Journal of Finsler Geometry and its Applications
Vol. 1, No. 1 (2020), pp 15-25
DOI: 10.22098/jfga.2020.1003

Characterization of Finsler spaces of scalar curvature

Nabil L. Youssef** and A. Soleiman®¢

%Department of Mathematics, Faculty of Science, Cairo University
Giza, Egypt.
b Department of Mathematics, Collage of Science and Arts - Gurayat
Jouf University, Kingdom of Saudi Arabia.
¢ Department of Mathematics, Faculty of Science, Benha University
Benha, Egypt.

E-mail: nlyoussef@sci.cu.edu.eg
E-mail: amr.hassan@fsc.bu.edu.eg

ABSTRACT. The aim of the present paper is to provide an intrinsic investigation of two
special Finsler spaces whose defining properties are related to Berwald connection, namely,
Finsler space of scalar curvature and of constant curvature. Some characterizations of a
Finsler space of scalar curvature are proved. Necessary and sufficient conditions under which
a Finsler space of scalar curvature reduces to a Finsler space of constant curvature are inves-

tigated.
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1. INTRODUCTION

Special Finsler spaces are investigated locally by many authors (cf., for exam-
ple, [2]-[5], [7], [8], [10]). On the other hand, the global or intrinsic investigation
of such spaces is rare in the literature. Some contributions in this direction are
found in [9] and [12].

In the present paper, we treat intrinsically two types of special Finsler spaces:
Finsler space of scalar curvature and Finsler space of constant curvature. Some
characterizations of Finsler spaces of scalar curvature are proved. Necessary
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and sufficient conditions for Finsler space of scalar curvature to reduces to a
Finsler space of constant curvature are investigated.

It should be noted that some important results of (7], [8] and [10] are re-
trieved from the obtained global results, when localized.

2. NOTATION AND PRELIMINARIES

In this section, we give a brief account of the basic concepts of the pullback
approach to intrinsic Finsler geometry necessary for this work. For more details,
we refer to [1], [6] and [9]. The following notation will be used throughout this
paper:

M: a real differentiable manifold of finite dimension n and class C'*°,
§(M): the -algebra of differentiable functions on M,

m: M — M: the subbundle of nonzero vectors tangent to M,

P 7 Y(TM) — M : the pullback of the tangent bundle TM by ,
X(w(M)): the F(M)-module of differentiable sections of #=*(T M),
ix : the interior product with respect to X € X(M),

Elements of X(w(M)) will be called m-vector fields and will be denoted by
barred letters X. Tensor fields on 7= (T M) will be called m-tensor fields. The
fundamental m-vector field is the m-vector field 7 defined by 7j(u) = (u,u) for
all u € M. We have the following short exact sequence of vector bundles:

0 — 7 YTM) L T(M) L 71 (TM) — 0,

the bundle morphisms p and 7 being defined as usual [11].

Let D be a linear connection (or simply a connection) on the pullback bundle
7~ Y(TM). The connection (or the deflection) map associated with D is defined
by

K:TM — n Y(TM): X — Dx7.
A tangent vector X € T,,(M) at u € M is horizontal if K(X) =0 . The vector
space H,(M) = {X € T,(M) : K(X) = 0} is the horizontal space at u. A
connection D is said to be regular if T,,(M) = V,(M)® H,(M) Yu € M, where
V(M) is the vertical space at u. Let 8 := (p|g(a)) ™", called the horizontal
map of the connection D, then

poB=ider1(r), Bop=idgr on H(M).

