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On the norm of Cartan torsion of two classes of («, §)-metrics

T. Rajabi®**

?Department of Mathematics, Faculty of Science, University of Qom
Qom. Iran

E-mail: tr_rajabi@yahoo.com

ABSTRACT. Z. Shen proved that Finsler manifold with unbounded Cartan torsion can not
be isometrically imbedded into any Minkowski space. This shows that the norm of Cartan
torsion of Finsler metrics has an essential role for studying of immersion theory in Finsler
geometry. In this paper, we study the norm of Cartan torsion of Ingarden-Tamassy and

Arctangent Finsler metrics that are special (a, 8)-metrics.
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1. INTRODUCTION

It is a fundamental problem in Finsler geometry is whether or not every
Finsler manifold can be isometrically immersed into a Minkowski space. This
problem under some conditions was considered by Burago-Ivanov, Gu and In-
garden for Finsler metrics (see [3][6][7][8][11]). In [15], Shen showed that Finsler
manifold with unbounded Cartan torsion can not be isometrically imbedded
into any Minkowski space. Thus the norm of Cartan torsion plays an impor-
tant role for studying of immersion theory in Finsler geometry. For a Finsler
manifold (M, F), the second and third order derivatives of %Fg at y € T, M
are fundamental form g, and the Cartan torsion C, on T;, M, respectively. The
Cartan torsion was first introduced by Finsler [5] and emphased by Cartan [4].
For the Finsler metric F', one can defines the norm of the Cartan torsion C as
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follows
|Cy (v, v,0)]

3 -
2

ICl[ = sup
Fy)=1v#0 [8y(v,v)]
The bound for two dimensional Randers metrics F' = « + § is verified by
Lackey [1]. Then, Shen showed that the Cartan torsion of Randers metrics on
a manifold M of dimension n > 3 is uniformly bounded by 3/v/2 [14]. The class
of Randers metrics form a natural and important class of Finsler metrics which
are defined by F' = a+ 3, where a = /a;;(x)y’y’ is a Riemmanian metric and
B = b;(x)y® is a 1-form on a manifold M. They were derived from the research
on the general relativity and have been widely applied in many areas of natural
science (see [1], [12] and [13]). It is remarkable that Randers metrics can be
naturally deduced as solutions of the Zermelo navigation problem [2]. In [11],
Mo-Zhou extend his result to a general Finsler metrics, F' = (a + 8)™/a™"!
(m € [1,2)).

All of above metrics are special Finsler metrics so- called («, 3)-metrics.
An («, 8)-metric is a Finsler metric on M defined by F := a¢(s), s = 8/a,
where ¢ = ¢(s) is a C* function on the (—bg,bg) with certain regularity,
a = /a;j(x)y'y’ is a Riemannian metric and 8 = b;(z)y’ is a 1-form on M.
Recently, Tayebi-Sadeghi found a relation between the norm of Cartan and
mean Cartan torsions of Finsler metrics defined by a Riemannian metric and
a 1-form on a manifold [17]. They proved the following.

Theorem 1.1. (Tayebi-Sadeghi [17]) Let F = ag¢(s) be a non-Riemannian
(a, B)-metric on a manifold M of dimension n > 3. Then the norm of Cartan
and mean Cartan torsion of F' satisfy in following relation

icl :\/3p2+6p g+ (n+1)¢?
n-+1

I, (1.1)

where p = p(x,y) and ¢ = q(x,y) are scalar function on TM satisfying p+q = 1
and given by following

p= "L [s06"+ 9~ 00 (12)

a=¢{¢—s¢'} (1.3)
B B S¢// B gl B —3S¢H + (b2 _ 52)¢”/

A= -2 -G - P )

Also, they consider a subclass of («, f)-metrics which have the following

form
m—+1

on‘ﬁ—m, (m #0)

and called by generalized Kropina metric [10]. Then we prove the following.

Theorem 1.2. (Tayebi-Sadeghi [17]) Suppose that F = o™T1/B8™ be a gen-
eralized Kropina metric on a manifold M. Then the Cartan torsion of F is
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bounded. More precisely, the following holds

2m+1)
Vm(m+1)

In [18], Tayebi-Sadeghi considered the class of generalized Randers metrics
and proved the following.

ICII =

Theorem 1.3. (Tayebi-Sadeghi [18]) Let F' = \/c1a2 + 2coaf3 + 382 be the
generalized Randers metric on a manifold M, where o = \/a;j(x)y'y? is a
Riemannian metric, 3 = b;(z)y* is an 1-form on M with ||B|la < 1 and c1, co
and c3 are real constants such that 0 < 3cy < c3 < ¢1. Then F has bounded
Cartan torsion and

3ca(cr +202+033)2. (1.5)
2 C1 (Cl — 362)§

IC[l <

Then they showed the following.

