

∂yi ,
∂

∂yj )

{
− 1

α
B
( ∂

∂yi
, B(

δ

δxk
,

∂

∂yj
)
)

+B
(
C(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+

1

2α
B
(
R(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+ C

(
C(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+

1

2α
C
(
R(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+

1

2α
R
(
C(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+

1

4α2
R
(
R(

δ

δxk
,

∂

∂yj
),

∂

∂yi

)
+
(
∇ ∂

∂yi
B
)( δ

δxk
,

∂

∂yj

)
+
(
∇ ∂

∂yi
C
)( δ

δxk
,

∂

∂yj

)
+

1

2α

(
∇ ∂

∂yi
R
)( δ

δxk
,

∂

∂yj

)
− 1

α2
G
(
U,

∂

∂yi

)
R
( δ

δxk
,

∂

∂yj

)}
,
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iv) R̃
( ∂

∂yi
,

∂

∂yj

) ∂

∂yk
=R
( ∂

∂yi
,

∂

∂yj

) ∂

∂yk

−A( ∂
∂yi ,

∂

∂yj )

{
− 1

α2
G
(
U,

∂

∂yi

)
B
( ∂

∂yj
,

∂

∂yk

)
+

1

α

(
∇ ∂

∂yi
B
)( ∂

∂yj
,

∂

∂yk

)
+

1

α
C
(
B(

∂

∂yj
,

∂

∂yk
),

∂

∂yi

)
+

1

α
B
(
B(

∂

∂yj
,

∂

∂yk
),

∂

∂yi

)
+

1

2α2
R
(
B(

∂

∂yj
,

∂

∂yk
),

∂

∂yi

)}
,

v) R̃
( δ

δxi
,

∂

∂yj

) δ

δxk
=R
( δ

δxi
,

∂

∂yj

) δ

δxk
+B

( δ

δxi
, B(

δ

δxk
,

∂

∂yj
)
)

−B
( ∂

∂yj
, C(

δ

δxi
,

δ

δxk
)
)
− 1

2α
B
( ∂

∂yj
, R(

δ

δxi
,

δ

δxk
)
)

+
(
∇ δ

δxi
B
)( δ

δxk
,

∂

∂yj

)
+ C

( δ

δxi
, B(

δ

δxk
,

∂

∂yj
)
)

− αC
( δ

δxi
, C(

δ

δxk
,

∂

∂yj
)
)
− 1

2
C
( δ

δxi
, R(

δ

δxk
,

∂

∂yj
)
)

− 2G
(
U,

∂

∂yj

)
C
( δ

δxi
,

δ

δxk

)
+
(
∇ δ

δxi
C
)( δ

δxk
,

∂

∂yj

)
+ α

(
∇ ∂

∂yj
C
)( δ

δxi
,

δ

δxk

)
+

1

2α
R
( δ

δxi
, B(

δ

δxk
,

∂

∂yj
)
)

− 1

2
R
( δ

δxi
, C(

δ

δxk
,

∂

∂yj
)
)
− 1

4α
R
( δ

δxi
, R(

δ

δxk
,

∂

∂yj
)
)

+
1

2α

(
∇ δ

δxi
R
)( δ

δxk
,

∂

∂yj

)
+

1

2

(
∇ ∂

∂yj
R
)( δ

δxi
,

δ

δxk

)
,

vi) R̃
( δ

δxi
,

∂

∂yj

) ∂

∂yk
=R
( δ

δxi
,

∂

∂yj

) ∂

∂yk
− 1

α

(
∇ δ

δxi
B
)( ∂

∂yj
,

∂

∂yk

)
−
(
∇ ∂

∂yj
B
)( δ

δxi
,

∂

∂yk

)
−
(
∇ ∂

∂yj
C
)( δ

δxi
,

∂

∂yk

)
− 1

2α

(
∇ ∂

∂yj
R
)( δ

δxi
,

∂

∂yk

)
+ C

( δ

δxi
, B(

∂

∂yj
,

∂

∂yk
)
)

− C
(
C(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
− 1

2α
C
(
R(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
+

1

2α
R
( δ

δxi
, B(

∂

∂yj
,

∂

∂yk
)
)
− 1

2α
R
(
C(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
− 1

4α2
R
(
R(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
+

1

α
B
( ∂

∂yj
, B(

δ

δxi
,

∂

∂yk
)
)

−B
(
C(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
− 1

2α
B
(
R(

δ

δxi
,

∂

∂yk
),

∂

∂yj

)
+

1

α2
G
(
U,

∂

∂yj

)
R
( δ

δxi
,

∂

∂yk

)
.
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Proof. By using (3.3) and δα
δxi = 0 we obtain