For a regular connection D, the horizontal and vertical covariant derivatives ];l)
and 5 are defined, for a vector (1)m-form A, for example, by
(D H(FET) i= DyxAT), (D AEX.T) = (D xA)T).
The horizontal ((h)h-) and mixed ((h)hv-) torsion tensors of the connection
D are defined respectively by
QX,Y) :=T(BX,pY), T(X,Y):=T(HX,Y) VXY €X(n(M)),
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where T(X,Y) = DxpY — DypX — p[X,Y] is the (classical) torsion of the
connection D

The horizontal (h-), mixed (hv-) and vertical (v-) curvature tensors of D are
defined respectively by

R(X,Y)Z :=K(BX,8Y)Z, PX,Y)Z:=K(8X,7Y)Z,
S(X,Y)Z :=K(yX,7Y)

Y)Z,
where K(X,Y)pZ = —DxDypZ + Dy DxpZ + Dix y)pZ is the (classical)
curvature tensor of the connection D.
The cotracted curvatures of D or the (v)h-, (v)hv- and (v)v-torsion tensors are
defined respectively by

RX.Y):=RXY) PXY):=PXY)n SXY)=5XY)
Theorem 2.1. [11] Let (M, L) be a Finsler manifold. There exists a unique
reqular connection D° on n~Y(TM) such that

(a): D3 L =0,
(b): D° is torsion-free: T° =0,
(c): The (v)hv-torsion tensor P° of D° vanishes: P°(X,Y) = 0.

Such a connection is called Berwald connection associated with (M, L).

Throughout the paper R°, R° and H := iﬁ]/%\o will denote respectively the

h-curvature, the (v)h-torsion and the deviation tensor of Berwald connection
1 2
D°. Moreover, D° and D° will denote respectively the horizontal covariant

derivative and the vertical covariant derivative associated with D°.

3. FINSLER SPACE OF SCALAR CURVATURE

In this section, we establish intrinsically some characterizations of the prop-
erty of being of scalar curvature.

Let (M, L) be a Finsler manifold and g the Finsler metric defined by L.
Denote ¢ := L7 lizg, ¢(X):=X — L7Y(X)7 and A(X,Y) = g(¢(X),Y) =
g(X,Y) —{(X){(Y), the angular metric tensor.

Definition 3.1. [12] A Finsler manifold (M, L) of dimension n > 3 is said to
be of scalar curvature if the deviation tensor H satisfies

H(X) = kL*$(X),
where k is a scalar function on M, positively homogenous of degree zero in y
(h(0)) , called scalar curvature

In particular, if the scalar curvature k is constant, then (M, L) is called a
Finsler manifold of constant curvature.

wis h(r) in y iff DI w = rw.
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Definition 3.2. [12] An operator P, called the projection operator of indicatriz,
is defined as follows:
(a) If w is a w-tensor field of type (1,p), then

(P w)(X1, s Xp) = G(W(P(X1), -y 9(Xp)))-
(b) If w is a w-tensor field of type (0,p), then
(P ! w)(Xla -"7Xp) = W(¢(X1), ceey ¢(Yp))
(¢) In particular, a w-tensor field w is said to be an indicatory tensor if it
satisfies P - w = w.
Remark 3.3. The projection P preserves tensor type. The m-tensor fields ¢

and h are indicatory. Moreover, for any w-tensor field w, P - w is indicatory.

The following result provides some characterizations of Finsler spaces of
scalar curvature.

Theorem 3.4. Let (M, L) be a Finsler manifold of dimension n > 3. The
following assertion are equivalent:

(a): (M, L) is of scalar curvature k,
(b): The (v)h-torsion tensor R° satisfies

R(X,7) = g p{Lo(V)R(X) + SO(X). (3.1)
(c): The h-curvature tensor R® has the form
XV = QlX’Y{qﬁ(Y) (@) ko) + 50X + 5 BEZX)
+§€(Y)C(7) +kh(Z,X)| + %8(7)0(7)@1)(7)
YL, Z) [ke(?) + %C(?)} } (3.2)
where U yw(X,Y) = w(X,Y) - w(¥, X), and
C(X) = L(D° K)(X), B(X,Y):= L(P- D° C)(X,Y) (3.3)

To prove this theorem, we need the following three lemmas, which can easily
be proved.