Theorem 1.4. (Tayebi-Sadeghi [18]) Let F = cia+ca28+c38%/a be an (a, B)-
metric on a manifold M, where a := \/a;;(z)y*y’ is a Riemannian metric,
B = bi(x)y® is an 1-form on M with ||B|la < 1 and c1, ca and c3 are real
constants such that 0 < cag < ¢1 and 0 < 2¢3 < ¢1. Then F has bounded Cartan
torsion and

(80% + cieo + 4c§ + 2¢coc3 + 50203)

(c1 — 203)%(01 — 02)%

3
ol <5 (16)

In this paper, we consider two special (a, 8)-metrics. First, we study the
Ingarden-Tamassy metric ,

Fea+ (17)
where o = /a;;(z)y’y7 is a Riemannian metric and 8 = b;(z)y’ is a 1-form
on M. It is remarkable that, this metric was introduced by R. Ingarden and
S. Tamdssy in [9], when they were studying physical applications of Finsler
metrics in electron optic and thermodynamic. Then the Finsler metric (1.7) is
called the Ingarden-Taméssy metric.

In [16], Shen-Yildirim studied a class of special («, 8)-metrics F' = ag(s),
s = f/a, where ¢ = ¢(s) satisfies

¢ —s¢' = (p+rs’)d, (1.8)

where p and r are constants. They found a sufficient condition for F' to be pro-

jectively flat in a local coordinate system (%), that is, the covariant derivatives

b;; with respect to «, and the spray coefficients of G¢, of « satisfy

bi|j = 27’{(]? + bQ)G,ij + (7“ — 1)bibj},
Gi = 0y' — TV,

il
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7 = 7(x) is a scalar function and 6 = t;(x)y’ is a 1-form on the manifold M.
In (1.8), if we put p = 1/2 and r = 1/2 then we get the arctangent metric

F = o+ Barctan (g) + €. (1.9)

2. INGARDEN-TAMASSY METRIC F = o + 3%/«

Let F' = a+ 3% /a be the Ingarden-Tamassy metric on a manifold M, where
a = y/a;;y'y’ is a Riemmannian metric and 8 = b;(x)y’ is a 1-form on M
such that ||5]|o < 1. Let us first assume that dimM = 2. There exists a local
orthonormal basis {ey, ea} for (M, ) such that for an arbitrary tangent vector
y = uey +veg € T,M we have

Bluey + ves) = ku,

where k£ = ||]|lo < 1. Then

k*u?
— S22
F(uey + veg) = Vu? + 02+ T

Assume that y* € T, M satisfies

g,y =0, gyt yt)="F (2.1)

Obviously y* is unique because the metric is non-degenerate. The frame
{y,y*} is called the Berwald frame. Now, let y = rcosfe; + 7sinfes, i.e.
u = rcosf and v = rsinf. Plugging these in (2.1) and computing by Maple
program yields

r(sin O(k? cos? 0 — 1), cos O(k? cos? O — 2k? — 1))

vt = (2.2)
V/—(3k2cos? 0 — 2k2 — 1) (k2 cos? 0 + 1)

By the definition of the bound of Cartan torsion, it is easy to show that for the
Berwald frame ||C||, = supyer,m,§(p,y), where

F(p,y)|Cy(y*,y,yh)|

£py) = (2.3)
g, (v, y )2
By (2.1) we obtain
S(p y) = ‘Cy(y{yl»?fﬂ'
’ F2(p,y)
Computing by Maple program, one gets
6k sinf cos (2 cos? 0 — 1
Ey) = ( ) (24)

/—(8k2cos? 0 — 2k2 — 1)3(1 + k2 cos?0)
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Define two functions on (0,1) x [—1,1] by following
flk,2) = —(1 + k*2?) (3k22? — 2k% — 1)3,
6kizy/1 — 22222 — 1)
flk,x)% '

Hence ||C||, = mazo<g<aor|g(k, cosf)|. For a fixed k = ko we obtain

g(k,z) =

aﬁf(ko, x) = —4k%2(6k%2® — k? + 4)(3k%2? — 2k? — 1),
xr

Because 0 < k < 1 we conclude f(ko, ) is ascending on [—1, 0] and is descend-
ing on [0, 1], then f(ko,0) is a maximum point for f(ko,z) where x € [—1,1].
Moreover f is an even function that is symmetric with respect to y-axis. So
for x € [-1,1] we have

f(ko,1) = f(ko,—1) < f(ko,x) < f(ko,0)
Then
(L +K5) (1 = k§)* < f(ko, ) < (2k5 +1)° < 3°.
So for k € (0,1), we have

