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Abstract. In the following text for Khalimsky n—dimensional space K™ we
show self-map f : K™ — K" has closed graph if and only if there exist integers
Aly..., A such that f is a constant map with value (2A1,---,2),). We also
show each self-map on Khalimsky circle and Khalimsky sphere which has closed
graph is a constant map.
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1. Introduction

Alexandroff spaces introduced as “Diskrete Rdume” by P. Alexandroff in [1].
One may consider different sub—classes of Alexandroff spaces like finite topo-
logical spaces [12], functional Alexandroff topological spaces [2], locally finite
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topological spaces [7, 13], n—dimensional Khalimsky spaces [0, 7], etc. Interac-
tion between Alexandroff topological spaces and other mathematical structures
has been studied in different texts (see e.g. [5]).

Closed graph property has been studied in different categories of topological
spaces: Banach spaces, complete metric spaces, and general topological spaces,
ete. (see e.g. [9, 10, 14, 15, 17]).

Let’s recall that in topological spaces X,Y and map f : X — Y we call
Gy = {(z, f(x)) : = € X} the graph of f and we say f : X — Y has closed
graph if Gy is a closed subset of X x Y (with product topology) [4]. The main
aim of this text is to characterize all self-maps on n—dimensional Khalimsky
spaces with closed graph.

Background on Alexandroff spaces. A topological space (X, 7) or simply
X is an Alexandroff space if for each nonempty collection of open subsets of
X like T', T is open too. In particular in Alexandroff space X for each
x € X the intersection of all open neighbourhoods of X is the smallest open
neighbourhood of x, we denote the smallest open neighbourhood of = by Vx (z)
or simply by V(z).

Moreover, product of two topological Alexandroff spaces is an Alexandroff
space too. Note that if X,Y are Alexandroff spaces and (z,y) € X X Y, then
Vx sy (z,y) = Vx(2) x Vy (y) (where X XY is equipped with product topology).
Using induction product of finitely of finitely many Alexandroff spaces is an
Alexandroff space.

Background on Khalimsky spaces. Let’s equip Z = {0,£1,£2,---} with
topology  generated by basis {{2n—1,2n,2n+1} : n € Z}U{{2n+1} : n € Z}.
We call the Alexandroff topological space (Z, k) Khalimsky line and denote it
by K. For integers a,b with a < b let
A) [a, bl ={x €Z:a <z <Db}
B) [a,40)x :={r €Z: 1z <a},
C) (—0,alx:={x €Z:z>a}.
All subsets of K introduced in (A, B,C) and &, K are intervals of Khalimsky
line K.
For natural number n, we call ™ an n—dimensional Khalimsky space. X2
is called Khalimsky plane and one may consider it in digital topology too [11].
In topological space X suppose co ¢ X and let A(X) := XU{oco}. Equip A(X)
with topology {U C X : U is an open subset of X} U{U C A(X): X\ U isa
compact closed subset of X} then we call A(X) one point compactification or
Alexandroff compactification of X [10].
We call one point compactification of Khalimsy line as Khalimsky circle and
also one point compactification of Khalimsky plane as Khalimsky sphere (see
e.g., [6, 7]).
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2. When does self-map f: " — K" have closed graph?

In this section we investigate all cases which a self-map on K™ (resp. A(K™))
has closed graph.

Lemma 2.1. For eachx,y € K" there exists finite sequence x = x1,%2,...,%Tp =
y € K™ such that for each i € {1,...,p— 1} we have Vicn (2;) N Vicn (2541) # 2.

Proof. Let’s use induction on n.

Ifn=1and z,y € K choose z, w € Z such that [2z—z| < 1 and |2w—y| <1,
hence Vic(x) NVic(22) # @ and Vic(2w) N Vi (y) # @. We may suppose z < w,
then for 1 = x,20 = 22,23 =22+ 2,...,Ty_r42 = 2w, Ty_,13 = y and each
ie{l,...,z — z+ 2} we have

V]c(ﬁcl) n V,C(xi_H) #+ .

Suppose the statement is true for n = ¢ > 1, i.e. for each a,b € K? there
exists finite sequence a = x1,22,...,2, = b € K9 such that for each i €
{1,...,p— 1} we have

V]Cq (IZ) n V]Cq (I,H_l) }é .
Choose
r=(c,d),y = (u,v) € K x Ki(= K1),
since ¢,u € K and d,v € K? using induction’s hypothesis there exist ¢; =
¢...,cs=u€Kandd; =d,...,d; =v € K?such that for eachi € {1,...,s—
1} and j € {1,...,t — 1} we have
Vic(ei)) N Vie(civ1) # D,  Vka (dj) N Via (dj-‘rl) #+ .

Let

x1 =z = (¢,d) = (c1,d), 22 = (c2,d), ..., x5 = (cs5,d) = (u,d) = (u,dy),

ZTst1 = (u,da), ..., xsyi—1 = (u,dy) = (u,v).