∇̃ δ

δxi
∇̃ δ

δxj

δ

δxk
=∇̃ δ

δxi

(
∇ δ

δxj

δ

δxk
− αC

( δ

δxj
,

δ

δxk

)
− 1

2
R
( δ

δxj
,

δ

δxk

))

=∇ δ

δxi
∇ δ

δxj

δ

δxk
− αC

( δ

δxi
,∇ δ

δxj

δ

δxk

)
− 1

2
R
( δ

δxi
,∇ δ

δxj

δ

δxk

)
− α∇ δ

δxj
C
( δ

δxj
,

δ

δxk

)
− αC

(
δ

δxi
, C
( δ

δxj
,

δ

δxk

))
− 1

2
R

(
δ

δxi
, C
( δ

δxj
,

δ

δxk

))

− αB

(
δ

δxi
, C
( δ

δxj
,

δ

δxk

))
− 1

2
∇ δ

δxi
R
( δ

δxj
,

δ

δxk

)
− 1

2
C

(
δ

δxi
, R
( δ

δxj
,

δ

δxk

))
− 1

4α
R

(
δ

δxi
, R
( δ

δxj
,

δ

δxk

))

− 1

2
B

(
δ

δxi
, R
( δ

δxj
,

δ

δxk

))
. (3.27)

We use (3.1), (3.3) and decomposition (2.7) and deduce that

∇̃[ δ

δxi ,
δ

δxj ]

δ

δxk
=∇̃[ δ

δxi ,
δ

δxj ]
h

δ

δxk
+ ∇̃[ δ

δxi ,
δ

δxj ]
v

δ

δxk

=∇[ δ

δxi ,
δ

δxj ]
h

δ

δxk
− αC

(
[
δ

δxi
,

δ

δxj
]h,

δ

δxk

)

− 1

2
R

(
[
δ

δxi
,

δ

δxj
]h,

δ

δxk

)

=∇[ δ

δxi ,
δ

δxj ]
v

δ

δxk
+ C

( δ

δxk
, [

δ

δxi
,

δ

δxj
]v
)

+
1

2α
R

(
δ

δxk
, [

δ

δxi
,

δ

δxj
]v

)
+B

(
δ

δxk
, [

δ

δxi
,

δ

δxj
]v

)

=∇[ δ

δxi ,
δ

δxj ]

δ

δxk
− αC

(
∇ δ

δxi

δ

δxj
,

δ

δxk

)
+ αC

(
∇ δ

δxj

δ

δxi
,

δ

δxk

)
− 1

2
R
(
∇ δ

δxi

δ

δxj
,

δ

δxk

)
+

1

2
R
(
∇ δ

δxj

δ

δxi
,

δ

δxk

)
− C

(
δ

δxk
, R(

δ

δxi
,

δ

δxj
)

)

− 1

2α
R

(
δ

δxk
, R
( δ

δxi
,

δ

δxj

))
−B

(
δ

δxk
, R(

δ

δxi
,

δ

δxj
)

)
.

(3.28)
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By using

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z (3.29)

for both R and R̃ and taking into account (3.26), (3.27) and (3.28) we obtain

R̃
( δ

δxi
,

δ

δxj

) δ

δxk
=R
( δ

δxi
,

δ

δxj

) δ

δxk
+B

(
δ

δxk
, R
( δ

δxi
,

δ

δxj

))

+
1

2α
R

(
δ

δxk
, R
( δ

δxi
,

δ

δxj

))
+ C

(
δ

δxk
, R
( δ

δxi
,

δ

δxj

))

−A( δ

δxi ,
δ

δxj )

{
1

2
B
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)

+
1

4α
R
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)
+

1

2
C
( δ

δxi
, R(

δ

δxj
,

δ

δxk
)
)

+ αB
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)
+

1

2
R
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)

+ αC
( δ

δxi
, C(

δ

δxj
,

δ

δxk
)
)

+
1

2
(∇ δ

δxi
R)
( δ

δxj
,

δ

δxk

)
+ α

(
∇ δ

δxi
C
)( δ

δxj
,

δ

δxk

)}
.

By similar calculations we can obtain all the other equalities. □

Lemma 3.7. Let L = yi δ
δxi be the horizontal Liouville vector field, then it

is parallel with respect to Vrãnceanu connection along horizontal distribution

HT̃M , that is,

∇ δ

δxj
L = 0 j ∈ {1, ..., n} (3.30)

Proof. By direct calculations we have

∇ δ

δxj
L =∇ δ

δxj
yi

δ

δxi

=
δyi

δxj

δ

δxi
+ yi∇ δ

δxj

δ

δxi

=−Ns
j

∂yi

∂ys
δ

δxi
+ yiΓk

ij

δ

δxk

=−Ns
j

δ

δxj
+Nk

j

δ

δxk
= 0.