Lemma 3.5. For a Finsler manifold (M, L), we have:
(a): inl =1L, inp=0, inh=0.
(b): D°L =0, D°(=0.
(c): D°L=¢, D°¢=L"h
(d): Do ¢p=—-L?he@n+ Lo L.
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(e): P-t=0, P-h=h.
Lemma 3.6. The m-scalar form C, defined by (3.3), has the following proper-
ties:
(a): izC =0
(b): P-C =C (C isindicatory)
2 _
(c): (D; )@, X) =0 (Cis h(0)),
(d): (D° C)(X,7) = -C(X).
Lemma 3.7. The w-scalar form B, defined by (3.3), has the following proper-
ties:
(a): iy B=0
(b): P- B = B (B is indicatory)
2 _
(c): (D° B)(m,X,Y)=0 (B is h(0)),
- 2 . o
(d): B(X,Y)=L(D°COYX,Y)+C(X)eYy),
(e): B is symmetric.

(£): (D° B)(X.7,¥) = (D° B)(X,¥.7) = ~B(X, ).

Proof of Theorem 3.4:

(a) = (b): Let (M, L) be a Finsler manifold of scaler curvature k. Then,
by Definition 3.1, the deviation tensor H has the form

H(X) = kL*¢(X). (3.4)
On the other hand, from Theorem 4.6 of [13], we have
1 2 o
F(X,Y) = Sz p(D° H)(X,V), (3.5)
From which, together with (3.4) and Lemma 3.5, we get
— 1 2 2 2 o
R(XY) = 3 Ax y[L*(D° k) ® ¢+ k(D° L) @ ¢ + kL*(D° ¢)](X,Y)

1 _
= 3UxylLC® ¢ +2Lkt® ¢~ kho T+ Lo® [(X.Y)

1 —
= gﬂyy[LC ®¢+3Lkl® ¢ —khe7A|(X,Y).
Hence, the result follows.
(b) = (c): Suppose that the (v)h-torsion tensor R° satisfies (3.1):
—~ . — 1 —
R (X, ¥) = g p AL (V) k(X) + S O(X)]). (3.6)

In view of Theorem 4.6 of [13], we have

RO(X,Y)Z = (50 R°)(Z,X.Y).
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From which, taking into account (3.6) and Lemmas 3.5, 3.6 and 3.7, the result
follows.

(c) = (a): Suppose that the h-curvature tensor R° has the form (3.2):
(X, V7 = ﬂX7Y{¢(Y) (@) (he(X) + %C(Y)) 4 %B(Z X)
F2UX)O@) + (7, X)) + S (K)CT)6(Z)
YLK, Z)g [M(?) + %c@] }

Setting X = 77 and Z = 7] into the above equation, taking into account Lemmas
3.5, 3.6 and 3.7, the result follows.

Let R°(X,Y,Z,W) :=g(R°(X,Y)Z,W), then we have:

Corollary 3.8. For a Finsler manifold of scalar curvature k, the h-curvature
tensor R° satisfies:

(a) R°(X,Y,Z,W)—-R°(X,Y,W,Z) = Qlyy{h(77 NW,Y) +h(W,Y)N(Z,X)}
(b) R*(X,V,Z, W) + R°(X,Y, W, Z) = %z - {W(W, V) F(Z, %) + h(Z,Y)F (¥, X)
+h(W,Z)F(Y,X)}.
where N and F are the w-tensor fields of type (0,2) defined respectively by
N(X,)Y): = kg(X,Y)+4X)(Y)
+%B(Y, V) + 20(X)C(V) + 20(X)(T),
FX.Y) = %B(Y,?H—QC(Y)E(?).

We end this section by the following result.

Proposition 3.9. For a Finsler manifold of scalar curvature, P - R° vanishes
if and only if P - N vanishes, where N is the w-form defined by Corollary 3.8.

