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Abstract. In this article, we study the algebraic Ricci solitons of three-

dimensional Lie group H2 ×R, endowed with a left-invariant Riemannian met-

ric. Also, we examine the existence of sol-solitons on the three-dimensional Lie

group Sol3, endowed with a left-invariant Riemannian metric.
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1. Introduction

Suppose G be a three-dimensional Lie group. If ∇ be the Levi-Civita con-

nection, the corresponding curvature tensor is given by the identity

R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].

Now, the Ricci tensor ρ and the Ricci operator Ric are given by

ρ(X,Y ) = tr
{
Z 7→ R(Z,X)Y

}
and ρ(X,Y ) = g

(
Ric(X), Y

)
,

respectively.

The problem of constructing a metric with a distinguish feature is a impor-

tant subject in differential geometry. For example, Hamilton [5] and Friedan [4]
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introduced Ricci flow, which we recall here. Suppose g(t) be a one-parameter

family of metrics into a Riemannian manifold M , then g(t) is a solution to the

Ricci flow if it satisfies the equation

∂

∂t
g(t) = −2ρ

(
g(t)

)
. (1.1)

On the other side, we also have the so called Ricci solitons, which is also

introduced by Hamilton [6]. A Riemannian manifold (M, g) is a Ricci soliton

if there exist a smooth vector field X such that

ρ = κg + LXg, (1.2)

where LX is the Lie derivative of the metric in the direction of X, and κ is

a real number. Furthermore, if κ < 0, κ = 0, or κ > 0, then, (M, g) is a

expanding, steady, or shrinking Ricci soliton, respectively. Note that, if X = 0,

then, it will be satisfies in Einstein condition. Therefore, Ricci solitons are a

generalization of Einstein manifolds. Ricci solitons have a significant work in

conception the uniqueness of the Ricci flow, because they are the self-similar

solutions. After Hamilton’s work [6], the perusal of the Ricci solitons has been

one of main question in differential geometry. For example in [11], the well-

know mathematician Perelman was able to prove Thurston’s geometrization

conjecture by using the notion of Ricci solitons.

In 2001, Lauret first introduced the notion of algebraic Ricci soliton in the

Riemannian setting [9].

Definition 1.1. Suppose G be a Lie group with Lie algebra g. A left-invariant

Riemannian metric g on Lie group G is called an algebraic Ricci soliton if

Ric = κ Id+D, (1.3)

where κ ∈ R and D ∈ Der(g) is derivation of the corresponding Lie algebra g,

i.e.,

D[X,Y ] = [DX,Y ] + [X,DY ], ∀ X,Y ∈ g. (1.4)

In the special case, if G is a solvable Lie group (a nilpotent Lie group), then

an algebraic Ricci soliton is called a sol-soliton (a nil-soliton).

It is clear that any Einstein metric on a Lie group is an algebraic Ricci soliton.

Also, any algebraic Ricci soliton is a Ricci soliton, whereas the converse is an

open problem (see[7, 9]).

In [9], Lauret considered the relationship among sol-solitons and Ricci soli-

tons on Riemannian setting. Actually, he denote that any sol-soliton is a Ricci

soliton. It is worth noting that all these examples are either expanding or

steady. Note that problems related to Ricci solitons are second-order differen-

tial equations. But, problems related to algebraic Ricci solitons are algebraic

equations. Thus, algebraic Ricci solitons permit us to make Ricci solitons in
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an algebraic method, i.e., the study of Ricci solitons on homogeneous spaces is

algebraic Ricci soliton by using algebraic Ricci soliton theory.

The classification of algebraic Ricci solitons on Lie groups is very significant,

because any Ricci soliton on homogeneous spaces is an algebraic Ricci soliton

[8]. Therefore, the algebraic Ricci solitons have been perused in many articles.

Furthermore, the three-dimensional case has been investigated as an attractive

original of instances. For example, In [1], Batat and Onda have perused alge-

braic Ricci solitons of three-dimensional Lorentzian Lie groups. Also, Onda [10]

offered examples of algebraic Ricci solitons in the Pseudo-Riemannian setting.