Then, for each i € {1,...,s+t— 2} we have Vicor1 (z;) N Vicar1 (zi41) # @ (use
the fact that Vice+1 (e, di) = Vic(cx) X Vica (dy). O

Lemma 2.2. In topological space X if f: X — X has closed graph, then for
each x € X, and y € {a} we have f(x) = f(y), in particular if x has the
smallest open neighbourhood like V', then for each z € V., f(x) = f(2).

Proof. Suppose f: X — X has closed graph, x € X and y € m Thus

(y. f(x)) € {2} x {f(2)} = {(z, f(2))} € G} = Gy = {w, f(w)) : w € X},
which leads to f(y) = f(z). In order to complete the proof note that if = has
the smallest open neighbourhood like V', then for each z € V' we have x € {z},
therefore f(z) = f(z). O




Closed graph property and Khalimsky spaces 79

Theorem 2.3. Ifn > 1 and X is one of the following spaces:

e an interval in KC,
o n—dimensional Khalimsky space K™,

o A(K™),

then each f: X — X with closed graph is a constant map.

Proof. Consider f: X — X has closed graph.
First suppose X is an interval in K with at least two elements or X is K™, then
by Lemma 2.1 for each x,y € X there exist ¢ = z1,...,2, = y € X such that
for each i € {1,...,p — 1} we have Vx(x;) N Vx(z;41) # @. By Lemma 2.2,
f(x) = f(y), which shows that f is a constant map.

Now Suppose X = A(K"), using a similar method described in the previous
paragraph the restriction of f to K™ is constant. Suppose f(z) = ¢ for all
x € K™, then

(00,¢) € A(K™) x {c} = K" x {c} C G =Gy.

Hence f(o0) = c and f is a constant map in this case too. (]

Note 2.4. In nonempty topological spaces X,Y if constant map f: X =Y has

Tr—c
closed graph, then X x {c} = Gy = Gy = X x {c} = X x {c}, hence {c} = {c}
and ¢ is a closed point of X. Thus constant map X —>bY has closed graph if
T
and only if b is a closed point of X.

Now we are ready to establish our main theorem.

Theorem 2.5 (main). Consider n > 1.

o Suppose X is an interval in IC with at least two elements. f: X — X
has closed graph if and only if there exists even integer 2\ € X such
that f is the constant map with value 2.

o f: K" = K™ has closed graph if and only if there exist even integers
2A1, ..., 20, such that f is the constant map with value (21, ...,2\,).

o f:AK™) — A(K™) has closed graph if and only if one of the following
conditions occurs:
— there exist even integers 2A1,...,2\, such that f is the constant
map with value (2\1,...,2\,),
— f is the constant map with value co.
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Proof. If X is an interval in I with at least two elements, then X N 27Z is the
collection of all closed points of X. Also (2Z)™ is the collection of all closed
points of K™. Moreover (2Z)" U {oo} is the collection of all closed points of
A(K™). Now use Theorem 2.3 and Note 2.5 to complete the proof. O

3. A Diagram

In this section via a diagram we compare the collections of self-maps on K"
satisfying one of the following conditions:

has closed graph,

is constant,

is continuous,

is quasi—continuous,

is just a self-map on K.

Let’s recall that in topological spaces X,Y, f : X — Y is quasi—continuous
at a € X if for each open neighbourhoods U of a and V of f(a) there exists
nonempty open subset W of U such that f(W) C V. Alsowesay f: X - Y
is quasi—continuous if it is quasi—continuous at all pints of X [3, &].

Now we have the following diagram:

The collection of all self-maps f : " — K"

The collection of all quasi—continuous maps f : K" — K"

The collection of all continuous maps f: K" — K"

The collection of all constant maps f: K" — K"

The collection of all maps f: K™ — K™ with closed graph
Example 3.1

Example 3.2

Example 3.3

Example 3.4

Example 3.5

In order to complete the above diagram consider the following examples which
have been referred to the diagram.
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Example 3.1. Consider f: K" — K™ with f(x) = (0,---,0) for all x € K",
then by Theorem 2.5, f : K™ — K™ has closed graph. Note that by Theorem 2.5
all self-maps on K™ with closed graph are constant maps.

Example 3.2. Consider constant map f : K™ — K™ with f(z) = (1,---,1)
for all x € K™ then by Theorem 2.5, f : K™ — K™ does not have closed graph.
Note that all constant maps are continuous.

Example 3.3. f: K" — K" with f(x) = x for all x € K™ is a continuous
non—constant map. Note that all continuous maps are quasi—continuous.

Example 3.4. Consider h : K — K with h(2m) = h(2m + 1) = 2m + 1 for
each m € , then f: K™ — K™ with f(x1, -+ ,2,) = (h(z1), -, h(xy,)) for all
(z1, - ,x,) € K" is a quasi—continuous map which is not continuous.

Example 3.5. Consider h : K — K with h(2m) = —h(2m + 1) = 1 for each
m € , then f : K" — K™ with f(z1,---,zn) = (h(x1),--- ,h(zy)) for all
(1, , ) € K™ is a is not quasi—continuous.
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