Proof. Let (M, L) be a Finsler manifold of scalar curvature. Then, by Theorem
3.4, we have

— — — 1 . N
(P-R°)(X,Y,Z, W) =5 w{N(Y, W)[gB(Z,X) + Ekh(Z, X)]}. (3.7
On the other hand, by Corollary 3.8, we obtain

(P-N

~—

3

(X.Y) = 2B(Z,X) + kh(Z,X).
(3.7), we get

From which together with
(P-R°)(X,Y, Z) = A w{e(YV)(P - N)(Z,X)}. (3.8)
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It is clear, from (3.8), that if P- N =0, then P- R° = 0.
Conversely, if P - R° = 0, it follows again from (3.8) that

Uz y{o(Y)(P-N)(Z,X)} =0.

Taking the contracted trace with respect to Y, the above relation reduces to

|

(n—2)(P-N)(Z,X)=0.

Consequently, as n > 3, P - N vanishes. O

4. FINSLER SPACE OF CONSTANT CURVATURE

In this section, we investigate intrinsically necessary and sufficient conditions
under which a Finsler manifold of scalar curvature reduces to a Finsler manifold
of constant curvature.

The following lemma is useful for subsequent use.

Lemma 4.1. For a Finsler manifold (M, L) of constant curvature, we have
U { AKX,V Z) + CX)N(T,2) | =0,

where A is the w-tensor field of type (0,3) defined by
AX,Y,7) = L(P- D° B)(X.,Y,7)

and C, B are the w-tensor fields defined by (3.3).

Proof. We have

AX,Y,Z) = L(P-D° B)(X,Y,Z).

_ L(D° BYX.Y,Z) - ((Z)(D° B)(X,V.7)
—UT)(D° B)(X.5,7) + L TE)(D° B)(X,57)
—Z(Y)(I;O B)m,Y,Z) + Lflﬁ(Y)K(Z)(lgo
L UENT)(D° B)(7,7,Z) — L2(F)UTIZ) (D" B) @, 7,7).

In view Lemmas 3.5 and 3.7, the above Equation reduces to

AX,Y,7) = L(D° B)(X,Y.Z) + ((Z)B(X.,Y) + (V)B(X,Z).  (4.1)
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On the other hand, from (3.3) and Lemmas 3.5, 3.6 and 3.7, we have

(D° B)(X,Y,Z) — UX)(D° C)Y,Z)+ L(D°D° C)(X,V,Z)
+LUR(X, Z)C(T) + UZ)(D° C)(X,T)
_ UX)(D° O)(V,Z) + L(D°D° C)(X, Y, Z)
+L7 (X, 2)C(Y) + L~ H(Z2)(X)O(Y)
2

HLUZ)(D°D° k)(X,T)

N

_ R 2 2 _
= L YX)B(Y,Z)+ L(D°D° C)(X,Y,Z)
_ _ _ 2 2 _
+L7 WX, Z2)0(Y) + LUZ)(D°D° k)(X,Y).
From which, together (4.1), we obtain

AXY.Z) = SxyAUX)BY.2)}+ WX, Z)C(Y)
+L2{(5°50 VXY, Z) + ((Z)(D°D° k)(X, ?)}.(4.2)

On the other hand, for every (1)m-form w, one can show that

2 2 o 2 2 o
(D°D°w)(X,Y,Z)— (D°D°w)(Y,X,Z)=0 (4.3)
Then the result follows from (4.2) and (4.3). O

Theorem 4.2. A Finsler manifold (M,L) of scalar curvature k reduces to
a Finsler manifold of constant curvature k if and only if the w-scalar form

2
C = L D° k vanishes.
Proof. Firstly, suppose that (M, L) is Finsler manifold of scalar curvature k. If
(M, L) reduces to a Finsler manifold of constant curvature k, then the m-scalar
form C' vanishes immediately.
Conversely, suppose that (M, L) is a Finsler manifold of scalar curvature k
such that the m-scalar form C' vanishes. Hence
2
D° k=0. (4.4)
By (3.1), together with C' = 0, we obtain
RO(X,Y) = kLUX)Y — ¢(Y)X. (4.5)
On the other hand, we have [1

3]:
Sy vz (D5 RV, Z.W) + P°(R*(X. V), Z)W} =0.