This completes the proof. □

Let J be the almost complex structure on T̃M given by

J
( δ

δxi

)
=

∂

∂yi
; J

( ∂

∂yi

)
= − δ

δxi
(3.31)
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Proposition 3.8. The integrability tensor field R of HT̃M is related to both the

curvature tensor field R and the torsion tensor field T of Vrãnceanu connection

as follows:

R(Xh, Y h) = J
(
R(Xh, Y h)L)

)
= T (X,Y ) ∀X,Y ∈ Γ(T T̃M)

Proof. We use (3.7), (2.9), (3.4) and (3.31) and we have

J
(
R(Xh, Y h)L)

)
=J
(
∇Xh∇Y hL−∇Y h∇XhL−∇[Xh,Y h]L

)
=− J

(
∇[Xh,Y h]vL+∇[Xh,Y h]hL

)
=J
(
∇R(Xh,Y h)L

)
=Rk

ijJ
(
∇ ∂

∂yk
L
)

=Rk
ijJ
( δ

δxk

)
=R(Xh, Y h)

Taking into account (3.1) and that

T (X,Y ) = ∇XY −∇Y X − [X,Y ],

We deduce that

T (X,Y ) = R(Xh, Y h).

Then, we get the proof. □

4. Flag curvature of (M,F ) and curvatures of (T̃M,G)

Let (M,F ) be an n−dimensional Finsler manifold and (T̃M,G) be its slit

tangent bundle endowed with Cheeger-Gromoll metric G induced by F . We

denoted by U the vertical vector field on T̃M , that is,

U = yi
∂

∂yi
. (4.1)

We put locally the twins of R,C and B

i) R
( δ

δxj
,
∂

∂yi

)
= R̄k

ij

δ

δxk
, (4.2)

ii) C
( δ

δxj
,
∂

∂yi

)
= C̄k

ij

δ

δxk
, (4.3)

iii) B
( δ

δxj
,
∂

∂yi

)
= B̄k

ij

∂

∂yk
. (4.4)
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Taking into account that Cijk and Bijk are symmetric with respect to all indices

and by using (3.14), (3.15), (3.16), (2.13), (2.14), (2.15) and (2.1) we have

C̄ijk = C̄p
ijgpk = αCs

ikG
( ∂

∂ys
,

∂

∂yj

)
= Cs

ikgsi = Cikj = Cijk, (4.5)

B̄p
ij =

1

α
gpkBt

jkgti =
1

α
Bp

ji =
1

α
Bp

ij , (4.6)

R̄kji = R̄t
jigkt = αRp

kiG
( ∂

∂yp
,

∂

∂yj

)
= Rjki. (4.7)

Since yjRjki = 0, then we obtain

yjR̄kji = 0. (4.8)

Here, we obtain some equalities for the adapted tensor fields R,C and B.

Lemma 4.1. The adapted tensor fields R,C and B satisfy the equalities:

i) R(Xh, U) = 0,

ii) ∥ R(L,
δ

δxi
) ∥= 1

α
∥ R(L, J(

δ

δxi
) ∥,

iii) C
( δ

δxi
, L
)
= C

(
L,

δ

δxi

)
= C

(
L,

∂

∂yi

)
= C

( δ

δxi
, U
)
= 0,

iv) B
( ∂

∂yi
, U
)
= B

(
U,

∂

∂yi

)
= B

(
L,

∂

∂yi

)
= B

( δ

δxi
, U
)
= 0.

Proof. They are direct consequences of definition of the adapted tensor fields

R,C and B and (3.29), (4.1), (4.5), (4.6), (4.7), and (4.8). □

Let ∇ and ∇̃ be the Vrãnceanu and Levi-Civita connections on (T̃M,G).

In the following, we find some interesting relations that will be used in proving

some results.

Lemma 4.2. Let ∇ and ∇̃ be the Vrãnceanu and Levi-Civita connections on

(T̃M,G). Then we have the following equalities:

1) ∇ ∂
∂yi

L =
δ

δxi
,

2) ∇ ∂

∂yi
U =

1

α

(
∂

∂yi
+G

( ∂

∂yi
, U
)
U

)
3) ∇ δ

δxi
U = 0,

4) ∇̃ ∂
∂yi

L = −J
( ∂

∂yi

)
+

1

2α
R
(
L,

∂

∂yi

)
5) ∇̃ δ

δxi
L = −1

2
R
( δ

δxi
, L
)
,
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6) ∇̃ ∂

∂yi
U =

1

α

(
∂

∂yi
+G

( ∂

∂yi
, U
)
U

)
,

7) ∇̃ δ

δxi
U = 0,

8) ∇̃L
∂

∂yi
= ∇L

∂

∂yi
+

1

2α
R
(
L,

∂

∂yi

)
,

9) ∇ δ
δxi

U = 0,

10) ∇̃U
δ

δxi
= 0,

11) ∇̃U
∂

∂yi
= ∇U

∂

∂yi
=

1

α

(
G
(
U,

∂

∂yi

)
U + (1− α)

∂

∂yi

)
,

for any i ∈ {1, ..., n}.