In [12], Salimi Moghaddam completely classifies algebraic Ricci solitons on

three-dimensional Lie groups. He obtains a scale for a Lie group endowed

with a left-invariant Riemannian metric to be a Ricci soliton based on struc-

tural constants of the corresponding Lie algebra. First, we recall the following

Lemma.

Lemma 1.2. [12] Suppose G be a n-dimensional Lie group with a left invariant

Riemannian metric g. Suppose that {u1, · · · , un} is an orthonormal basis for

the Lie algebra g of G, with respect to the Riemannian metric g. If αijk denote

the structural constants defined by

[ui, uj ] =
n∑

k=1

αijkuk,

then the Ricci operator of g can be computed as follows,

Ric(ui) =
1

4

n∑
l=1

n∑
j=1

n∑
r=1

2αrjj(αirl + αlir − αrli)− 2αijr(αrjl + αlrj − αjlr)

− (αijr + αrij − αjri)(αjrl + αljr − αrlj)ui.

Considering that a left-invariant Rirmannian metric on a Lie group is a Ricci

soliton if and only if it is an algebraic Ricci soliton [8]. He proved the following.

Theorem 1.3. [12] Suppose that G is a n-dimensional Lie group, endowed

with a left invariant Riemannian metric g. Assume that {u1, · · · , un} is an

orthonormal basis for g, the Lie algebra of G, and αijk are the structural con-

stants with respect to this basis. The Riemannian metric g is a Ricci soliton if

and only if there exists a constant κ ∈ R such that, for any t, p, q = 1, · · · , n
we have

καqpt +
1

4

n∑
i=1

n∑
j=1

n∑
r=1

2αrjj

(
αiqt(αpri + αipr − αrip)− αipt(αqri + αiqr − αriq)

)
+ 2(αrji + αirj − αjir)(αiptαqjr − αiqtαpjr)
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+ (αjri + αijr − αrij)
(
αipt(αqjr + αrqj − αjrq)− αiqt(αpjr + αrpj − αjrp)

)
− 2αpqiαrjj(αirt + αtir − αrti) + 2αpqiαijr(αrjt + αtrj − αjtr)

+ αpqi(αijr + αrij − αjri)(αjrtαtjr − αtjrαrtj) = 0.

By using this theorem, he classified an algebraic Ricci soliton on simply-

connected three-dimensional Lie groups.

In this article, we focus specifically on the two Lie groups H2 ×R and Sol3,

endowed with a left-invariant Riemannian metric and work based on their corre-

sponding structures of Lie algebraic. Actually, we consider the algebraic Ricci

solitons of the Lie group H2 × R, endowed with a left-invariant Riemannian

metric. Also, we check the existence of sol-solitons on the three-dimensional

Lie group Sol3, endowed with left-invariant Riemannian metric.

It is worth noting that Belarbi [2], has studied the Ricci solitons on the Lie

group H2 ×R, endowed with a left-invariant Riemannian metric. Furthermore

he has considered the Ricci solitons of the Lie group Sol3, endowed with a

left-invariant Riemannian metric [3].

We organize this article as follows. In section 2, we examine the left-invariant

Riemannian metrics accepted by the three-dimensional Lie group H2 × R and

show the existence algebraic Ricci solitons on this group. In section 3, we

examine left-invariant Riemannian metrics accepted by the three-dimensional

solvable Lie group Sol3 and consider sol-solitons of this group.

2. The lie group H2 × R

2.1. Curvature of the Lie group H2 × R. Suppose H2 be expressed by the

upper half-plane model

H2 :=
{
(x1, x2) ∈ R2 | x2 > 0

}
,

endowed with the metric

gH2 =
1

x2
2

(
dx2

1 + dx2
2

)
.

The space H2, with the group structure derivative by the combination of suit-

able affine map, is a Lie group and the metric gH2 is left-invariant. It follows

that the Riemannian product space H2 × R is a Lie group with respected to

the action

(x1, x2, x3) ⋆ (x
′

1, x
′

2, x
′

3) = (x
′

1x2 + x1, x2x
′

2, x3 + x
′

3),

and the left-invariant product metric

g =
1

x2
2

(
dx2

1 + dx2
2

)
+ dx2

3. (2.1)
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A left-invariant orthonormal basis {u1, u2, u3} in the Riemannian Lie group

H2 × R is

u1 = x2∂1,

u2 = x2∂2, (2.2)

u3 = ∂3,

where we put

∂i :=
∂

∂xi
, ∀i = 1, 2, 3.