6k* cos /1 — cos2 0(2cos? 0 — 1) - 6

k,cos0)| = T .
lg( )l |f(k, cos0)|3 \/(1+/€2)(1—k2)3

Therefore
6

VI E2) (1 - k)3

ICll, = mazo<o<2x|g(k,cosb)| <

3. ARCTANGENT METRIC F = a + farctan(f/a) + €8

Let F = a+ 6arctan§ + ¢8 be an («, f)-metric on a manifold M, where
a = y/a;;y'y7 is a Riemmannian metric, 8 = b;(x)y" is a 1-form on M such that
I8]la < 1 and € is a positive real constant. Let us first assume that dimM = 2.
There exists a local orthonormal basis {ej,es} for (M, «) such that for an
arbitrary tangent vector y = ue; + ves € T,M we have S(ue; + ves) = ku,
where k = ||8]lo < 1. Then

ku
— S22
F(uey +ves) = Vu? + v? + kuarctan —— + eku.
Assume that y= € T,M satisfies gy(y,yJ-) = 0 and gy(yl-,yl) = F2. Obvi-
ously y* is unique because the metric is non-degenerate. The frame {y,y*} is
called the Berwald frame. Now let y = r cosfe; + rsinfles, i.e. u = rcosf and
v =rsind. Plugging these in (2.1) and computing by Maple program yields

yl _ T()‘v /’(')
\/— (k2 cos? 0 — 2k2 — 1) (k cos § arctan(k cos 0) + ek cos 6 + 1)
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where
A= —sinb,
= k3 cos? O arctan(k cos 0) + ek? cos® 6 + k? cos § + k arctan(k cos 6) + cos @ + ek.

By the definition of the bound of Cartan torsion, it is easy to show that for the
Berwald frame ||C||, = supyer, 1,6 (p,y), where

Fp,y)|Cy(y, v, y5)|

Epyy) == :
g, (v y )2
By (2.1) we obtain
E(p,y) = ‘Cy(yLayLJ/L”
’ F2(p,y)
Computing by Maple program, one gets
1 knsin 6
E(pa y) =5 ) 5 5 .
2/~ (k% cos? 0 — 2k2? — 1)3(k cos  arctan(k cos 0) + ek cos 6 + 1)
(3.1)
where

n = k* cos® @ arctan(k cos 0) + ek* cos* @ + 2k* cos? f arctan(k cos 0) + 2€k* cos? 0
+k? cos® 0 + 6k cos? § arctan(k cos ) + 6ek? cos? 6 + 2k cos § — 6k arctan(k cos 0)
+3k cos § — 3arctan(k cos ) — 6ek? — 3e.
Define two functions on (0, 1) x [—1, 1] by following
f(k,x) := —(kxarctan(kz) + ekx + 1)(k*2? — 2k* — 1)3,

1
TP

+k323 + 6k*x? arctan(kx) + 6ek*x? + 2k3x — 6k% arctan(kx) + 3ka

(k\/ 1 — 22(k*z* arctan(kz) + ek*z* + 2k*2? arctan(kx) + 2¢k?2?

—3arctan(kx) — 6ek? — 36)).

Hence ||C|l, = mazo<o<ar|g(k,cos0)|. If 0 < z < 1, then we have 0 <
arctan(kx) < 7. It follows that

0 < kzarctan(kx) < karctan(kz) < k%
So, we get
1 <1+ ckx < kxarctan(kz) + ekz + 1 < kg +1+ekx < kg +1+4¢€k. (3.2)
For —1 <z <0 we have
—g < arctan(kx) < 0.

Then
0 < kz arctan(kx) < —karctan(kz) < kg
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Similarly above we obtain
1—e<1—ek <kzxarctan(kz) + ekz +1 < kg + 1.
Because of —1 < z <1 we conclude that
(B* +1)% < —(K%2? — 2k* —1)® < (2k? +1)3.
Then f > (1 —€)(k* +1)3. So for k € (0,1) we have
6(3 +3¢+1)  6(3F +3e+1)

k 0
Therefore .
6(°F +3¢+1
ICllp = mazo<o<ax|g(k,cosd)| < (21_€|)
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