Proof. We prove this Lemma part by part.

1) By using (3.4) and (3.31) we obtain

∇ ∂

∂yi
L = ∇ ∂

∂yi
yj

δ

δxj
= δji

δ

δxj
= −J

( ∂

∂yi

)
.

2) We use (3.6) and (4.1) and deduce that

∇ ∂

∂yi
U =∇ ∂

∂yi
yj

∂

∂yj

=
∂

∂yi
+

1

α

(
−G

( ∂

∂yi
, U
)
U −G(U,U)

∂

∂yi
+ (1 + α)G

(
U,

∂

∂yi

)
U

−G
( ∂

∂yi
, U
)
G(U,U)U

)

=
∂

∂yi
+

1

α

(
−G

( ∂

∂yi
, U
)
U − (α− 1)

∂

∂yi
+ (1 + α)G

(
U,

∂

∂yi

)
U

− (α− 1)G
( ∂

∂yi
, U
)
U

)

=
1

α

(
∂

∂yi
+G

( ∂

∂yi
, U
)
U

)
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by similar calculations and using (3.3), (3.4), (3.5), (3.6), (3.31), (4.1), (4.5),

(4.6), (4.7) and Theorem (3.3) and Lemma (3.7) we obtain the remaining for-

mulas as following

3) ∇ δ

δxi
U =

δyj

δxi

∂

∂yj
+ yj∇ δ

δxi

∂

∂yj

=−N j
i

∂

∂yj
+ yj

(
Γk
ij + Lk

ij

) ∂

∂yk

=−N j
i

∂

∂yj
+Nk

i

∂

∂yk
= 0.

4) ∇̃ ∂

∂yi
L =δji

δ

δxj
+ yj

(
∇ ∂

∂yi

δ

δxj
+B

( δ

δxj
,
∂

∂yi

)
+ C

( δ

δxj
,
∂

∂yi

)
+

1

2α
R
( δ

δxj
,
∂

∂yi

))

=
δ

δxi
+

1

2α
yjR̄k

ij

δ

δxk

=
δ

δxi
+

1

2α
R
(
L,

∂

∂yi

)
=− J

( ∂

∂yi

)
+

1

2α
R
(
L,

∂

∂yi

)
.

5) ∇̃ δ

δxi
L =−N j

i

δ

δxj
+ yj

(
∇ δ

δxi

δ

δxj
− αC

( δ

δxi
,

δ

δxj

)
− 1

2
R
( δ

δxi
,

δ

δxj

))

=− yj

2
Rk

ji

δ

δxk

=− 1

2
R
( δ

δxi
, L
)

6) ∇̃ ∂

∂yi
U =

∂

∂yi
+ yj∇̃ ∂

∂yi

∂

∂yj

=
∂

∂yi
+ yj

(
∇ ∂

∂yi

∂

∂yj
− 1

α
B
( ∂

∂yi
,

∂

∂yj

))

=
∂

∂yi
+ yj∇ ∂

∂yi

∂

∂yj

=
1

α

{
∂

∂yi
+G

( ∂

∂yi
, U
)
U

}
,

7) ∇̃ δ

δxi
U =

δyj

δxi

∂

∂yj
+ yj∇̃ δ

δxi

∂

∂yj

=−N j
i

∂

∂yj
+ yj

(
∇ δ

δxi

∂

∂yj
+B

( δ

δxi
,

∂

∂yj

)
+ C

( δ

δxi
,

∂

∂yj

)
+

1

2α
R
( δ

δxi
,

∂

∂yj

))
= 0,
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8) ∇̃L
∂

∂yi
=yj

{
∇ δ

δxj

∂

∂yi
+B

( δ

δxj
,
∂

∂yi

)
+ C

( δ

δxj
,
∂

∂yi

)
+

1

2α
R
( δ

δxj
,
∂

∂yi

)}

=∇L
∂

∂yi
+

1

2α
R
(
L,

∂

∂yi

)
,

9) ∇U
δ

δxi
=yj∇ ∂

∂yi

δ

δxj
= 0,

10) ∇̃U
δ

δxi
=yj

{
∇ ∂

∂yj

δ

δxi
+B

( δ

δxi
,

∂

∂yj

)
+ C

( δ

δxi
,

∂

∂yj

)
+

1

2α
R(

δ

δxi
,

∂

∂yj
)

}
= 0,

11) ∇̃U
∂

∂yi
=yj

{
∇ ∂

∂yj

∂

∂yi
− 1

α
B
( ∂

∂yj
,
∂

∂yi

)}
= ∇U

∂

∂yi

=
1

α

{
−G(U,U)

∂

∂yi
−G

( ∂

∂yi
, U
)
U + (1 + α)G

( ∂

∂yi
, U
)
U

−G
( ∂

∂yi
, U
)
G(U,U)U

}

=
1

α

{
(1− α)

∂

∂yi
+G

( ∂

∂yi
, U
)
U

}
.