So, the non-zero Lie brackets are

[u1, u2] = −u1,

[u2, u3] = 0, (2.3)

[u3, u1] = 0.

In the whole article, we consider the Lie group H2 × R with a left-invariant

Riemannian metric g.

The components of the Levi-Civita connection ∇ of the Lie group H2 × R
are given by

∇u1u1 = u2,

∇u1u2 = −u1,

∇u1u3 = 0,

∇u2u1 = 0,

∇u2u2 = 0,

∇u2u3 = 0,

∇u3u1 = 0,

∇u3u2 = 0,

∇u3u3 = 0.

The non-zero components of the Riemann curvature tensor R are computed as

follows

R(u1, u2)u1 = u2,

R(u1, u2)u2 = −u1,

and the Ricci operator is given by

Ric =

 −1 0 0

0 −1 0

0 0 0

 .
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2.2. The algebraic Ricci solitons of the Lie group H2×R. Now, we check

the existence of algebraic Ricci solitons on the Lie group (H2 ×R, g), endowed
with the left-invariant Riemannian metric. Suppose D ∈ Der(g), where g is

the Lie algebra of the Lie group H2 × R. For any i = 1, 2, 3, we put

Dui = λ1
iu1 + λ2

iu2 + λ3
iu3.

Equation (1.4), using the above equation can be written as follows.

D[u1, u2] = [Du1, u2] + [u1,Du2]

−Du1 = [λ1
1u1 + λ2

1u2 + λ3
1u3, u2] + [u1, λ

1
2u1 + λ2

2u2 + λ3
2u3]

− λ1
1u1 − λ2

1u2 − λ3
1u3 = λ1

1[u1, u2] + λ2
1[u2, u2] + λ3

1[u3, u2]

+ λ1
2[u1, u1] + λ2

2[u1, u2] + λ3
2[u1, u3]

So, by using (2.3), we obtain

λ2
2 = λ2

1 = λ3
1 = 0.

By continuing the same process we have

λ2
1 = λ3

1 = λ2
2 = λ2

3 = λ1
3 = 0.

Thus, we showed the following lemma.

Lemma 2.1. Suppose g is the Lie algebra of the Lie group H2 × R. Then

D ∈ Der(g) if and only if

D =

 λ1
1 λ1

2 0

0 0 0

0 λ3
2 λ3

3

 .

By using the above Lemma, we have the following.

Theorem 2.2. The Lie group H2 × R equipped with the left-invariant Rie-

mannian metric g is an algebraic Ricci soliton. In particular,

D =

 −(κ+ 1) −(κ+ 1) 0

0 0 0

0 0 −κ

 ,

and κ is an arbitrary real number.

Proof. Now, using Lemma 2.1, we examine that algebraic Ricci soliton condi-

tion (1.3) on the Lie group H2 × R. We have

Ric(u1) = κ Id(u1) +D(u1)

− u1 = κu1 + λ1
1u1

κ+ λ1
1 = −1.
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By continuing this process, we see that the Lie group H2 × R is an algebraic

Ricci soliton if and only if

λ1
1 = λ1

2 = −(κ+ 1),

λ3
3 = −κ,

λ3
2 = 0.

This completes the proof. □

3. The lie group Sol3

3.1. Curvature of the Lie group Sol3. It is easy to see that the Riemann-

ian solvable Lie group Sol3 is a Lie group R3 endowed with a left-invariant

Riemannian metric

g = e2x3dx2
1 + e−2x3dx2

2 + dx2
3,

where (x1, x2, x3) are the usual coordinates of R3. Also, the group structure of

three-dimensional Lie group Sol3 is of form

(x
′

1, x
′

2, x
′

3) ⋆ (x1, x2, x3) = (e−x
′
3x1 + x

′

1, e
x
′
3x2 + x

′

2, x3 + x
′

3).