[EAN]

From which, noting that the (v)hv-torsion P° vanishes [13], it follows that

Gxyvz (D;YRO)(Y, Z)=0. (4.6)
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Now, from (4.5) and (4.6), using (3.4) and D;YE =0, we get
L(D;Yk;)(é(?)7 —U2)Y) + L(D/‘;?k;)(ﬁ(?)y —U(X)Z)
+L(D;7k)(€(Y)7 —{(Y)X) =0.

Setting Z = 7 into the above equation, noting that £(7) = L (Lemma 3.5), we

obtain

L(D® k) (V)7 — LY) + L(DSh)(LX — 6(X)7)
—&—L(Dgﬁk)(é(Y)? —((Y)X) =0.
Taking the trace of both sides with respect to Y, it follows that
D° yxk = L™H(D° gzk)(X). (4.7)
Applying the v-covariant derivative with respect to Y on both sides of (4.7),

yields
N o 20 1o Y vV -1/ v VvV o 5% 20 1o =V
(V) DSk + L(D°D® k)X, V) = L WX, V) (D) + L(X)(D°D° k) (7. 7).
2 1 _ 12 _
From (4.4), noting that (D°D° k)(X,Y) = (D°D° k)(Y, X), the above relation
reduces to (provided that n > 3)

UY) D5k = L7H(X, Y )(Djgk).

Setting Y = 7] into the above equation, noting that ¢() = L and A(.,7) = 0, it
follows that D;Yk = 0. Consequently,

1
D°k=0. (4.8)
Now, (4.4) and (4.8) imply that k is a constant. O

Theorem 4.3. A Finsler manifold (M, L) of scalar curvature k reduces to
a Finsler manifold of constant curvature k if and only if the w-scalar form

2
B = L(P- D° C) vanishes.

Proof. Let (M, L) be a Finsler manifold of scalar curvature k.

If (M, L) reduces to a Finsler manifold of constant curvature k, then, by
Theorem 4.2, the m-scalar form C' vanishes. Consequently, the m-scalar form B
vanishes.

Conversely, suppose that (M, L) has the property that the m-scalar form B
vanishes. Hence, the 7-scalar form A of Lemma 4.1 vanishes. Consequently by
Lemma 4.1, we have

C(X)p(Y) - C(Y)p(X) =0

Taking the trace of both sides of the above equation with respect to Y, noting
that Tr(¢) =n — 1 [12], it follows that

(n —2)0(X) = 0.



24 Nabil L. Youssef and A. Soleiman

From which, the 7-scalar form C vanishes as n > 3. Consequently, by Theorem
4.2, (M, L) is of constant curvature k. O

Theorem 4.4. A Finsler manifold (M, L) of scalar curvature k reduces to
a Finsler manifold of constant curvature k if and only if the w-scalar form

2
A = L(P- D° B) vanishes.
Proof. The proof is similar to that of the above theorem. O

Summing up, we have.

Theorem 4.5. Let (M, L) be a Finsler manifold of scalar curvature k. The
following assertion are equivalent:

(a): (M, L) is of constant curvature k,

(b): The (1)w-scalar form C = L l%" k vanishes,

(c): The (2)m-scalar form B = L(P- D20 C) vanishes,
(d): The (3)m-scalar form A = L(P- 50 B) wvanishes.

Corollary 4.6. A Finsler manifold of scalar curvature is of constant curvature
if and only if P+ F =0, where F is the w-form defined by Corollary 3.8.

Proof. The proof follows from the identity

P.F(X,Y) = %B(Y, ).

which can easily be proved. O
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