This complete the proof. □

Lemma 4.3. The adapted tensor fields R,C and B with respect to Vrãnceanu

connection on (T̃M,G) satisfy the equalities:

1)(∇XR)(L,L) = 0,

2)
(
∇UR

)( δ

δxi
,

∂

∂yj

)
= R

( δ

δxi
,

∂

∂yj

)
−R

( δ

δxi
,∇U

∂

∂yj

)
,

3)
(
∇XC

)
(L,L) =

(
∇LC

)( δ

δxi
, L
)
=
(
∇LC

)(
L,

∂

∂yi

)
= 0,

4)
(
∇UC

)( δ

δxi
,

∂

∂yj

)
= −C

( δ

δxi
,

∂

∂yj

)
− C

( δ

δxi
,∇U

∂

∂yj

)
,
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5)
(
∇ ∂

∂yi
B
)
(U,U) =

(
∇LB

)(
L,

∂

∂yi

)
=
(
∇ δ

δxi
B
)(

U,
∂

∂yj

)
= 0

6)
(
∇UB

)( δ

δxi
,

∂

∂yj

)
= −B

( δ

δxi
,∇U

∂

∂yj

)
7)
(
∇UB

)( ∂

∂yi
,

∂

∂yj

)
= −B

(
∇U

∂

∂yi
,

∂

∂yj

)
−B

( ∂

∂yi
,∇U

∂

∂yj

)
.

Proof. By taking into account that Ck
ij , B

k
ij and Rk

ij are homogeneous of degrees

-1, 0, and 1 respectively and skew-symmetric of R and using Lemma (4.2),

Lemma (4.1) and using

∇LL = 0 ∇UU = U

we prove the lemma. □

Theorem 4.4. (M,F ) is a Riemannian manifold if(
∇̃U R̃

)( δ

δxi
, U,

∂

∂yj

)
= 0 i, j ∈ {1, ..., n}. (4.9)

Proof. By Lemma 4.1, Lemma 4.2, Lemma 4.3, and Theorem 3.6 we obtain

R̃
( δ

δxi
, U,

∂

∂yj

)
|(p,0)

=

(
R
( δ

δxi
, U,

∂

∂yj

)
+ C

( δ

δxi
,

∂

∂yj

)
− 1

2α
R
( δ

δxi
,

∂

∂yj

))
|(p,0)

.

Next, we have [ δ

δxi
, U
]
= −N j

i

∂

∂yj
+ yj

(
Γk
ij + Lk

ij

) ∂

∂yk
= 0(

∇̃U
∂

∂yi

)
|(p,0)

= 0

Therefore

R
( δ

δxi
, U,

∂

∂yj

)
|(p,0)

= 0.

Now, If we assume (4.9) and calculate it at (p, 0) we get(
∇̃U R̃

)( δ

δxi
, U,

∂

∂yj

)
=

(
∇̃U R̃

( δ

δxi
, U,

∂

∂yj

)
− R̃

( δ

δxi
, U,

∂

∂yj

))
|(p,0)

.

By using homogeneous of Ck
ij , R̄

k
ij we deduce that(

∇̃U R̃
)( δ

δxi
, U,

∂

∂yj

)
|(p,0)

= −2C
( δ

δxi
,

∂

∂yj

)
. (4.10)

Since

C
( δ

δxi
,

∂

∂yj

)
= 0

if and only if (M,F ) is a Riemannian manifold. We obtain the result from

(4.10) and (4.9). □
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Theorem 4.5. Let (M,F ) be a Finsler manifold and G be a Riemannian

Cheeger-Gromoll metric on T̃M induced by F . Then (T̃M,G) is locally sym-

metric if and only if (M,F ) is locally Euclidean.