The isometries under this Riemannian metric are

(x1, x2, x3) 7→ (±e−cx1 + a,±e−cx2 + b, x3 + c),

and

(x1, x2, x3) 7→ (±e−cx2 + a,±e−cx1 + b,−x3 + c),

where a, b, c are arbitrary real numbers.

A left-invariant orthonormal basis {u1, u2, u3} in the Riemannian Lie group

Sol3 is

u1 = e−x3∂1,

u2 = ex3∂2, (3.1)

u3 = ∂3,

where we put

∂i :=
∂

∂xi
, ∀i = 1, 2, 3.

So, the non-zero Lie brackets are

[u1, u2] = 0,

[u2, u3] = −u2, (3.2)

[u3, u1] = −u1.

In the whole article, we consider the Lie group Sol3 with left-invariant Rie-

mannian metric g.
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The components of the Levi-Civita connection ∇ of the Lie group H2 × R
are given by

∇u1u1 = −u3,

∇u1u2 = 0,

∇u1u3 = u1,

∇u2u1 = 0,

∇u2u2 = u3,

∇u2
u3 = −u2,

∇u3u1 = 0,

∇u3u2 = 0,

∇u3u3 = 0.

The non-zero components of the Riemann curvature tensor R are computed as

follows

R(u1, u2)u1 = −u2,

R(u1, u2)u2 = u1,

R(u1, u3)u1 = u3,

R(u1, u3)u3 = −u1,

R(u2, u3)u2 = u3,

R(u2, u3)u3 = −u2,

and the Ricci operator is given by

Ric =

 0 0 0

0 0 0

0 0 −2

 .

3.2. The algebraic Ricci solitons of the Lie group Sol3. Here, we consider

the existence of sol-solitons on the Lie group Sol3, endowed with the left-

invariant Riemannian metric.

Suppose D ∈ Der(g), where g is the Lie algebra of the Lie group Sol3. For

any i = 1, 2, 3, we put

Dui = λ1
iu1 + λ2

iu2 + λ3
iu3.

Equation (1.4), using the above equation can be written as follows.

D[u1, u2] = [Du1, u2] + [u1,Du2]

0 = [λ1
1u1 + λ2

1u2 + λ3
1u3, u2] + [u1, λ

1
2u1 + λ2

2u2 + λ3
2u3]

0 = λ1
1[u1, u2] + λ2

1[u2, u2] + λ3
1[u3, u2] + λ1

2[u1, u1] + λ2
2[u1, u2] + λ3

2[u1, u3]
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So, by using (2.3), we obtain

λ3
1 = λ3

2 = 0.

By continuing the same process we have

λ2
1 = λ3

1 = λ1
2 = λ3

2 = λ3
3 = 0.

Thus, we showed the following lemma.

Lemma 3.1. Suppose g is the Lie algebra of the Lie group Sol3. Then D ∈
Der(g) if and only if

D =

 λ1
1 0 λ1

3

0 λ2
2 λ2

3

0 0 0

 .

By using the above lemma, we have the following theorem.

Theorem 3.2. The Lie group Sol3 equipped with the left-invariant Riemannian

metric g is a sol-soliton. In particular,

D =

 2 0 0

0 2 0

0 0 0

 , κ = −2.

Proof. By using Lemma 3.1, we examine that algebraic Ricci soliton condition

(1.3) on the Lie group Sol3. We have

Ric(u1) = κ Id(u1) +D(u1)

0 = κu1 + λ1
1u1

λ1
1 = −κ.

By continuing this process, we see that the Lie group Sol3 is an algebraic Ricci

soliton if and only if

λ1
1 = λ2

2 = −κ = 2,

λ1
3 = λ2

3 = 0.

So, this finish the proof. □

4. conclusion and remarks

In this work, we studied two specified Lie groups. We show that the Lie

group H2 × R, endowed with a left-invariant Riemannian metric is algebraic

Ricci soliton. Also, we prove that the solvable Lie group Sol3, endowed with a

left-invariant Riemannian metric is sol-soliton.
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