Proof. Let (M,F ) be locally Euclidean then the statement is clear. From

being locally symmetric of (T̃M,G) and Theorem 4.4, we have (M,F ) is a

Riemannian manifold. Next we get(
∇̃LR̃

)(
U,

∂

∂yj
,

∂

∂yk

)
(p,0)

=

(
∇̃LR̃

(
U,

∂

∂yj
,

∂

∂yk

)
− R̃

(
∇̃LU,

∂

∂yj

) ∂

∂yk

− R̃
(
U, ∇̃L

∂

∂yj

) ∂

∂yk
− R̃

(
U,

∂

∂yj

)
∇̃L

∂

∂yk

)
(p,0)

=−N t
j R̃
(
U,

∂

∂yt

) ∂

∂yk
− 1

2α
R̃

(
U,R

(
L,

∂

∂yj

)) ∂

∂yk

−N t
kR̃
(
U,

∂

∂yj

) ∂

∂yt
− 1

2α
R̃
(
U,

∂

∂yj

)
R
(
L,

∂

∂yk

)
=− 1

2α
R̄t

jR̃
(
U,

δ

δxt

) ∂

∂yk
− 1

2α
R̄t

kR̃
(
U,

∂

∂yj

) δ

δxt

=− 1

4α2
R̄t

jR
( δ

δxt
,

∂

∂yk

)
− 1

4α2
R̄t

kR
( δ

δxt
,

∂

∂yj

)
=− 1

4α2

(
R̄t

jR̄
p
tk + R̄t

kR̄
p
tj

) δ

δxp
.

Therefore

R̄t
jR̄

p
tk + R̄t

kR̄
p
tj = 0

That deduces

Rp
ij = 0.

Thus (M,F ) is a flat Riemannian manifold which implies that it is locally

Euclidean. □

Now, we find some equivalence relation for Landsberg metric.

Theorem 4.6. Let (M,F ) be a Finsler manifold. Then the following state-

ments are equivalent:

i) (M,F ) is a Landsberg manifold.

ii) R̃
(
U, ∂

∂yi

)
∂

∂yj = R
(
U, ∂

∂yi

)
∂

∂yj ;

iii)
(
∇̃U R̃

)(
U, ∂

∂yi ,
∂

∂yj

)
=
(
∇UR

)(
U, ∂

∂yi ,
∂

∂yj

)
,

for i, j ∈ {1, ..., n}.
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Proof. We use Theorem (3.6), Lemma (4.1), Lemma (4.2), Lemma (4.3) and

obtain

R̃
(
U,

∂

∂yi

) ∂

∂yj
=R
(
U,

∂

∂yi

) ∂

∂yj
−

{
− 1

α2
G(U,U)B

( ∂

∂yi
,

∂

∂yj

)
− 1

α

(
∇ ∂

∂yi
B
)(

U,
∂

∂yj

)
+

1

α

(
∇UB

)( ∂

∂yi
,

∂

∂yj

)}

=R
(
U,

∂

∂yi

) ∂

∂yj
+

α− 1

α2
B
( ∂

∂yi
,

∂

∂yj

)
− 2α− 2

α2
B
( ∂

∂yi
,

∂

∂yj

)
− 1

α2
B
( ∂

∂yi
,

∂

∂yj

)
=R
(
U,

∂

∂yi

) ∂

∂yj
− 1

α
B
( ∂

∂yi
,

∂

∂yj

)
.

Next, we have(
∇̃U R̃

)(
U,

∂

∂yi
,

∂

∂yj

)
=∇̃U R̃

(
U,

∂

∂yi
,

∂

∂yj

)
− R̃

(
∇̃UU,

∂

∂yi
,

∂

∂yj

)
− R̃

(
U, ∇̃U

∂

∂yi
,

∂

∂yj

)
− R̃

(
U,

∂

∂yi
, ∇̃U

∂

∂yj

)
=∇̃U

(
R
(
U,

∂

∂yi
,

∂

∂yj

)
− 1

α
B
( ∂

∂yi
,

∂

∂yj

))

+
α− 2

α
R̃
(
U,

∂

∂yi
,

∂

∂yj

)
− 1

α
G
(
U,

∂

∂yj

)
R
(
U,

∂

∂yi
, U
)

=∇̃UR
(
U,

∂

∂yi
,

∂

∂yj

)
+

α− 2

α
R
(
U,

∂

∂yi
,

∂

∂yj

)
− 1

α
G
(
U,

∂

∂yj

)
R
(
U,

∂

∂yi
, U
)
− α− 2− U(α)

α2
B
( ∂

∂yi
,

∂

∂yj

)
=
(
∇UR

)(
U,

∂

∂yi
,

∂

∂yj

)
− α− 2− U(α)

α2
B
( ∂

∂yi
,

∂

∂yj

)
.

As (M,F ) is a Landsberg manifold if and only if B = 0, the equivalence of the

statements follows. □

Let (x, y) be a point of T̃M . Suppose that

X = Xi ∂

∂xi

is another tangent vector to M at x such that y and X are linearly independent

in TxM . We call the plane Π(X) = span{y,X} the flag at x with flagpole y

and transverse edge X. Consider the horizontal lifts

Xh = Xi δ

δxi
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and L of X and y respectively, the flag curvature of (M,F ) at the point x with

respect to the flag Π(X) is the number

K(X) =
G(R(Xh, L, L), Xh)

Q(Xh, L)
, (4.11)

where R is the curvature tensor of Vrãnceanu connection on T̃M and

Q(Xh, L) = G(Xh, Xh)G(L,L)−G(Xh, L)2.

We may choose X such that Xh and L are orthogonal with respect to G (see

Bao-chern-Shen [4]).

We recall that the sectional curvature of (T̃M,G) at point (x, y) with respect

to the plane span{U, V } is given by

K̃(U, V ) =
G
(
R̃(U, V, V ), U

)
Q(U, V )

. (4.12)

Theorem 4.7. Let (M,F ) be a Finsler manifold and (T̃M,G) the slit tan-

gent bundle of M endowed with the Cheeger-Gromoll metric G. Then we have

following equalities:

i)R̃
( δ

δxi
, L, L

)
=R
( δ

δxi
, L, L

)
+

3

4α
R

(
L,R

( δ

δxi
, L
))

+
1

2

(
∇LR

)( δ

δxi
, L
)

ii)R̃
( ∂

∂yi
, L, L

)
=R
( ∂

∂yi
, L, L

)
− 1

2

(
∇LR

)(
L,

∂

∂yi

)
+

1

4α
R

(
L,R

(
L,

∂

∂yi

))

iii)R̃
( δ

δxi
, U, U

)
=0

iv)R̃
( ∂

∂yi
, U, U

)
=− 3

α
∇U

∂

∂yi

for i ∈ {1, ..., n}.

Proof. We use Theorem 3.6, Lemma 4.3, Lemma 4.2 and get

R̃
( δ

δxi
, L, L

)
=R
( δ

δxi
, L, L

)
+

1

2α
R

(
L,R

( δ

δxi
, L
))

− 1

2

(
∇ δ

δxi
R
)(

L,L
)
− α

(
∇ δ

δxi
C
)(

L,L
)

+ α
(
∇LC

)( δ

δxi
, L
)
+

1

2

(
∇LR

)( δ

δxi
, L
)
+

1

4α
R

(
L,R

( δ

δxi
, L
))

=R
( δ

δxi
, L, L

)
+

3

4α
R

(
L,R

( δ

δxi
, L
))

+
1

2

(
∇LR

)( δ

δxi
, L
)
.
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Next we obtain

R̃
( ∂

∂yi
, L, L

)
=R
( ∂

∂yi
, L, L

)
−
(
∇LB

)(
L,

∂

∂yi

)
−
(
∇LC

)(
L,

∂

∂yi

)
− α

(
∇ ∂

∂yi
C
)
(L,L)

− 1

2α

(
∇LR

)(
L,

∂

∂yi

)
− 1

2

(
∇ ∂

∂yi
R
)
(L,L)

+
1

4α
R

(
L,R

(
L,

∂

∂yi

))

=R
( ∂

∂yi
, L, L

)
− 1

2

(
∇LR

)(
L,

∂

∂yi

)
+

1

4α
R

(
L,R

(
L,

∂

∂yi

))
.

Then we have

R̃
( δ

δxi
, U, U

)
=R
( δ

δxi
, U, U

)
− 1

α

(
∇ δ

δxi
B
)
(U,U)

−
(
∇UB

)( δ

δxi
, U
)
−
(
∇UC

)( δ

δxi
, U
)

− 1

2α

(
∇UR

)( δ

δxi
, U
)

=R
( δ

δxi
, U, U

)
= 0.

Finally we deduce that

R̃
( ∂

∂yi
, U, U

)
=R
( ∂

∂yi
, U, U

)
+

1

α2
G
(
U,

∂

∂yi

)
B(U,U)

− 1

α

(
∇ ∂

∂yi
B
)
(U,U)− 1

α2
G(U,U)B

( ∂

∂yi
, U
)

+
1

α

(
∇UB

)( ∂

∂yi
, U
)
.

Thus

R̃
( ∂

∂yi
, U, U

)
=R
( ∂

∂yi
, U, U

)
=∇ ∂

∂yi
∇UU −∇U∇ ∂

∂yi
U −∇[ ∂

∂yi ,U ]U

=∇ ∂

∂yi
U −∇U

(
1

α
(
∂

∂yi
+G

( ∂

∂yi
, U
)
U

)
−∇ ∂

∂yi
U

=− 3− 3α

α2

∂

∂yi
− 3

α2
G
( ∂

∂yi
, U
)
U

=− 3

α
∇U

∂

∂yi
.

This completes the proof. □
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Let (M,F ) be a Finsler manifold and (T̃M,G) the slit tangent bundle of

M endowed with the Cheeger-Gromoll metric G. Here, we are obtain some

important relations for its flag curvature.

Theorem 4.8. Let (M,F ) be a Finsler manifold and (T̃M,G) the slit tangent

bundle of M endowed with the Cheeger-Gromoll metric G. Then we have the

following equalities:

K̃
( δ

δxi
, L
)
=K

( ∂

∂xi

)
− 3

4

||R( δ
δxi , L)||2

Q( δ
δxi , L)

K̃
( ∂

∂yi
, L
)
=

1

4α

||R(L, δ
δxi ||2

Q( ∂
∂yi , L)

K̃
( δ

δxi
, U
)
=0

K̃
( ∂

∂yi
, U
)
=

3

α2
.

Proof. By using Theorem 3.6, Theorem 4.7 and taking into account that the

last term in (i) of Theorem 4.7 is lying in Γ(VTM) we have

K̃
( δ

δxi
, L
)
=
G
(
R̃( δ

δxi , L)L,
δ

δxi

)
Q( δ

δxi , L)

=
G
(
R( δ

δxi , L)L,
δ

δxi

)
Q( δ

δxi , L)
+

3

4α

G
(
R
(
L,R( δ

δxi , L)
)
, δ
δxi

)
Q( δ

δxi , L)

which yields

K̃
( δ

δxi
, L
)
=K

( ∂

∂xi

)
+

3

4α
α
G
(
R(L, δ

δxi ), R( δ
δxi , L)

)
Q( δ

δxi , L)

=K
( ∂

∂xi

)
− 3

4

||R( δ
δxi , L)||2

Q( δ
δxi , L)

Next by using Theorem 4.7 and taking into account that the first and second

term in (ii) of Theorem 4.7 are lying in Γ(HTM) we obtain

K̃
( ∂

∂yi
, L
)
=
G
(
R̃( ∂

∂yi , L)L,
∂

∂yi

)
Q( ∂

∂yi , L)

=
1

4α

G

(
R
(
L,R(L, ∂

∂yi )
)
, ∂
∂yi

)
Q( ∂

∂yi , L)
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which yields

K̃
( ∂

∂yi
, L
)
=

1

4α2

G
(
R(L, ∂

∂yi ), R(L, ∂
∂yi )

)
Q( ∂

∂yi , L)

=
1

4α2

||R(L, ∂
∂yi )||2

Q( ∂
∂yi , L)

=
1

4α

||R(L, δ
δxi )||2

Q( ∂
∂yi , L)

.

Then (iii) of Theorem 4.7 implies that

K̃
( δ

δxi
, U
)
=
G
(
R̃( δ

δxi , U)U, δ
δxi

)
Q( δ

δxi , U)
= 0

Finally by using Theorem 4.7 we have

K̃
( ∂

∂yi
, U
)
=
G
(
R̃( ∂

∂yi , U)U, ∂
∂yi

)
Q( ∂

∂yi , U)

=
G
(
− 3

α∇U
∂

∂yi ,
∂

∂yi

)
Q( ∂

∂yi , U)

=
3

α2

G
(
−G(U, ∂

∂yi )U,
∂

∂yi

)
+ (α− 1)G

(
∂

∂yi ,
∂

∂yi

)
Q( ∂

∂yi , U)
.

Then

K̃
( ∂

∂yi
, U
)
=

3

α2

−G(U, ∂
∂yi )

2 + (α− 1)G( ∂
∂yi ,

∂
∂yi )

G( ∂
∂yi ,

∂
∂yi )G(U,U)−G( ∂

∂yi , U)2

=
3

α2

−G(U, ∂
∂yi )

2 + (α− 1)G( ∂
∂yi ,

∂
∂yi )

G( ∂
∂yi ,

∂
∂yi )(α− 1)−G( ∂

∂yi , U)2

which yields

K̃
( ∂

∂yi
, U
)
=

3

α2
.

This completes the proof. □

Corollary 4.9. The tangent bundle of a Finsler manifold cannot be of positive

or negative sectional curvature with respect to G.

Proof. This is a direct consequence of Theorem 4.7. □
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We call K̃( δ
δxi , L) (resp. K̃( ∂

∂yi , L)) the L-horizontal sectional curvature

(resp. L-vertical sectional curvature) of (T̃M,G).

Corollary 4.10. The flag curvature of the Finsler manifold (M,F ) is deter-

mined by the L-horizontal and L-vertical sectional curvature of (T̃M,G) as

follows:

K
( ∂

∂xi

)
= K̃

( δ

δxi
, L
)
+ 3αK̃

( ∂

∂yi
, L
)Q( ∂

∂yi , L
)

Q
(

δ
δxi , L

) .

Corollary 4.11. If the Finsler manifold (M,F ) is flat, then the Cheeger-

Gromoll metric G of tangent bundle of T̃M has nonnegative sectional curva-

ture, which are nowhere constant.
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